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Required  Threshold  Settings  and  Signal-to-Noise 
Ratios  for  Combined  Normalization  and  Or-ing 

Albert  H.  Nuttall 

ABSTRACT 

The  system  of  interest  here  includes  the  combined  nonlinear 
transformations  of  normalization  and  or-ing  in  the  data 
processing  chain.  The  required  threshold  settings  for  specified 
false  alarm  probabilities  are  determined,  as  well  as  the  required 
input  signal-to-noise  ratios  for  specified  detection 
probabilities.  Specializations  to  normalization  or  or-ing  alone 
are  available  by  particular  choices  of  parameter  values  built 
into  the  models. 

When  the  sizes  of  the  transformations  are  changed,  that  is, 
the  amount  of  normalization  and/or  or-ing,  the  thresholds  will 
also  have  to  be  changed  if  the  earlier  probabilities  are  to  be 
maintained;  these  options  are  included  in  the  first  program 
listed.  In  addition,  the  possibility  of  changing  the  number  of 
thresholds,  at  the  same  time  that  the  sizes  of  the  nonlinear 
transformations  are  changed,  is  included  in  the  second  program 
listed.  Furthermore,  four  alternatives  are  allowed  for  selecting 
the  spacing  of  the  thresholds,  namely,  equispaced  in  power, 
equispaced  in  decibels,  preset  normalized  thresholds,  or  preset 
probabilities . 

Approved  for  public  release;  distribution  is  unlimited. 
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REQUIRED  THRESHOLD  SETTINGS  AND  SIGNAL-TO-NOISE 
RATIOS  FOR  COMBINED  NORMALIZATION  AND  OR-ING 

INTRODUCTION 

When  weak  signals  of  unknown  strength  and  location  have  to  be 
detected  in  the  presence  of  noise  of  unknown  and  varying  level, 
it  is  necessary  to  make  estimates  of  the  intensity  of  the 
interfering  background.  These  estimated  (noise)  levels  are  then 
compared  with  that  for  a  candidate  signal  level  and  location  for 
purposes  of  making  statements  about  the  likelihood  of  signal 
presence  or  absence  in  that  particular  data  segment  under 
investigation.  Here,  we  will  investigate  the  performance 
capability  of  such  a  normalizer,  in  tenns  of  the  false  alarm  and 
detection  probabilities,  and  determine  the  thresholds  and  input 
signal-to-noise  ratios  required  to  attain  these  probabilities. 

Furthermore,  when  large  amounts  of  multichannel  data  have  to 
be  processed  with  limited  computational  facilities  in  reasonable 
or  short  intervals  of  time,  it  is  necessary  to  resort  to 
shortcuts  or  data  reduction  in  order  to  avoid  overload.  One 
possible  approach  is  to  employ  or-ing,  in  which  only  the  largest 
of  a  set  of  quantities  is  retained  for  further  data  processing 
and  decision  roaring. 

Finally,  in  practice,  it  is  often  necessary  to  utilize  both 
normalization  and  or-ing  together.  This  combination  of  nonlinear 
processors  requires  a  resetting  of  the  thresholds  that  would  have 
been  appropriate  for  use  of  the  normalizer  alone.  Here,  we  shall 


1 


TR  8865 


investigate  all  three  situations,  namely  normalization,  or-ing, 
and  a  combination  of  normalization  and  or-ing,  in  terms  of  the 
probabilities  and  thresholds  stated  above. 

When  the  size  of  the  nonlinear  transformation,  whether  it  be 
normalization,  or-ing,  or  both,  is  changed,  the  required 
thresholds  will  have  to  be  changed  if  the  previously  realized 
(false  alarm)  probabilities  are  to  be  maintained.  For  example, 
suppose  we  had  been  or-ing  8  random  variables  and  decided  to 
change  the  or-ing  size  to  accept  16  random  variables  instead,  for 
purposes  of  further  data  reduction.  Then,  the  required  threshold 
settings  would  have  to  be  modified  to  maintain  specified  false 
alarm  probabilities,  as  would  the  required  input  signal-to-noise 
ratios  for  specified  detection  probabilities.  This  maintenance 
of  probabilities  under  a  change  of  size  of  transformation  will  be 
investigated  here. 

At  the  same  time  that  the  size  of  a  nonlinear  transformation 
is  changed,  it  may  be  desired  to  subject  its  output  to  a 
different  number  of  thresholds  than  were  utilized  previously. 

This  possibility  is  allowed  and  analyzed  in  addition. 

The  particular  physical  situation  considered  here  is  that  of 
multiple  simultaneous  beamformer  outputs,  each  with  large  banks 
of  narrowband  filters  subject  to  envelope-squared  detection.  For 
Gaussian  noise  inputs,  the  probability  density  function  of  each 
of  these  device  outputs  is  exponential.  Furthermore,  when  a 
Gaussian  signal  is  also  present  at  the  input  of  one  of  these 
narrowband  filters,  the  corresponding  probability  density 
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function  of  the  detected  output  is  still  exponential,  but  with  a 
level  governed  by  the  signal-to-noise  ratio  at  that  particular 
filter  output.  This  scenario  will  be  the  mainstay  of  the 
analysis  here. 

The  physical  motivation  for  this  study  is  to  be  able  to  set 
requantization  levels  on  a  display,  in  order  to  achieve  constant 
marking  density  independent  of  the  signal  processing  parameters 
such  as  the  amount  of  or-ing  and  normalizer  size.  Such  displays 
occur  in  active  as  well  as  passive  sonar  systems. 
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DEFINITIONS  OF  FUNCTIONS 

The  random  variables  (RV)  for  noise-only,  for  0  i  m  i  M, 

are  independent  and  identically  distributed  (I ID)  with  common 
probability  density  function  (PDF)  p^jivi)  and  cumulative 
distribution  function  (CDF)  C^(X),  where 

X 

C^(X)  «  Prob(Xjjj  <  X)  «  J  du  Pjj(u)  .  (1) 

—CO 

The  corresponding  characteristic  function  (CF)  of  RV  is 

^x^^^  “  J  exp{i5u)  PjjCu)  ,  (2) 

where  integrals  without  limits  are  over  -»,+».  The  moments  and 
cumulants  of  order  j  of  RV  are  denoted  by  and  Xjf  ( j )  / 

respectively.  The  inverse  function  to  CDF  C^{X)  in  (1)  is 
denoted  as  C^{V)}  that  is, 

if  P  «  then  X  -  C^(P)  ^or  0  <  P  <  1  .  (3) 

As  an  example,  consider  narrowband  filter  outputs  for  which 
p^(u)  «  exp{-u)  for  u  >  0  , 

C^(X)  *  1  -  exp(-X)  for  X  >  0  , 

=  (1  -  il)'^  for  all  I  , 

£  (P)  «  -  ln(l  -  P)  for  0  <  P  <  1  , 

A 

“  jj  /  Xx(3)  -  (j-l)i  for  j  i  1  .  (4) 
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The  scaling  of  RV  in  (4)  has  been  taken  such  that  its  mean 
is  1.  This  is  done  solely  for  notational  convenience;  it  will 
not  affect  the  probabilities  realized  herein  nor  the  required 
signal-to-noise  ratios.  However,  it  does  influence  the  threshold 
settings  calculated,  which  would  have  to  be  scaled  for  a 
different  input  noise  level. 
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THRESHOLD  RESETTING 

A  collection  of  IID  RVS/  for  0  1  m  £  M,  is  subject  to  a 

nonlinear  transformation  f,  yielding  output 

y  -  f{XQ,Xj,...,Xj^)  .  (5) 

For  example,  a  normal izer  is  characterized  by 


while  an  or-ing  device  yields 

y  *  max(x^,X2/ • • • ,x^)  ,  M  i  1  .  (7) 

A  combination  of  a  normalizer  and  or-ing  device  will  require  a 
more  general  formulation;  then  we  would  use 

w 

Xr  *  - -  for  1  i  k  1  K  , 

M  '^km 

m=i 

y  =  max(Xj,X2, . . .  ,Xjj)  >  (8) 

where  we  need  two  parameters,  M  and  K,  and  fwRjjj}  are  K(M+1)  IID 
RVs.  Of  course,  then  the  K  RVs  Jxr|  are  also  IID. 

Let  Cy(Y)  be  the  CDF  of  RV  y  at  the  output  of  general 
nonlinearity  f  in  (5).  Choose  threshold  such  that  specified 
cumulative  probability  is  realized  there;  that  is. 
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?!  -  Cy(Yj)  ,  or  Yj  -  Cy{P^)  ,  (9) 

where  is  the  inverse  function  to  C^.  is  the  false  alarm 

probability  at  threshold  Yj^.  Also,  choose  additional  thresholds 
{Y^}  such  that  Yj^  ^  ^2  ^  ***  ^  *  total  of  T  thresholds, 

with  the  largest  one  being 

Yt  “  Ay  ,  where  dB^  -  10  log^^CA^)  (10) 

is  a  specified  decibel  value.  Then  take  the  remaining  thresholds 
according  to  equal  spacing  rule 

Y  -  Y 

Yt  “  +  -|-::-Y^(t  -  1)  for  1  1  t  1  T  .  (11) 

The  normalized  thresholds  for  RV  y  are  defined  as 

y  »  - X  for  1  i  t  1  T  .  (12) 

-t  Oy 

where  /i^  and  are  the  mean  and  standard  deviation  of  RV  y. 

Then  compute  the  cumulative  probabilities  realized  at  these 
thresholds  {Y^J,  namely 

-  Cy(Y^)  for  1  i  t  1  T  ,  (13) 

and  print  out  M,  dB^,  a^,  T,  |Y^),  (Y^),  {P^}.  The  false 
alarm  probabilities  are 
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An  alternative  choice  is  to  space  the  thresholds  (Y^}  equally 
in  decibels.  That  is,  defining 

=  10  log^Q(y^)  for  1  1  t  i  T  (14) 

as  the  threshold  in  decibels,  we  take  as  given  in  terms  of  Y^ 
and  we  take 

-  Dj  +  dBy  .  (15) 

The  intermediate  decibel  thresholds  are  then  selected  according 
to  the  equal  spacing  rule 

^T  ~ 

°t  ”  °1  -j-r  i-Ct  -  1)  for  1  1  t  i  T  .  (16) 

The  power  thresholds  can  then  be  evaluated  as 

D./IO 

Y^  -  10  ^  for  1  i  t  1  T  .  (17) 

The  cumulative  probabilities  at  these  latter  power  thresholds 
follow  from  (13)  as  before. 

Another  possibility  is  to  simply  set  the  thresholds  according 
to 

Y.  «  u  t  a  Y.  for  1  1  t  1  T  ,  (18) 

t  y  y  ^ 

where  normalized  thresholds  |Y^}  are  preset  constants  determined 
by  the  user.  In  this  latter  case,  probability  Pj  in  (9)  would 
not  be  realized  at  initial  threshold  +  Oy  Yj^.  In  any 

event,  the  desired  printouts  are  the  quantities  listed  under 
(13). 
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Finally,  we  could  set  the  thresholds  such  that  preset  values 
of  probabilities  {P^l  are  realized  for  all  1  S  t  1  T.  That  is, 
solve  ( 13 )  for  the  thresholds  according  to 

for  1  i  t  i  T  .  (19) 

This  amounts  to  setting  T  different  false  alarm  probabilities 
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ALTERNATIVE  SIZE  TRANSFORMATION 

Now  consider  the  new  RV  z  obtained  by  changing  the  parameter 
value  from  M  to  N  in  the  given  nonlinear  transformation  in  (5): 

z  »s  f  ( Xq f . . . , )  .  (20) 

N  can  be  larger  or  smaller  than  M.  Let  the  CDF  of  RV  z  be  C  (Z). 

4C1 

We  now  choose  new  thresholds,  {Z^l  for  1  i  t  1  T,  such  that  the 
probabilities  {P^l  in  (13)  are  maintained  for  RV  z;  that  is,  we 
choose  thresholds  (Z^}  for  RV  z  in  (20)  such  that 

=  Pt  '  ^t  “  S^^t^  for  1  S  t  i  T  .  (21) 

These  thresholds  {Z^},  to  be  employed  for  RV  z,  will  not 
necessarily  have  equal  spacing,  as  did  the  thresholds  (Y^)  in 
(11),  for  example,  for  RV  y.  The  normalized  thresholds  for  RV  z 
are 

^t  "  ^z 

Z.  =  — - -  for  1  i  t  i  T  ,  (22) 

where  and  a„  are  the  mean  and  standard  deviation  of  RV  z. 

<"2  Z 

Then  print  out  N,  dB^,  a^,  T,  (Z^},  {Z^},  where 

dB^  s  10  logjQ(Z^/Z^)  .  (23) 
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DIFFERENT  NUMBER  OF  THRESHOLDS 

If  RV  z  is  to  be  subject  to  a  different  number,  U,  of 
thresholds  than  RV  y  was,  it  is  not  always  reasonable  to  try  to 
maintain  the  set  of  T  probabilities  {P^}  realized  in  (13).  (U 
can  be  larger  or  smaller  than  T.)  One  alternative  is  to  maintain 
the  edge  probabilities  and  P^  according  to  (21),  thereby  de¬ 
termining  values  for  and  Z^.  Then  choose  a  different  complete 
set  of  thresholds  {Z^}  for  RV  z  according  to  equal  spacing  rule 

z  —  z 

^u  “  ^1  "u  Z  ~  1)  for  1  i  u  i  U  .  (24) 

We  can  then  evaluate  the  cumulative  probabilities  at  these 
latter  threshold  values  as 

K  “  for  1  i  u  1  U  .  (25) 

Of  course,  P£  »  P^  and  Py  ■  P^,  since  Z'^  *  and  Z^  »  Z.^,.  This 
also  means  that  dB_  is  still  given  by  (23). 

It  must  be  noted  that  this  change  in  philosophy,  namely  to 
maintain  only  edge  probabilities  Pj^  and  P^,  will  not  reduce  to 
the  earlier  results  when  we  set  U  *  T  here.  The  new  thresholds 
in  z,  given  by  (24),  are  equally  spaced  even  if  U  *  T,  whereas 
the  former  thresholds  given  by  (21)  are  not. 

Print  out  N,  dB^,  a^,  U,  fz^),  IZ^If  where  (Z^l  are 

the  normalized  thresholds 


Z' 
— u 


K  - 


for  1  u  1  U 


(26) 
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SIGNAL-TO-NOISE  RATIO  REQUIREMENTS 

Let  us  return  to  the  original  nonlinear  transformation  (5) 
characterized  by  parameter  M.  The  CDF  of  RV  y,  with  signal 
present  in  just  one  of  the  input  RVs  {x  },  is  denoted  by  C  {Y;R), 

III  y 

where  R  is  the  input  signal-to-noise  ratio  (SNR)  in  that 
particular  RV  containing  a  signal.  If  we  want  this  new  CDF  to 
realize  a  specified  probability  value  S^  at  all  the  thresholds 
{Y^}  in  (11),  the  required  SNRs  (R^|  must  satisfy 

Sf  »  Cy(Y^.;R^.)  for  1  i  t  i  T  .  (27) 

From  (13)  and  (27),  we  know  that 

Pt  *  “  Cy(Y^;0)  for  1  i  t  1  T  .  (28) 

Therefore,  specified  probability  S^  in  (27)  must  satisfy 

Sj  i  for  1  i  t  1  T  ,  (29) 

in  order  that  nonnegative  SNRs  fR^}  can  result  as  solutions  to 
(27),  That  is,  each  cumulative  distribution  value  must  be 
decreased  from  P^  to  S^,  meaning  that  each  exceedance  probability 
has  been  increased  from  false  alarm  probability  value  l-P.^^  to 
detection  probability  value  Pd^  **  1-Sj^.  The  actual  determination 
of  CDF  Cy(Y;R)  will  have  to  wait  until  after  we  have  specified 
and  analyzed  the  nonlinear  transformations  (5)  of  interest,  for 
the  case  of  noise-only  present. 
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If  several  detection  probabilities,  like  Pdj^  «  .5,  Pd2  »  .9, 
Pds  »  .99,  are  specified,  there  will  be  a  set  of  equations  like 
(27)  for  each  case,  namely 

1  -  Pdj  -  Sj  -  Cy(Y^;R^)  for  1  i  t  S  T  ;  j  -  1,2,3  .  (30) 
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STATISTICS  OF  NORMALIZER 

Let  RV  y  be  obtained  by  means  of  a  normalization  procedure 
from  IID  RVs  0  1  m  1  M,  according  to  transfoimation 


where  we  assume  that  i  0  for  all  m.  The  average  RV,  a,  in  the 
denominator  of  (31)  has,  respectively,  CF  and  PDF 

fa(5)  »  , 

Pa(u)  *  2n  J  exp(-iu5)  [f^(^/M)]”  .  (32) 

The  CDF  of  RV  y  in  (31)  is,  using  the  statistical 
independence  of  Xq  and  a, 

Cy(Y)  »  Prob(y  <  Y)  «  Prob(XQ  <  Ya)  « 

00  Yt  00 

-  J  dt  Pg^(t)  J  du  p^{u)  =  J  dt  p^(t)  C^(Yt)  .  (33) 

0  0  0 

The  corresponding  PDF  of  RV  y  is,  upon  differentiation, 

Py{u)  «  J  dt  t  P3(t)  pj^(ut)  .  (34) 

0 

The  moments  of  RV  y  can  be  found  from  a  couple  of  forms: 
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#^y(j)  “  y"  *  J  du  Py(u) 


“  xj  a"^  »  p^{j)  ^^(-j)  *  J  du  p^(u)  X  I  dt  t"^  Pg^(t)  .  (35) 

Convergence  of  the  last  integral  in  (35)  may  not  occur  for  larger 
values  of  j;  that  is,  due  to  the  division  in  (31),  RV  y  may  not 
have  finite  higher-order  moments. 


EXAMPLE 


The  example  presented  in  (4)  is  utilized  here.  From  (4) 
and  (32),  the  CF  and  PDF  of  average  RV  a  in  (31)  are 


(1  -  iC/M)^ 


(36) 


Pa(u) 


u^"^  expf-Mul 
(M-1)! 


for  u  >  0  , 


(37) 


respectively.  The  CDF  of  RV  y  then  follows  from  (33)  and  (4)  as 


Cy(Y)  -  J  dt.  •  I*  • 


for  y  >  0  . 


(38) 


The  PDF  of  RV  y  is  therefore 
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P„(U)  -  (i  +  h] 


-M-1 


for  u  >  0  . 


(39) 


The  inverse  function  to  CDF  Cy(Y)  in  (38)  is 


Cy(P)  =  M|(l  -  -  1|  for  0  <  P  <  1 


(40) 


The  j-th  moment  of  RV  y  is  given  by 


fJyii)  =  *  J  Py^'^)  »  J  du  (l  +  g) 


-M-1 


B(j+l,M-j)  *  *  rfcrr  3  <  M  ,  (41 


where  we  used  (39)  and  [1;  3.194  3  and  8.384  1].  In  particular, 


M  2  ^  2M 

M-1  '  ^  (M-2)(M-1)  ' 


M‘ 


(M-2)(M-1)* 


for  M  >  2  .  (42) 


The  condition  M  >  2  is  necessary  for  RV  y  to  possess  a  finite 
variance.  We  now  have  all  the  quantities  required  for 
application  in  the  previous  section  on  threshold  resetting. 
For  M  «  «,  f^(^)  in  (36)  equals  exp(i^);  that  is,  RV  a  in 

Ol 

(31)  is  equal  to  the  constant  1.  This  corresponds  to  no 
normalization  and,  in  fact,  (31)  reduces  to  y  *  x^.  Also, 
(38)  -  (41)  reduces  to  (4),  as  expected. 
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CHANGE  IN  SIZE  OF  NORMALIZER 

If  we  now  change  from  size  M  to  N  in  normalizer  (31),  we 
obtain  RV  z  as  considered  in  (20)  and  sequel.  Its  CDF  follows, 
by  similarity  of  form  to  (38),  as 

C^{Z)  »  1  -  (l  +  I)  ”  for  Z  >  0  .  (43) 

Its  inverse  function  is 

^^(P)  »  n[(1  -  P)“^^”  -  l]  for  0  <  P  <  1  .  (44) 

Reference  to  (42)  also  reveals  that  the  mean  and  standard 
deviation  of  RV  z  are 

"z  -  S?I  '  “z  -  SctInTi)  N  >  2  .  (45) 

The  new  thresholds  are  given  by  (21)  and  (22). 
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STATISTICS  OF  OR-ING  DEVICE 

Let  (XjuJ,  1  i  m  i  M,  be  IID  RVs  with  conunon  PDF  Pjj(u)  and  CDF 
C^(X).  The  CDF  and  PDF  of  the  maximum  RV 

y  »  max{Xj,X2#  ♦ . .  ,  (46) 

yielded  by  an  or-ing  device,  are  then 

Cy(Y)  -  [C^(Y)]“  ,  (47) 

Py{u)  =  M  [C^(u)]“"^  p^(u)  ,  (48) 

respectively.  The  inverse  function  to  CDF  Cy  in  (47)  is 

Cy(P)  “  0  <  P  <  1  .  (49) 

Here,  again,  C„  is  the  inverse  function  to  CDF  C  of  RV  x  . 

X  A  III 

The  CF  of  RV  y  follows  from  (48)  as 

fy(^)  *  J  exp(ij;u)  M  (C^(u)]”~^ 

The  moments  of  RV  y  may  be  obtained  from  (48)  in  the  form 

Py(j)  “  J  du  u^  M  (C^(u)]””^  Px^^^  • 

Alternatively,  the  cumulants  can  be  obtained  by  a  power  series 
expansion  of  the  natural  logarithm  of  CF  fy(5)  in  (50). 
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EXAMPLE 

We  again  use  the  results  given  in  (4).  Substitution  into 
(50)  yields 


fy(5)  =1  du  exp{i5u  -  u)  M  [1  -  exp{-u)] 


M-1 


M  j  dt 


:  (l-t)**“^ 


Tll-il)  r(M+l) 
r(M+i-i^) 


n(‘  - 


m*l 


-1 


(52) 


where  we  let  t  *  exp(-u)  and  used  [1;  8,380  1  and  8.384  1],  This 
is  a  very  compact  form  and  is  easily  computed  numerically,  if 
necessary.  This  result  illustrates  that  RV  y  has  the  same 
statistics  as  RV  w  defined  by 


"  ■  S  "i  ■  *1  •  •  •  +  m’'h 

m=u 


(53) 


In  order  to  determine  the  cumulants  of  RV  y,  we  consider 


lnfy(£)  --f  ,54) 


m«l 


m“l  k*l 
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The  cumulants  follow  inunediately  as 


n 

Xy(j)  -  (j"l)l  ^  -3  for  j  i  1 


(55) 


In  particular,  the  mean  and  variance  of  RV  y  are 


Xy(l) 


n 


Xy(2) 


n 


(56) 


respectively.  It  is  seen  that  the  mean  of  RV  y  increases  without 

limit,  in  fact,  logarithmic  with  M.  On  the  other  hand,  the 

2 

variance  saturates  at  n  /6,  meaning  that  the  standard  deviation 

u 

Oy  of  RV  y  cannot  exceed  n/6^  *  1.283. 

The  CDF  of  y  follows  from  (47)  and  (4)  as 


Cy(Y)  -  [1  -  exp(-y))"  for  Y  >  0  , 


(57) 


with  corresponding  inverse  function 


C  (P)  »  -  ln(l  -  for  0  <  P  <  1 


(58) 


For  M  »  1,  there  is  no  or-ing,  and  (46)  reduces  to  y  =  x^ 
Also,  (52),  (55),  (57),  and  (58)  reduce  to  (4),  as  expected. 


21 


TR  8865 


CHANGE  IN  SIZE  OF  OR-ING  DEVICE 

If  we  change  from  size  M  to  N  in  or-ing  device  (46),  we 
obtain  RV  z  considered  in  (20)  and  sequel.  Its  CDF  is,  by 
similarity  in  form  to  (57), 

^^(Z)  *  (1  -  exp(-Z)]^  for  Z  >  0  .  (59) 

The  corresponding  inverse  function  is 

*  -  ln[l  -  for  0  <  P  <  1  .  (60) 


Reference  to  (56)  reveals  that  the  mean  and  variance  of 
RV  z  are  given  by 


N 


n»l 


n 


EZ-4  • 


z  * — r  2 
n«l  n 


(61) 


The  new  thresholds  for  RV  z  are  given  by  (21)  and  (22) 
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STATISTICS  OF  NORMALIZER  AND  OR-ING  DEVICE 

Here,  we  consider  a  set  of  K(M+l)  IID  RVs  {Wj^l  subject  to 
both  normalization  and  or-ing,  according  to 

“k  -  H  g  “k™  '  *k  -  ^  ^  ^  ^  ^  '  <«l 

y  »  max(Xj^,X2/ . . . /Xj^)  .  (63) 

The  statistics  of  the  normalization  portion,  namely  {xj^l  for 
1  1  k  1  K,  were  previously  considered  in  (31)  -  (35)  for  the 
general  case,  and  then  specialized  to  an  excunple  in  (36)  -  (42). 
Also,  the  analysis  of  the  or-ing  portion  was  conducted  in 
(46)  -  (51)  and  then  specialized  to  an  example  in  (52)  -  (58). 

We  will  rely  heavily  on  those  results  in  order  to  minimize  the 
presentation  in  this  section. 


EXAMPLE 


We  presume  that  all  the  input  RVs  in  (62)  have  the 

common  exponential  PDF  used  in  example  (4)  for  all  the  earlier 
results  here.  Then,  by  reference  to  (31)  and  (39),  we  can  state 
that  the  common  PDF  of  RVs  {Xj^}  defined  in  (62)  is 


Px<“' 


-M-l 


for  u  >  0 


(64) 


Similarly,  the  CDF  of  RVs  {Xj^}  follows,  by  reference  to  (38),  as 
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/^y(j)  •  J  du  Py(u)  for  j  <  M  .  (69) 

0 

where  we  have  taken  advantage  of  the  fact  that  RV  y  can  never  be 
negative.  However,  a  useful  alternative  in  some  cases  is 
afforded  by  employing  integration  by  parts  on  (69),  with  the 
result,  for  j  1  1,  that 
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,(j)  -  j  J  du  [1  -  C  {u)3  , 


(70) 


where  we  assume  that 


lim  u-'tl  -  C  (u)3  »  0  . 
u->+®  ^ 


(71) 


This  requirement  is  tantamount  to  presuming  that  the  j-th  moment 
Py(j)  exists,  that  is,  j  <  M. 

When  we  use  CDF  (66)  for  RV  y,  then  j-th  moment  (70)  becomes 


/Jy(j)  “  j  J  du  u^'^  -  1  -  1  -  [l  +  g) 


(72) 


In  order  to  evaluate  this  integral,  let,  for  the  moment. 


(73) 


Then,  the  bracketed  term  in  (72)  can  be  expanded  according  to 


[1  -  Qi''  -  ^  (;;)  (-Q)’'  - 1  +  X]  0  *  s)’  ■ 

k*0  k-1 


Employment  of  this  result  in  (72)  yields 
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Both  of  these  results  are  easily  computed  by  means  of 
recurrences;  however,  a  bad  feature  of  these  two  sums  is  that 
they  are  alternating  series  and  lose  significance  for  large  K  due 
to  the  binomial  coefficient  which  gets  very  large.  A  backup 
procedure  is  to  revert  to  numerical  integration  of  (68)  -  (69)  or 
(70)  -  (72),  both  of  which  integrands  can  never  go  negative  and 

•i  _1  _M 

which  decay  as  u-*  for  large  u. 


26 


TR  8865 


However,  better  alternatives  to  the  first  and  second  moments 
have  been  found,  that  are  not  subject  to  cancellation  and  loss  of 
significance.  Namely,  it  is  shown  in  appendix  A  that 


where 


-  M[Fj  -  1]  , 


F 


1 


for  M  >  2  . 


(78) 


(79) 


These  finite  products  are  very  useful  and  retain  significance 
even  for  large  K,  where  (76)  and  (77)  are  useless.  The  very 
compact  BASIC  program  listed  below  computes  both  quantities  in 
(78).  The  program  has  been  written  so  as  to  avoid  overflow, 
even  when  K  is  large. 


K= 

M«  •  M  >  2 

A=l/M 

B=2/M 

F1«F2®1 

FOR  Ks-1  TO  K 

Fl*Fl*Ks/(Ks-A) 

F2=F2*Ks/(Ks-B) 

NEXT  Ks 
Muy=M*(Fl-l) 

Sigy=M*SQR(F2-Fl*Fl)  (80) 


By  using  the  techniques  in  appendix  A  and  laboriously 
expanding  out  (75)  for  j  «  3,  it  has  been  found  that 


Py(3)  -  M^(F3  -  3F2  +  3Fj  -  1)  , 


where  we  define  products 
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F 


m 


for  0  1  m  <  M  . 


Notice  that  »  1.  Based  on  this  result  and  (78),  we 
conjectured  that  the  j-th  moment  is  generally  given  by 

(w)  for  :  <  M  • 


In  fact,  this  has  been  confirmed  numerically  for  several  values 
of  M,  K,  and  j.  For  large  j,  the  alternating  character  of  this 
series  would  also  suffer  from  loss  of  significance;  however,  for 
the  low  order  moments  of  general  interest,  this  is  not  a  problem. 

The  third  and  fourth  cumulants  of  RV  y  were  also  computed  in 
terms  of  sequence  they  turned  out  to  be,  for  M  >  4, 

Xy(3)  -  -  3PjFj  +  2f3]  , 

Xy(4)  -  m^[f^  -  4F3FJ  -  3f2  +  ur^rl  -  6fJ]  . 

But  these  rules  for  obtaining  cumulants  {Xy(j)}  from  products 
{Fj^}  are  identical  to  the  general  rules  for  obtaining  cumulants 
from  moments,  within  the  factor  M^;  see,  for  example, 

[4;  page  70,  (3.41)].  Thus,  we  have  a  very  efficient  and 
accurate  method  for  obtaining  the  low-order  cumulants  directly 
from  the  finite  products  (F^^l.  The  case  for  Xy(l)  (^8) 
differs  slightly  from  the  usual  rule,  in  the  need  to  subtract  1. 
(See  appendix  C  for  analytic  corroboration  of  these  conjectures.) 
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ANALYTICAL  CHECKS 

Numerous  checks  on  the  results  above  are  possible.  When 
M  “  ®  (no  normalization),  the  CDF  of  y  in  (66)  reduces  to  (57), 
where  it  must  be  remembered  that  X  in  this  section  on  combined 
normalization  and  or-ing  corresponds  to  M  in  the  section  on 
or-ing  alone.  On  the  other  hand,  if  K  »  1  (no  or-ing)  in  (66), 
the  result  in  (38)  correctly  emerges. 

With  regard  to  the  inverse  CDF  in  (67),  it  reduces  to  (58) 
for  M  «  «,  whereas  it  reduces  to  (40)  for  K  =  1.  The  PDF  of  RV 
y,  given  in  (68),  reduces  to  the  derivative  of  (57)  for  M  =  ®, 
whereas  it  reduces  to  (39)  for  K  «  1.  Finally,  the  first  two 
moments  in  (78)  -  (79)  reduce,  after  some  manipulations,  to  (56) 
for  M  »  «;  on  the  other  hand,  the  j-th  moment  for  K  «  1  is  best 
handled  from  form  (75)  which  correctly  reduces  to  (41). 


EXTENSIONS 

The  case  where  the  normalizer  and  or-ing  device  are  followed 
by  an  averager  is  discussed  in  the  s\immary  below,  and  the  method 
of  determining  the  performance  of  that  system  is  outlined. 

Another  alternative  with  practical  merit  is  that  of  normalization 
followed  by  averaging  and  or-ing.  Since  the  CF  of  the  normalizer 
output  is  available  by  a  Fourier  transform  of  (39),  it  can  be 
raised  to  a  power  to  find  the  CF  at  the  averager  output.  Then 
another  Fourier  transform  can  yield  the  CDF.  At  this  point,  we 
could  utilize  (47)  to  find  the  CDF  of  the  system  output. 
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CHANGES  IN  SIZES  OF  NORMALIZER  AND  OR-ING  DEVICE 

We  now  address  the  change  in  size  of  the  normalizer  in  (62) 
from  size  M  to  N  and  the  change  in  size  of  the  or-ing  device  in 
(63)  from  K  to  L.  There  are  no  restrictions  on  the  relative 
sizes  of  the  parameters.  The  new  equations  are 


1  N  w. 

bk  -  N  ^  "kn  '  ’^k  *  “BT  for  1  i  k  s  L  , 


(81) 


z  *  max (yj^/y2f  •  •  • 


(82) 


The  CDF  of  RV  z  follows,  by  similarity  of  form  to  (66),  as 


-N 


for  Z  >  0 


(83) 


The  inverse  function  is  easily  shown  to  be 


-1/N 


C^CP)  =  n[(i  -  -  l]  for  0  <  P  <  1  . 


(84) 


The  first  two  moments  of  RV  z  in  (82)  are  given,  by 
comparison  with  (78)  and  (79),  as 

Pjj(l)  -  N[G^  -  1]  ,  »  n(g2  -  , 

where 


(85) 


k  -  i 

NJ 


JU 

n 


k  - 


N 


(86) 
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INPUT  SIGNAL-TO-NOISE  RATIO  REQUIREMENTS 

In  this  section,  we  will  determine  the  CDFs  of  the  outputs  of 
the  three  nonlinear  systems  considered  above,  namely  (31),  (46), 
and  (62)  -  (63),  for  the  case  where  a  signal  is  present  in  one  of 
the  input  RVs.  This  will  enable  us  to  use  the  results  given  in 
(27)  -  (29)  for  determination  of  required  input  SNRs  foi  a 
specified  system  detection  probability  Pdj^  *  ^”^1* 


NORMALIZER 

The  nonlinear  transformation  of  immediate  interest  is  the 
normalizer  given  by  (31).  The  PDF  of  denominator  average  RV  a  is 
given  by  (37),  while  the  PDF  of  numerator  RV  Xq  with  signal 
present  will  be  modified  from  (4)  to  the  form 

P,(u;R)  -  exp(^]  for  u  >  0  ,  (87) 

where  R  is  the  input  power  SNR.  The  corresponding  CDF  is 

Cj^(X;R)  -  1  -  exp(fl^)  for  X  >  0  .  (88) 

By  reference  to  (33),  (38),  and  (88),  we  find  the  CDF  of  RV  y 
in  (31)  for  signal  present  to  be 


.M  ^M-1 


C,(V;R,  -  J  dt  "  [1  -  exp(ill)]  - 

0 

-  1  -  (l  +  ra)  ”  >  0  ■ 


(89) 
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We  now  employ  this  result  in  (27)  to  obtain 


S,  =  1  - 


1  + 


y^/M 


1+R 


tj 


for  1  i  t  £  T  . 


(90) 


The  solution  for  the  required  input  SNR  R^  is  then  given  by 


Y^/M 

^  (1  -  S, )“^/^  -  1 


-  1  for  1  i  t  i  T  . 


(91) 


We  must  repeat  here  the  caution  mentioned  ir  (29),  namely 
that  specified  probability  at  threshold  must  be  less  than 
or  equal  to  probabilities  (P^)  in  order  that  nonnegative  SNRs 
{R^l  result  in  (91).  This  is  reasonable  since  it  corresponds 
physically  to  demanding  a  larger  detection  probability  when 
signal  is  present  than  when  absent. 
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OR-ING  DEVICE 

Here,  we  are  interested  in  the  or-ing  device  characterized  by 

(46)  when  signal  is  present  in  one  of  the  RVs 

RV  y  is  then  given  by 

Cy(Y;R)  -  C^(Y;R)  IC^(Y)]”"^  - 

-  [l  -  exp(^)]  [1  -  exp(-Y)]”"^  for  Y  >  0  ,  (92) 

where  we  used  (88)  and  (4). 

If  we  now  employ  (92)  in  (27),  we  have  to  satisfy 

Sj  -  1  -  exp  [l  ~  exp[-y^)]  for  1  1  t  i  T  .  (93) 

The  solution  for  the  required  input  SNR  is  given  by 


Again,  (29)  must  be  satisfied. 
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NORMALIZER  AND  OR-ING  DEVICE 

The  nonlinear  transformation  to  be  investigated  here  is  the 
combination  of  normalization  and  or-ing,  as  characterized  by  (62) 
and  (63),  when  signal  is  present  only  in  RV  Therefore,  only 

RV  Xj  in  (63)  contains  signal. 

The  CDFs  of  RVs  fxjjb  for  2  <;  k  i  K,  are  given  by  (65).  On 
the  other  hand,  the  CDF  for  is  available  by  reference  to  (89), 
in  the  form 

—M 

Cj^(X;R)  «  1  -  [l  +  for  X  >  0  .  (96) 

Therefore,  the  CDF  for  RV  y  in  (63)  is  given  by 


Cy(y;R)  =  Cj^(Y;R)  cc^(Y)] 


K-1 


K-l 


for  Y  >  0  , 


(97) 


where  we  used  (96)  and  (65). 

When  we  equate  this  result  to  the  specified  probability 
according  to  (27),  we  obtain 


S 


1 


1  - 

Y./M 

-M 

1  - 

-M 

^  ^  1+R. 

tj 

for  1  i  t  i  T  .  (98) 


The  solution  for  the  required  input  SNRs  (R^l  is  given  by 
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Yt/M 

t  (1  -  -  1 


1  for  1  S  t  1  T  , 


(99) 


where 


1  - 


1  + 


V 

M 


-M 


K-1 


for  1  1  t  i  T 


(100) 


Restriction  (29)  must  be  satisfied  here  also. 

Finally,  if  several  detection  probabilities  Pdj^,  ^^2'  ^^3' 
are  of  interest,  we  must  satisfy  (30),  where 

max{l-P^l  i  roin{Pdj}  .  (101) 

As  checks  on  the  results  in  this  subsection  on  combined 
normalization  and  or-ing,  we  observe  for  M  *  «  (that  is,  no 
normalization),  (100)  reduces  to  (95),  where  K  here  corresponds 
to  M  there  for  or-ing  alone.  Also,  (99)  reduces  to  (94).  On  the 
other  hand,  for  finite  M,  but  with  K  »  1  (that  is,  no  or-ing), 
then  (100)  reduces  to  »  1,  in  which  case  (99)  reduces  to  (91). 
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SUMMARY 

We  have  determined  the  false  alarm  and  detection 
probabilities  for  three  different  nonlinear  transformations, 
namely  a  normalizer,  an  or-ing  device,  and  a  normalizer  followed 
by  or-ing.  In  particular,  results  are  given  for  the  following 
statistics  of  the  outputs  of  each  device:  the  PDF,  the  CDF,  the 
inverse  CDF,  and  either  the  moments  or  the  cumulants  (depending 
on  their  relative  tractability ) .  These  results  are  sufficient  to 
compute  the  receiver  operating  characteristics  (ROCs)  of  the 
processors,  if  desired.  However,  we  have  also  been  able  to  solve 
explicitly  for  the  input  SNR  required  to  realize  specified  false 
alarm  and  detection  probabilities;  this  largely  circumvents  the 
need  to  compute  ROCs. 

Two  programs,  with  numerical  examples  of  their  execution,  are 
listed  in  appendix  B.  The  first  corresponds  to  the  case  where 
the  number  T  of  thresholds  is  kept  fixed  as  the  size  of  the 
nonlinear  transformation  is  changed  from  M  to  N;  see  (20)  -  (23). 
On  the  other  hand,  the  second  program  allows  the  number  of 
thresholds  to  change  from  T  to  U  as  the  size  of  the  nonlinear 
transformation  is  changed  from  M  to  N;  see  (24)  -  (26). 

Both  programs  are  written  for  the  general  case  where  there  is 
both  normalization  (of  size  M)  and  or-ing  (of  size  K)  included  in 
the  data  processing;  see  (62)  -  (63).  By  making  M  infinite,  the 
program  will  handle  the  case  of  or-ing  alone;  on  the  other  hand, 
by  setting  K  =  1,  the  program  addresses  the  case  of  normalization 
alone.  Thus,  these  two  programs  cover  all  the  cases  addressed  in 


37 


TR  8865 


this  investigation.  (Since  it  is  not  possible  to  actually  set 
M  infinite  in  a  program,  this  situation  is  handled  by  setting  M 
to  any  value  less  than  or  equal  to  2,  in  order  to  flag  this  case 
in  the  program,  and  then  branching  appropriately  at  various 
points  in  the  program.  The  substitute  equations  for  this  case  of 
infinite  M  come,  of  course,  from  the  earlier  analysis  for  or-ing 
alone.  For  finite  variance,  normalization  requires  M  >  2;  see, 
for  example,  (77)  or  (79).) 

We  have  not  included  the  effects  of  averaging  after  the 
normalization  and/or  or-ing  in  this  study.  Hence,  the  required 
input  SNRs  calculated  here  sometimes  turn  out  to  be  rather  large. 
The  exact  analysis  including  averaging  would  be  rather  involved, 
since  the  new  decision  variable  would  have  a  characteristic 
function  given  by  a  power  of  the  characteristic  function  fy(5)  of 
current  output  variable  y;  that  is,  from  (68), 


fy(U 


K  J  du  exp(i5u) 
0 


1 


(102) 


This  is  probably  best  handled  through  the  use  of  fast  Fourier 
transforms.  The  integrand  decays  as  u~  ”  for  large  u,  which  is 
attractive  since  M,  the  normalization  size,  is  generally  fairly 
large  in  order  to  guarantee  decent  performance. 

In  the  meantime,  in  order  to  get  a  rather  rough  idea  of  the 
improvement  attainable  by  employment  of  averaging,  it  is 
suggested  that  the  rule  of  thumb  (3;  (C-10)]  for  the  input 
signal-to-noise  ratio  improvement  in  dB,  -5  log  A,  be  used,  where 
A  is  the  number  of  independent  quantities  averaged. 


38 


TR  -8865 


APPENDIX  A.  SIMPLIFICATION  OF  SUMS  (76)  AND  (77) 

Here,  we  will  convert  the  alternating  series  in  (76)  and  (77) 
into  finite  products  that  retain  significance,  even  for  large 
values  of  K.  We  begin  with  the  first  line  of  (52)  and  expand  the 
power  term  in  a  binomial  series,  obtaining 

<D  M-1 

fy(5)  -  M  J  du  exp(iSu-u)  (-1)^  “ 

0  fco 


(A-1) 


Now,  equate  (A-l)  to  its  alternative  expression  in  the  last 
line  of  (52),  and  then  replace  M  everywhere  by  K+1,  getting 


(K+l)  ^  ID 

IrsO 


K+1 

*  n  If^i  • 


k»l 


(A-2) 


Now  let  z  *  1  -  i^  in  (A-2)  and  simplify;  there  follows 


OKI  (-1)'^  .  K! 

kj  k  +  z  (z)k+i  ' 

k»0  ^ 


(A-3) 


Thus,  the  alternating  series  has  been  converted  into  a  finite 
product  which  is  useful  for  all  values  of  K  without  loss  of 
significance. 
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The  use  of  (A-3)  on  (76)  yields  the  result  quoted  in  (78)  and 
(79)  for  the  first  moment  ^^(1).  On  the  other  hand,  in  order  to 
convert  (77),  it  is  necessary  to  take  the  preliminary  step  of 
breaking  the  rational  function  into  two  parts  according  to 


(k-b) (k-a) 


1  [_1 _ 1^1 

>~a  I  k-b  ”  k-a]  ' 


(A-4) 


and  then  to  use  (A-3)  once  with  z  »  -1/M  and  once  with  z  »  -2/M. 
After  manipulation,  simplification,  and  cancellation  of  common 
terms  with  the  square  of  Py(l)/  the  end  result  for  the  standard 
deviation  of  RV  y  is  found  to  be  just  the  second  term  in  (78). 

The  results  in  (78)  -  (79)  have  been  numerically  checked  with  the 
original  defining  integral  (72),  for  j  ■  1  and  j  **  2,  lor  several 
values  of  M  and  K;  they  agree  within  the  accuracy  of  the  computer 
employed. 

A  more  general  result  than  (A-3)  is  available  by  means  of  a 
different  approach.  First,  for  general  values  of  a,  note  that 


<-»ik  1  1  <^)k 

k!  ^  k+z  z  (z+l)j^ 


(A-5) 


Then,  the  following  alternating  sum  can  be  manipulated  into  a 
more  useful  form,  namely 


(-a),  (z).  , 


r(l+a+2)  " 


(A-6) 


where  we  used  [2;  15.1.1  and  15.1.20].  If  we  set  a  *  K  in 
(A-6),  it  reduces  to  (A-3).  (A-6)  is  also  equal  to  B(l+a,2). 
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APPENDIX  B.  PROGRAMS 

There  are  two  programs  listed  in  this  appendix,  both  in  BASIC 
for  the  Hewlett-Packard  9000  computer.  None  of  the  variables  are 
declared  INTEGER;  thus,  for  example,  input  parameters  M,  K,  N,  L 
are  all  treated  as  REAL  variables  throughout. 

The  first  program,  listed  on  pages  42  -  44,  requires  that  the 
number  of  thresholds  T  be  maintained  the  same  when  the  sizes,  M 
and  K,  of  the  normalizer  and  or-ing  device,  respectively,  are 
changed  to  N  and  L.  On  the  other  hand,  the  second  program, 
listed  on  pages  46  -  49,  allows  the  number  of  thresholds  to 
change  from  T  to  U,  which  can  be  either  larger  or  smaller. 

The  listings  are  heavily  keyed  to  the  explicit  equations  in 
the  main  text;  this  should  enable  the  user  to  identify  and  modify 
particular  manipulations  if  desired.  It  should  be  noted  that,  in 
the  programs,  the  or-ing  size  begins  at  value  K  and  gets  changed 
to  L.  If  these  results  are  to  be  compared  with  the  or-ing  only 
results  in  the  text,  where  the  parameter  M  was  used,  it  is 
necessary  to  make  the  switch  from  K  in  the  program  to  M  in  the 
text.  Example  outputs  from  both  programs  are  presented  after  the 
listing  for  each  case. 
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10 

!  NORMflLIZER  &  ORING,  1 

EQUISPACED  IN  POWER,  SAME  NO.  OF  THRESHOLDS 

20 

PI*. 85 

1 

SPECIFIED  PROBABILITY,  <9) 

30 

Dby=10 

1 

DECIBEL  RATIO  OF  THRESHOLDS,  <10) 

40 

T»7 

I 

NUMBER  OF  THRESHOLDS,  <10> 

50 

M=8 

! 

INITIAL  NORMALIZER  SIZE  >  2,  <62> 

60 

!  FOR  NO  INITIAL  NORMALIZATION,  THAT  IS,  M  INFINITE,  SET  f1  <=  2 

70 

K»12 

1 

INITIAL  OR-ING  SIZE  >  0,  (63) 

80 

N*16 

j 

NEW  NORMALIZER  SIZE  >  2,  <80 

90 

!  FOR  NO  NEW  NORMALIZATION, 

THAT  IS,  N  INFINITE,  SET  N  <*  2 

100 

L=24 

1 

NEW  OR-ING  SIZE  >  0,  (82) 

110 

Pdl=.5 

1 

SPECIFIED 

120 

Pd2=.9 

f 

DETECTION 

130 

Pd3*.99 

! 

PROBABILITIES,  <30) 

140 

PRINT  "PI  =“;Pl5" 

Dby 

=“jDby5"  T  ="}T 

150 

PRINT  "M  *"5M; " 

K 

=  "|K;  "  N  ="  jN;  "  L  ='‘;L 

160 

REDIM  Y<l;T),Yb<l:T) 

,P<l*T),Z<l;T>,Zb<ljT> 

170 

DIM  Y<99),  Yb<99),P<99),Z<:99),Zb<99> 

180 

Rl<  =  l/K 

} 

<67) 

190 

R1=l/L 

J 

(84) 

200 

IF  M>2  THEN  300 

210 

F1=F2=0 

1 

M  INFINITE 

220 

FOR  Ms=l  TO  K 

1 

<56>,  m 

230 

Rl*l/Ms 

240 

F1*F1+R1 

250 

F2*F2+R1*R1 

260 

NEXT  Ms 

270 

Muy*Fl 

! 

<56> 

280 

Sigy*SQR<F2) 

! 

<56> 

290 

GOTO  390 

300 

Rl»l/M 

1 

M  >  2 

310 

R2»2/M 

320 

F1*F2=1 

330 

FOR  Ks=l  TO  K 

1 

<79),  k 

340 

Fl=Fl*Ks/'<Ks-Rl) 

1 

<79> 

350 

F2=F2*Ks/'<Ks-R2) 

! 

<79) 

360 

NEXT  Ks 

370 

Muy=M*<Fl-l) 

! 

(78> 

380 

Sigy=M*SQR<F2-Fl*Fl) 

1 

<78) 

390 

IF  N>2  THEN  490 

400 

G1=G2=0 

1 

N  INFINITE 

410 

FOR  Ns=l  TO  L 

1 

<61),  n 

420 

Rl=l/Ns 

430 

G1=G1+R1 

440 

G2*G2+R1«R1 

450 

NEXT  Ns 

460 

Muz=Gl 

! 

<61> 

470 

Sigz*SQR<G2> 

! 

<61) 

480 

GOTO  580 

490 

Rl*l/N 

f 

N  >  2 

500 

R2=2y'H 

510 

G1=G2*1 

520 

FOR  Ks=l  TO  L 

1 

(86>,  k 

530 

Gl»Gl*Ks/<Ks-Rl > 

1 

<86> 

540 

G2=G2*Ks/<Ks-R2> 

1 

<86) 

550 

NEXT  Ks 

560 

Muz*N*<Gl-l > 

I 

<85) 

570 

Sigz=N*SQR<G2-Gl*Gl) 

1 

<85> 

580 

PRINT  "Muy  *"jMuys“ 

Sigy  ="jSigy 

590 

PRINT  "Muz  »"5Muz}" 

Sigz  =";Sigz 

600 

PRINT 
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610 

1 

EQUISPnCED  IN  DECIBELS: 

REMOVE  880-970  AND  INSERT  620-71 

620 

1 

R=l-Pl''Rk  1 

<9>  t  <67) 

630 

1 

IF  M>2  THEN  660 

640 

! 

Yla-LOG<R)  1 

<:58> 

650 

! 

GOTO  670 

660 

! 

Y1=M*<:R''<-1/'M)-1  )  1 

<67> 

670 

1 

Dl  =  10»LGT<Yn  1 

<14> 

680 

! 

Deld=Db^/<T-n  1 

<15)  &  <16> 

690 

1 

FOR  Ts»l  TO  T  1 

<16),  t 

700 

! 

Dt»Dl+Deld*<Ts-n  ! 

<16) 

710 

\ 

Y<Ts)«Y=10''<Dt/10)  1 

<17> 

720 

! 

PRESET  CONSTANTS:  REMOVE 

880-980  AND  INSERT  730-760 

730 

1 

DATA  1,3,5,7,9,10,11  ! 

USER  MUST  INPUT  T  NUMBERS 

740 

1 

READ  Yb<»)  1 

NORMALIZED  Y  THRESHOLDS 

750 

j 

FOR  Ts-1  TO  T  1 

<18),  t 

760 

! 

Y<Ts)=Y=Muy+Sigi;*Yb<Ts)  ! 

<18> 

770 

! 

PRESET  PROBABILITIES:  REMOVE  880-1030  AND  INSERT  780-870 

780 

! 

DATA  .9, .99, .999, .9999, . 

99999, . 999999, . 9999999 

790 

! 

READ  P<*)  1 

<19) 

800 

! 

FOR  Ts=l  TO  T  1 

<19>,  t 

810 

! 

P=P<Ts) 

820 

! 

Rsl-P-^Rk  1 

<58) 

830 

1 

IF  M>2  THEN  860 

840 

! 

Y<T£)=Y=-L0G<R>  ! 

<58) 

850 

! 

GOTO  870 

860 

{ 

YCTs)=Y=M*<R-'<-l/'M)-n  ! 

<9)  8.  <67> 

870 

! 

Yb<Ts)*<Y-Mtiy)/'Sigy  ! 

<12> 

880 

Rsl-Pl-'Rk  1 

<9)  8.  <67> 

890 

IF  M>2  THEN  920 

900 

Yl--LOG<R)  I 

<58) 

910 

GOTO  930 

920 

Y1=M*<R^<-1/M)-1>  ! 

<67> 

930 

Ry=10^<Dby/10)  1 

<10) 

940 

Ytc*Yl*Ay  1 

<10) 

950 

Dely*<Ytc-Yl>/<T-l)  ! 

<11> 

960 

FOR  Ts=l  TO  T  1 

<11>,  t 

970 

Y<Ts)*Y=Yl+Dely*<Ts-l)  I 

<11> 

980 

Yb<Ts)*<Y-Muy)^Sigy  1 

<12> 

990 

IF  M>2  THEN  1020 

1000 

R=EXP<-Y)  1 

<57) 

1010 

GOTO  1030 

1020 

R*<l+Y/M)''<-M>  ! 

<13)  8.  <66) 

1030 

P<Ts>=P=<l-R)^K  1 

<66) 

1040 

Q^l-P-^RI  1 

(84) 

1050 

IF  N>2  THEN  1080 

1060 

2<Ts>»Z»-LOG<Q)  I 

(21)  8<  (60) 

1070 

GOTO  1090 

1060 

2<Ts)=2=N*<Q-'<-l/'N)-l  )  ( 

(21)  8<  (84) 

1090 

2b<Ts)*<Z-Muz)/Si  gz  1 

(22) 

1100 

NEXT  T» 

1110 

Dbz=10*LGT<Z<T>/'Z<n>  1 

(23) 

1120 

PRINT  "  Y  THRESHOLDS 

NORMALIZED  PROEABIL 

1130 

FOR  Ts»l  TO  T 

1140 

PRINT  Y<T»>,Yb<T*>,P<Ts) 

1150 

NEXT  T» 

1160 

PRINT 

1170 

PRINT  "  Z  THRESHOLDS 

NORMALIZED  PROEABIL 

1180 

FOR  Ts=l  TO  T 

1190 

PRINT  Z<Ts),Zb<Ts>,P<Ts) 

1200 

NEXT  Ts 

1210 

PRINT 

1220 

PRINT  "Dbz  »"|Dbz 
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1230 

PRINT 

1240 

PRINT  Pdl  *";Pdlj'* 

Pd2  *'■  5  Pd2  j  "  Pd3 

1250 

PRINT 

1260 

PRINT  "SIGNftL-TO-NOISE 

RfiTIOS  <DB>  FOR  INITIAL  TRfiNSFORMflT 

1270 

IF  M>2  THEN  1400 

1200 

FOR  Ts=l  TO  T 

1 

<94>,  t 

1290 

Y®Y<Ts) 

1300 

Q=<:1-EXP<-Y))''<K-1) 

{ 

<95) 

1310 

Dl*-L0G<1-<1-Pdl)/'Q) 

1 

<94> 

1320 

Rt 1»Y/D1-1 

1 

<94> 

1330 

D2=-L0G<  1-<1-Pd2>/'Q) 

1340 

Rt2»Y/D2-l 

1350 

D3»-L0G< l-< 1-Pd3)/Q> 

1360 

Rt3=Y/D3-l 

1370 

PRINT  10*LGT<Rtl>, 10*LGT 

<Rt2>, l0*LGT<Rt3> 

1380 

NEXT  Ts 

1390 

GOTO  1530 

1400 

Rm=-1/M 

1 

<99) 

1410 

FOR  Ts=l  TO  T 

1 

<99),  t 

1420 

Ym=Y<:Ts)/'M 

! 

<99>  &  ClOO) 

1430 

Q*<l+Ym)''<-M) 

1 

(100) 

1440 

Qa<l-Q)A(K-1) 

! 

(100) 

1450 

Dl*<l-<l-Pdn/Q)^Rm-l 

1 

(99) 

1460 

Rtl=Ym/Dl-l 

! 

(99) 

1470 

D2*(l-<l-Pd2)/Q)^Rtn-l 

1480 

Rt2=Ym/'D2-l 

1490 

D3=<l-<l-Pd3)/Q>''Rin-l 

1500 

Rt3=Ym/D3-l 

1510 

PRINT  10*LGT<Rt 1>, 10*LGT<Rt2>. 10*LGT<Rt3> 

1520 

NEXT  Ts 

1530 

PRINT 

1540 

PRINT  “SIGNfiL-TO-NOISE 

RATIOS  <DB)  FOR  NEW  TRANSFORMATION!" 

1 550 

IF  N>2  THEN  1680 

1560 

FOR  Ts=l  TO  T 

» 

SIMILAR 

1570 

Z=2<Ts) 

1 

TO 

1580 

Q*<1-EXP<-Z))''<l-1  ) 

1 

(94) 

1590 

D1=-L0G< l-< 1-Pdl )/Q) 

1 

t. 

1600 

Rt 1=2/D1-1 

! 

(95) 

1610 

D2=-L0G<1-<1-Pd2)/’Q) 

1620 

RtZsZ/DZ-l 

1630 

D3»-L0G<  l-<  1-Pd3)/'Q) 

1640 

Rt3=2/'D3-1 

1650 

PRINT  10*LGT<Rtl), l0*LGT<Rt 2> , 10*LGT< Rt 3) 

1660 

NEXT  Ts 

1670 

GOTO  1810 

1680 

Rn=-1/'H 

1 

SIMILAR 

1690 

FOR  Ts=l  TO  T 

1 

TO 

1700 

ZnsZCTsJ/N 

! 

(99) 

1710 

Q»<  l+2n)''<-N> 

1 

& 

1720 

Q=<  l-Q)''<L-l  ) 

! 

(100) 

1730 

Dl  =  <l-<l-Pdl>/'Q)''Rn-l 

1740 

Rt  l=Zn/Dl-l 

1750 

D2=  <  1  -  <  1 -Pd2  > /'Q  )  ■'Rn- 1 

1760 

Rt2»2n«'D2-l 

1770 

D3=<  l-<  l-Pd3>/'Q)^Rn-l 

1780 

Rt3=2n/D3“l 

1790 

PRINT  10*LGT<Rt 1 ) , 10*LGT<Rt2> . 10*LGT<Rt3) 

1800 

NEXT  Ts 

1810 

PRINT 
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PI  =  .85  Dby  =10  T  »  7 

M  =  8  K»12  N=16  L  =  24 

Muy  =  3.94631506068  Sigy  =  2.09538979024 

Muz  =  4.32438211761  Sigz  =  1.69328544323 

Y  THRESHOLDS  NORMALIZED  PROBABILITIES 

5.7085601983  .841010653879  .85 

14.2714004957  4.92752493268  .996679075641 

22.8342407932  9.01403921147  .999753631023 

31.3970810906  13.1005534903  .999965311792 

39.9599213881  17.1870677691  .99999280763 

48.5227616855  21.2735820479  . 999998067526 

57.085601983  25.3600963267  .999999374796 

2  THRESHOLDS  NORMALIZED  PROBABILITIES 

5.86721821227  .911149446675  .85 

11.8779764405  4.46091021044  . 996679075641 

16.8024176865  7.36912705339  .999753631023 

21.0784326281  9.89440414638  .999965311792 

24.909916314  12.1571553566  .99999280763 

28.4120734509  14.2254168838  .999998067526 

31.6575625522  16.1420985125  .999999374796 

Dbz  =  7.32045232969 

Pdl  »  .5  Pd2  *  .9  Pd3  =  .99 


SIGNAL-TO-NOISE  RATIOS  <DB)  FOR  INITIAL  TRANSFORMATION: 
7.18029480646  16.5239686654  26.8808804974 

12.6997498763  21.2426978346  31.503743108 

14.8466399857  23.3091924052  33.5584316626 

16.269595645  24. 6986419313  34.9428284925 

17.3390310658  25.7492651765  35.9905902914 

18.1963923488  26.5945353622  36.8340131363 


18.9120679996  27.3017783991  37.5399641554 


SIGNAL-TO-NOISE 

7.40601673703 

11.9559811212 

13.5624054665 

14.587035072 

15.3357177535 

15.922698397 

16.4038217386 


RATIOS  <DB)  FOR  NEW 
16.6306689407 
20.4527339701 
21.9841310487 
22.975309045 
23.704135924 
24.2777465869 
24.749160188 


TRANSFORMATION: 

26.9721139815 

30.7066466017 

32.2269170012 

33.2129962117 

33.9387696157 

34.5103143719 

34.9802228898 
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10 

20 

30 

40 

50 

60 

70 

80 

90 

100 

110 

120 

130 

140 

150 

160 

170 

180 

190 

200 

210 

220 

230 

240 

250 

260 

270 

280 

290 

300 

310 

320 

330 

340 

350 

360 

370 

380 

390 

400 

410 

420 

430 

440 

450 

460 

470 

480 

490 

500 

510 

520 

530 

540 

550 

560 

570 

580 

590 

600 

610 


NORMRLIZER 

PI*. 85 

Dby=10 

T*7 

Ual5 

M*8 

FOR  NO 
Kal2 
Nal6 
FOR  HO 
La24 
Pdl=.5 
Pd2=.9 
Pd3*.99 


8c  ORING,  EQUISPflCED  IN  POWER,  DIFF.  NO.  OF  THRESHOLDS 


INITIfiL 


SPECIFIED  PROBABILITY,  <9) 

DECIBEL  RATIO  OF  THRESHOLDS,  <10) 
INITIAL  NUMBER  OF  THRESHOLDS,  <10) 
NEW  NUMBER  OF  THRESHOLDS,  <24) 
INITIAL  NORMALIZER  SIZE  >  2,  (62) 
NORMALIZATION,  THAT  IS,  M  INFINITE,  SET  M  <=  2 
!  INITIAL  OR-ING  SIZE  >  0,  (63) 

NEW  NORMALIZER  SIZE  >  2,  (81) 

THAT  IS,  N  INFINITE,  SET  N  <=  2 
NEW  OR-ING  SIZE  >  0,  (82) 

SPECIFIED 
DETECTION 

PROBABILITIES,  (30) 

PRINT  "PI  =";Plj"  Dby  *";Dby;*'  T  ="jT"" 

PRINT  "M  *"jMi"  K  *";K;"  N  ="{N;‘' 

REDIM  Y<l:T),Yb<l!T),P<lsT>,2p<l:U>,Zbp<l!U),Pp(l!U) 

DIM  Y<99),Yb<99),P<99),Zp<99),Zbp<99),Pp<99) 


NEW 


NORMALIZATION, 

I 

! 

! 

I 


U  =";U 


310 


K 


Rkal^K 
Rlalz-L 
IF  M>2  THEN 
F1*F2=0 
FOR  Ms*l  TO 
Rlal^Ms 
FlaFl+Rl 
F2*F2+R1*R1 
NEXT  Ms 
Muy=Fl 

SI gy»SQR<F2) 

GOTO  400 

Rl=l/M 

R2=2/M 

Fl*F2al 

FOR  Ks*!  TO  K 

Fl=Fl*Ks/(Ks-Rl) 

F2=F2*Ks/(Ks-R2) 

NEXT  Ks 
MuyaM*<Fl-l ) 

Si gy®M»SQR<F2-Fl*Fl ) 

IF  N>2  THEN  500 

G1*G2*0 

FOR  Ns*!  TO  L 

Rl=l/Ns 

G1*GI+R1 

G2*G2+R1»R1 

NEXT  Ns 

Muz=Gl 

Sigz=SQR<G2) 

GOTO  590 

Rlal/'N 

RZaZ/N 

G1*G2*1 

FOR  Ks*!  TO  L 

Gl=Gl*Ks/'<Ks-Rl  ) 

G2=G2*Ks/<Ks-R2) 

NEXT  Ks 
Muz=N*(Gl-l ) 
Sigz=N*SQR<G2-Gl*Gl ) 
PRINT  "Muy  *"{Muyj" 
PRINT  "Muz  *"jMuzj" 
PRINT 


(67) 

<84> 

M  INFINITE 
<56>,  HI 


<56) 

<56) 


!  M  >  2 


<79),  k 
<79) 

<79) 

(78) 

(78) 

N  INFINITE 
C61>,  n 


<61> 

<61> 

N  >  2 


<86>,  I 

<86) 

<86) 

<85) 
<S5) 
Sigy 
Si  gz 


="lSigy 

*"}Sigz 
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520 

! 

EQUISPACED  IN  DECIBELS 

630 

! 

R*l-Pl''Rk 

640 

1 

IF  M>2  THEN  670 

650 

! 

Yl*-LOG<R) 

660 

! 

GOTO  680 

670 

1 

Y1=M»<R^<-1/'M>-1  ) 

680 

! 

D1=10»LGT<Y1 ) 

690 

! 

De1d*Dby»/<T-l) 

700 

! 

FOR  Ts=l  TO  T 

710 

1 

Dt*Dl+Deld*<Ts-l) 

720 

! 

Y<Ts)=Y»=10''<Dt/'10) 

730 

! 

PRESET  CONSTANTS;  REMO 

740 

! 

DATA  1,3,5,7,9,10,11 

750 

j 

READ  Yb<*) 

760 

1 

FOR  Ts=l  TO  T 

770 

! 

Y<Ts)*Y=Muy+Si gv*Yb<Ts 

780 

! 

PRESET  PROBABILITIES; 

790 

! 

DATA  .9, .99, .999, .9999 

800 

j 

READ  P<*) 

810 

! 

FOR  Ts=l  TO  T 

820 

! 

P*P<Ts) 

830 

! 

R=l-P^Rk 

840 

! 

IF  M>2  THEN  870 

850 

1 

Y<Ts)=Y=-LOG<R) 

860 

! 

GOTO  880 

870 

! 

Y<Ts>aY»M*<R^<-l/M)-l  ) 

880 

1 

Yb<Ts)»<Y-Muy)/Sigy 

898 

R-l-Pl-'Rk 

900 

IF  M>2  THEN  930 

910 

Yl*-LOG<R) 

920 

GOTO  940 

930 

Yl*M*<R'^<-l/'M)-n 

940 

Ay=10''<Dby/'10) 

950 

Y^c=Yl*Ry 

960 

Dely=<Ytc-Yl)/<T-l) 

970 

FOR  Ts=l  TO  T 

980 

Y<Ts)=Y=Yl+Dely*<Ts-l ) 

990 

Yb<Ts)  =  < Y-Muy )/Si  gy 

1000 

IF  M>2  THEN  1030 

1010 

R»ENP<-Y) 

1020 

GOTO  1040 

1030 

R*<1+Y/'M)''<-M) 

1040 

P<Ts)  =  <  l-RJ-'K 

1050 

NEXT  Ti 

REMOVE  890-980  AND  INSERT  €30-720 
<9)  &  <67> 

<58) 

<67> 

<14) 

<15)  «■  <16> 

<i8>,  t 
<16) 

<17> 

890-990  AND  INSERT  740-776 
USER  MUST  INPUT  T  NUMBERS 
NORMALIZED  Y  THRESHOLDS 
<18),  t 
<18) 

MOVE  890-1040  AND  INSERT  790-880 
99999, .999999, .9999999 
<19> 

(19),  t 

(56) 

(58) 

(9)  tc  <67) 

<17> 

<9>  8.  <67) 

<58> 

(67) 

(10) 

(10) 

(11) 

<ll),  t 
<11) 

(  12> 

<57> 

<13)  «.  <66> 

(66) 
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1060 

Q1=1-P<1)^R1  ! 

<84> 

1070 

Qtc  =  l-P<T)''R1  I 

<84> 

1080 

IF  N>2  THEN  1120 

1090 

21=-L0G<Q1)  1 

(60) 

1100 

2tc*-L0G<Qlc)  1 

<60) 

1110 

GOTO  1150 

1120 

Rn«-1/N  1 

<84) 

1130 

21«N*<Ql''Rn-l  >  1 

(21>  «.  (84> 

1140 

Ztc=N*<Qtc^Rn-l >  ! 

<20  8.  (84) 

1150 

Del  2»<Ztc-21  )/'<U-l  )  t 

<24) 

1160 

FOR  Us=l  TO  U  1 

<24),  u 

1170 

2p<Us)=2=21  +  Del2*<Us-l  )  f 

<24) 

1180 

2bp<:Us>  =  <2-Muz)/'Sig2  ! 

<26) 

1  190 

IF  N>2  THEN  1220 

1200 

Pp<Us)=<l-EXP<-2))^L  1 

<25)  8.  <59) 

1210 

GOTO  1230 

1220 

Pp<Us>  =  <  l-<l+2/'N>^(-N))<'L 

1  <25)  8<  <83) 

1230 

NEXT  Us 

1240 

Dbz=10*LGT<2p<U)/2p<  1>)  ! 

<23) 

1250 

PRINT  Y  THRESHOLDS 

NORMALIZED 

1260 

FOR  Ts=l  TO  T 

1270 

PRINT  Y<Ts), Yb<Ts),P<Ts) 

1280 

NEXT  Ts 

1290 

PRINT 

1300 

PRINT  '•  2  THRESHOLDS 

NORMALIZED 

1310 

FOR  Us=l  TO  U 

1320 

PRT  T  2p<Us),2bp<Us),Pp<Us) 

1330 

NEXT  Us 

1340 

PRINT 

1350 

PRINT  "Dbz  =“;Dbz 

1360 

PRINT 

1361 

PAUSE 

1370 

PRINT  Pdl  =";Pdl;" 

Pd2  =" jPd2; " 

1380 

PRINT 

1390 

PRINT  "SIGNAL-TO-NOISE  RATIOS  <DB)  FOR  INITIAL 

1400 

IF  M>2  THEN  1530 

1410 

FOR  Ts=l  TO  T  ! 

<94>,  t 

1420 

Y-Y<Ts) 

1430 

Q=<1-EXP<-Y))-'<K-1)  1 

<95) 

1440 

Dl=-L0G<1-<1-Pdl)/'Q)  ! 

<94> 

1450 

Rtl=Y/-Dl-l  ! 

<94> 

1460 

D2»-L0G( l-< 1-Pd2)/Q) 

1470 

RtZ^Y/DZ-l 

1480 

D3=-L0G< l-C 1-Pd3>/Q) 

1490 

RtOsYz-DO-l 

1500 

PRINT  10*LGT<Rtl), 10*LGT<Rt2>, 10»LGT<Rt3> 

1510 

NEXT  Ts 

1520 

GOTO  1660 

PROBftBiLITIES" 

PROBfiBlLlTlES" 


Pd3  =“;Pd3 
TRflNSFORriftTlOH;  ” 
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1530  Rms-l/M  I 

1540  FOR  Ts=l  TO  T  ! 

1550  Ym=Y(Ts)/t1  I 

1560  Q=<  l+Ym)'-<-M)  ! 

1570  Q=<1-Q>-<K-1>  I 

1580  Dl  =  <l-<1-Pdl  J/QJ-^Rm-l  ! 

1590  Rll=Ym/Dl-l  ! 

1600  D2=<l-<l-Pd2)/Q)''Rm-l 

1610  Rt2=Ytn/D2-l 

1620  D3=<l-<l-Pd3>/'Q>^Rm-l 

1630  Rt3=Yiti/'D3-l 

1640  PRINT  10*LGT<:Rt  n,  10*LGT<Rt2),  10*LGTi:Rt3) 

1650  NEXT  Ts 

1660  PRINT 

1670  PRINT  "SIGNflL-TO-NOlSE  RATIOS  <DB)  FOR  NEW  TRANSFORMATION 

1680  IF  N>2  THEN  1810 

1690  FOR  Us=l  TO  U 

1700  Zs2p<Us> 

1710  Q=<1-EXP<-Z))'^<L-1> 

1720  Dl=-LOG<l-<l-Pdn/Q) 

1730  R1=Z/D1-1 

1740  D2=-L0G(1'<1-Pd2)/Q) 

1750  R2=2/D2-l 

1760  D3=-LOG<l-<l-Pd3>/Q) 


1770 

R3*Z/D3-1 

1780 

PRINT  10»LGT<R1>, 10»LGT<R2), 10*LGT<R3) 

1790 

NEX.  os 

1800 

GOTO  1940 

1810 

Rn=-1/N 

1 

SIMILAR 

1820 

FOR  Us*=l  TO  U 

f 

TO 

1830 

Zn*Zp<Us)/N 

! 

<99) 

1840 

Q*<l+2n)''<-N) 

! 

Z. 

1850 

Qs<l-Q)>>(L-n 

! 

ClOO) 

I860 

Dl  =  <l-<l-Pdn-'Q)''Rn-l 

1870 

Rl=Zn/Dl-l 

1880 

D2=<l-<  l-RdZ'^Q^-^Rn-l 

1890 

R2=Zn/D2-l 

1900 

D3=<  l-<l-Pd3)/'Q)''Rn-l 

1910 

RSsZn/DO-l 

1920 

PRINT  10*LGT<R1 ) , 10*LGT<R2), 10»LGT'R3) 

1930 

NEXT  Us 

1940 

PRINT 

1950 

END 

!  SIMILAR 
!  TO 
I  <94) 

I  8, 

!  <95> 


<99) 

<99),  X 
<99)  8.  <100> 
<  100> 

ClOO) 

<99) 

<99> 
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PI  =  .85  Dby  =10  T  «  7 

M*8  K=12  N=16 

Muj^  =  3.94631506068  Sigy  a 

Muz  =  4.32438211761  Sigz  = 

Y  THRESHOLDS  NORMALIZED 

5.7085601983  .841010653879 

14.2714004957  4,92752493268 

22.8342407932  9.01403921147 

31.3970810906  13.1005534903 

39.9599213881  17.1870677691 

48.5227616855  21.2735820479 

57.085601983  25.3600963267 


Z  THRESHOLDS 

5.86721821227 

7.70938566512 

9.55155311797 

11.3937205708 

13.2358880237 

15.0780554765 

16.9202229294 

18.7623903822 

20.6045578351 

22.4467252879 

24.2888927408 

26. 1310601936 

27.9732276465 

29.8153950993 

31.6575625522 


NORMALIZED 

.911149446675 

I. 99907437995 
3.08699931323 
4. 1749242465 
5.26284917978 
6.35077411306 
7.43869904633 
8.52662397961 
9.61454891288 
10.7024738462 

II. 7903987794 
12.8783237127 
13.966248646 
15,0541735793 
16. 1420985ir5 


Dbz  *  7.32045232969 


U  *  15 
L  »  24 

2.09538979024 

1.69328544323 

PROBABILITIES 

.85 

.996679075641 
. 999753631023 
. 999965311792 
. 99999280763 
. 999998067526 
.999999374796 

PROBABILITIES 

.85 

.956529647638 

. 98667504332 

.99560662072 

.998447087595 

.999415549265 

.999767363279 

.999902645376 

.999957385298 

.999980574274 

.999990813211 

.999995507461 

.999997734746 

.999998825244 

.999999374796 


Pd2  =  .9  Pd3  «  ,99 

RATIOS  <DB)  FOR  INITIAL  TRANSFORMATION: 
16.5239686654  26,8808804974 

21.2426978346  31.503743108 

23.3091924052  33.5584316626 

24.6986419313  34.9428284925 

25.7492651765  35.9905902914 

26.5945353622  36.8340131363 

27.3017783991  37.5399641554 


Pdl  =  .5 

SIGNAL-TO-NOISE 
7. 18029480646 
12.6997498763 
14.8466399857 
16.269595645 
17.3390310658 
18. 1963923488 
18.9120679996 

SIGNAL-TO-NOISE 
7.40601673703 
9.64374630239 
10.8741086655 
1 1 . 7563696979 
12.4659011251 
13.0680388962 
13.5941676551 
14.0624498591 
14.4847595558 
14.8694755601 
15.2228081965 

15.  5495188303 
15.8533503185 
16. 1373031597 

16.  4038217386 


RATIOS  <DB)  FOR  NEW 
16.6306689407 
18.3703967446 
19.4515609092 
20.2655149832 
20.934721611 1 
21.5092203112 
22.0147264365 
22.4668270369 
22.8760203338 
23.2498575248 
23.5940083337 
23.9128603228 
24.2098871812 
24.4878896233 
24.749160188 


TRANSFORMATION: 

26.9721139815 
28. 6551266507 
29.7168048237 
30.5212118605 
31. 1845531717 
31.7549390039 
32.2573356581 
32.7069765459 
33. 1141652155 
33.4863332091 
33.8290709181 
34. 1467104786 
34.4426853709 
34.7197662984 
34.9802228898 
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APPENDIX  C.  CORROBORATION  OF  PAGE  28 
The  CF  corresponding  to  PDF  py(u)  in  (68)  is 

CD 

fy(5)  *  K  J  du  exp(i5u)  1  -  (l  +  §) 

0 

1 

-  K  exp(-iCM)  J  dx  (1-x)*^"^  exp(iCMx"^^^)  ,  (C-l) 

0 

— M 

where  we  let  x  *  (1  +  u/M)  .  Therefore 


M-1  ^  1 

fy(^)  exp(i5M)  ~  K  J  dx  (l-x)^“^  as  5  0,  {C-2) 

]*!0  0 

where  we  expanded  the  second  exponential  in  (C-l)  in  a  power 
series,  and  have  recognized  that  the  integrals  in  (C-2)  only 
converge  for  j  <  M.  That  is,  (C-2)  is  an  asymptotic  expansion 
about  5  =  0,  up  through  order  M-1, 

We  now  employ  [1;  3.191  3  and  8.384  1]  plus  an  extended 
version  of  the  products  in  (79),  namely 


(C-3) 


(C-4) 
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Now  let  new  RV  q  be  defined  as 


‘  M  *  1 


Then  its  CF  is,  upon  use  of  (C~4), 


(C-5) 


fq{5)  »  exp(i5q)  *  exp(i5y/M  +  i^)  »  exp(iK)  « 


M-1 


as  t  -♦  0  . 


(C-6) 


Therefore,  the  moments  of  RV  q,  up  through  order  M-1,  are 
directly  just  the  products  {Fj|  defined  in  (C-3),  namely 

/Jq(j)  “  for  0  1  j  <  M  . 


(C-7) 


The  usual  rules  [4;  page  70,  (3.41)}  for  proceeding  from  moments 
(A'q(j)}  to  cumulants  {Xq(j)l  apply,  at  least  for  j  <  M. 

From  (C-5),  since  y  =  M(q-l),  the  moments  of  RV  y  are 


Py( 


j)  =  yj  »  (q-l)3  “  ^  (n) 

n«0 


A^q(j-n)  for  j  <  M  . 


(C-8) 


This  result  analytically  confirms  the  conjecture  on  page  28.  The 
cumulants  for  y  follow  readily  from  (C-5)  as 


Xy(l)  =  M[Xq(l)  -  1]  , 


Xy(j)  *  Xq{j)  for  1  <  j  <  M 


(C-9) 


I 
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APPENDIX  D.  CHARACTERISTIC  FUNCTION  FOR  PDF  (68) 


An  asymptotic  expansion  for  CF  fy(t)  was  derived  in  (C-4) 
Here/  we  will  derive  a  closed  form  for  this  CF  in  terms  of 


exponential  integrals. 


AVERAGING  A  NONLINEAR  TRANSFORMATION  OF  RV  y 


Suppose  a  positive  RV  y  is  subject  to  a  nonlinear 
transformation,  giving  output  g{y).  The  average  of  this  latter 


quantity  is 


g(y)  -  J  du  g(u)  p  (u)  , 


where  Py(u)  is  the  PDF  of  RV  y.  If  we  integrate  by  parts  on 
(D-1),  there  follows 


g(y)  =  g(0)  +  J  du  g'(u)  [1  -  C  (u)]  , 


assuming  Cy(0)  =  0  and 


lim  g(u)  [1  -  C  (u)]  =  0 

U'»+«>  ^ 


Result  (D-2)  is  an  alternative  to  original  definition  (D-1); 
an  example  was  utilized  in  (70). 

An  example  of  nonlinear  transformation  g(u)  is 


g(u)  *  exp(i^u)  ,  g'(u)  =  H  exp(i£u)  , 


TR  8865 


for  which  (D-1)  and  (D-2)  become 


fy(5)  “  g(y)  =  exp(ity)  •  J  du  exp(i^u)  Py(u) 

0 

m 

»  1  +  ii;  J  du  exp(itu)  [1  -  C  (u)]  . 


(D-5) 


(D-6) 


Requirement  (D-3)  is  satisfied,  since  Cy(u)  ->  1  as  u  -♦  +®. 


DERIVATION  OF  CHARACTERISTIC  FUNCTION 


The  CDF  of  the  RV  y  of  interest  is  given  in  (66). 
Substitution  of  (D-4)  and  (66)  into  (D-6)  yields 


fy(0 


OP  K  ) 

f  ••Ml 

1  +  ij;  J  du  exp(ij;u)  -  1  -  1  -  +  -j 

0  1  I  i  , 


1  +  i?  J  du  exp(i5u)  ^  (-1)^‘^  (^)  (l  +  ~) 


where  we  used  ( 74 ) . 


Now  define 


E^(z)  s  exp(z)  Ejj(z)  for  n  ^  1  , 


(D-8) 
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where  Ej^(z)  is  the  exponential  integral  of  order  n  [2;  5.1.4J. 
Also,  let  X  *  1  +  u/M  in  (D-7),  thereby  leading  to 


fy(5) 


K 

1  +  i^M 

k»l 


(-1) 


k-1 


(K)  J  a.  . 

1  * 


=  1  + 


IV 


k«l 


(D-9) 


This  closed  form  for  the  CF  could  utilize  the  recurrence 
relations  [2;  5.1.14]  for  the  exponential  integrals,  namely 

Ej(2)  »  exp(z)  Ej(z)  , 

-n^^^  “  n^[^  ■  ^  -n-1^^^1  ior  n  i  2  .  (D-10) 

However,  this  recurrence  looks  troublesome  for  large  z,  due  to 
its  alternating  character.  Also,  there  appears  to  be  a  similar 
problem  with  alternating  series  (0-9)  for  large  K.  These  latter 
results  were  not  evaluated  numerically. 

If  we  start  instead  with  PDF  (68),  the  CF  for  y  is  given  by 

00  K"*  1  ..Mk— M— 1 

fy{«;)  =  K  J  du  exp(i5u)  (-1)’^  [V)  (l  +  s) 

0  k=0 

K-1 

-  KM  (-1)'^  (V) 

k=0 


This  is  an  alternative  equivalent  closed  form  to  (D-9)  for  the  CF 
of  RV  y. 
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A  couple  of  special  cases  of  the  above  results  are  listed 
below.  For  K  -  1, 


fy(5)  -  M  ^^^(-i5M)  -  1  +  iSM  Ej^(-i5M)  ,  (D-12) 


while  for  K  »  2, 

fy(E)  -  2h[e„^j(-«M)  -  E2„+i(-iW)]  .  (D-13) 

Finally/  we  have/  directly  from  the  PDF  in  (68)/  the  CF  of  RV 
y  in  the  form 


fy(£:) 


K 


I  <>“  exp(i5u) 
0 


1 


{D-14) 


—M— 1 

Since  the  integrand  decays  as  u  for  large  u,  this  is  an 
attractive  numerical  form  for  M  >  3.  And  since  decent 
normalization  is  only  attained  for  large  M/  form  (D-14)  is  a  very 
promising  candidate  for  an  FFT  approach  in  these  cases. 


POST-AVERAGING  OF  RANDOM  VARIABLE  y 

Suppose  that  independent  RVs  (yj }  are  subjected  to  further 
averaging  according  to 


V 


J 

IZ 

3=1 


Then  the  CF  of  RV  v  is  a  power  of  the  CF  of  RV  y: 


(D-15) 
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iyi^)  “  •  (D-16) 

This  is  the  reason  for  the  emphasis/  above,  placed  on  obtaining 
the  CF  of  RV  y. 

However,  suppose  that  the  numerical  evaluation  of  CF  fy(5)  is 
subject  to  some  error;  for  example,  the  FFT  evaluation  of  (D-14) 
would  suffer  aliasing  in  the  I  domain  due  to  the  necessity  of 
sampling  the  integral  on  u.  Therefore,  let  an  estimate  of  fy{l) 
be  available  as 

tyil)  -  fy(5)  +  a(^)  ,  (D-17) 

where  a(5)  is  an  aliasing  component.  Then,  the  accompanying 
estimate  of  the  CF  of  RV  v  is  available  according  to 

=  [fy(^)  +  =  ^yi^)  +  ^  ^y  ^  ^  ^  ' 

(D-18) 

where  aliasing  error  a(5)  is  presumed  small.  In  particular,  the 
estimate  of  the  CF  of  RV  v  at  the  origin  is 

f^(0)  «  1  +  J  a(0)  .  (D-19) 

If  the  error  in  this  estimate  is  desired  less  than  lE-15,  for 
example,  then  the  aliasing  component  at  the  origin  must  be 
bounded  according  to 

|a(0) I  <  ^  10”^^  .  (D-20) 
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The  larger  J  is  in  the  average  (D-15),  the  tighter  is  this  bound 
in  (D-20).  Satisfaction  of  bound  (D-20)  will  set  the  increment 
Ay  to  be  used  in  approximating  integral  (D-14). 
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ABSTRACT 

Because  of  the  critical  role  of  non-Gaussian  noise  processes 
in  modern  signal  processing,  which  usually  involves  nonlinear 
operations,  it  is  important  to  examine  the  effects  of  the  latter 
on  such  noise  and  the  extension  to  added  signal  inputs.  Here, 
only  non>Gaussian  (specifically  Class  A)  noise  inputs,  with  an 
additive  Gaussian  component,  are  considered. 

The  "classical"  problems  of  zero-memory  nonlinear  (ZMNL) 
devices  serve  to  illustrate  the  approach  and  to  provide  a  variety 
of  useful  output  statistical  quantities,  e.g.,  mean  or  "dc" 
values,  mean  intensities,  covariances,  and  their  associated 
spectra.  Here,  Gaussian  and  non-Gaussian  noise  fields  are 
introduced,  and  their  respective  temporal  and  spatial  outputs  are 
described  and  numerically  evaluated  for  representative  parameters 
of  the  noise  and  the  ZMNL  devices.  Similar  statistics  for 
carriers  which  are  phase  or  frequency  modulated  by  Class  A  (and 
Gaussian)  noise  are  also  presented,  numerically  evaluated,  and 
illustrated  in  the  figures.  A  series  of  appendices  and  programs 
provide  the  technical  support  for  the  numerical  analysis. 
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SPECTRA  AND  COVARIANCES  FOR  "CLASSICAL"  NONLINEAR  SIGNAL 

PROCESSING  PROBLEMS  INVOLVING  CLASS  A  NON-GAUSSIAN  NOISE 

PART  I.  ANALYTIC  RESULTS  AND  NUMERICAL  EXAMPLES 

1.  INTRODUCTION 

Non-Gaussian  noise  fields  play  a  critical  rdle  in  modern 
signal  processing  because  of  the  frequently  dominant  effects  of 
such  noise  and  interference  in  a  wide  variety  of  applications. 
Communication  theory  generally,  and  specifically  telecommunica¬ 
tions,  electromagnetic  and  acoustic  scattering,  man-made  and 
natural  ambient  noise,  optics,  and  underwater  acoustics,  are 
common  areas  of  interest  in  this  respect.  In  the  present  report 
we  are  concerned  primarily  with  underwater  acoustic  noise 
phenomena,  but  the  models  and  results  are  canonical,  that  is, 
they  take  forms  invariant  to  the  particular  physical  application 
in  question. 

Specifically,  we  are  concerned  with  various  second-order 
statistics  of  non-Gaussian  noise  processes  and  fields  after  they 
have  been  subjected  to  different  types  of  nonlinear  operations, 
such  as  rectification  and  modulation.  A  generic  problem  here  is 
the  passage  of  non-Gaussian  noise  through  a  zero-memory  nonlinear 
(ZMNL)  device.  The  desired  output  statistics  are  typically  the 
mean  (dc),  mean  intensity  (power),  the  covariance  or  correlation 
function,  and  the  associated  spectra.  These  last  include 
wavenumber  spectra  in  the  case  of  noise  fields,  as  well  as  the 
more  general  frequency-wavenumber  spectra  obtained  by  joint 
temporal  and  spatial  Fourier  transformations.  Typical  "class¬ 
ical"  problems  include:  (i)  rectification ,  (ii)  determination  of 
output  spectra  and  covariances ,  (iii)  calculation  of  ( output ) 
siqnal-to-noise  ratios ,  (iv)  modulation,  (v)  demodulation,  and 
(vi)  special  systems ,  as  for  example,  the  spectrum  analyzer. 

These  and  other  problems  involving  ZMNL  devices  are  described  in 
detail  in  [1;  chapters  5  and  12  -  17).  What  is  new  here  is  the 
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use  of  the  approximate  second-order  probability  density  functions 
and  characteristic  functions  in  the  above  applications  when  the 
noise  processes  are  non-Gaussian. 

A  full  treatment  is  given  in  a  current  study  by  Middleton, 
[2],  which  is  an  expanded  version  of  his  recent  paper  [3],  which 
employs  some  of  the  results  of  the  present  report,  namely,  the 
calculated  covariances  and  spectra.  Here,  we  are  content  to 
stimmarize  the  pertinent  analytic  results,  the  corresponding 
examples  of  calculated  covariances  and  spectra,  and  the  various 
computational  procedures  associated  with  their  evaluation.  The 
details  of  the  derivations  are  provided  in  [2]  and  [3].  Included 
here,  also,  is  a  selection  of  illustrations  of  the  analytic 
results. 

2.  ANALYTICAL  RESULTS:  A  SUMMARY 

In  the  present  study,  we  address  three  classical  problems 
where  the  goals  are  the  calculation  of  the  covariance  and 
associated  intensity  spectrum.  Specifically,  we  consider: 

Problem  i.  The  half-wave  v-th  law  rectification  of  Class  A 
noise  fields  and  processes; 

Problem  II.  Phase  modulation  of  a  carrier  by  a  Class  A  noise 
process;  and 

Problem  III.  Frequency  modulation  of  a  carrier  by  a  Class  A 
noise  process. 

Class  A  noise,  as  noted  in  section  3  of  [2],  [3],  is  a 
canonical  form  of  interference  characterized  by  a  coherent 
structure  vis-A-vis  the  (linear)  front-end  stages  of  a  typical 
receiver:  negligible  transients  are  produced  at  the  output  of 
these  stages.  Class  B  noise,  on  the  other  hand,  is  incoherent 
and  highly  impulsive,  such  that  the  front-end  stages  of  the 
receiver  generate  an  output  which  consists  solely  of  (over¬ 
lapping)  transients.  Here,  the  Class  A  models  are  tractable  in 
the  required  second-order  distribution  and  characteristic 
functions,  whereas  the  Class  B  models  are  not  and  must 
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consequently  be  appropriately  approximated  in  second-order;  see 
[4]  and  [5]  for  additional  information.  In  the  present  report, 
we  shall  consider  examples  of  Class  A  noise  only. 

2.1  THE  SECOND-ORDER  CLASS  A  CHARACTERISTIC  FUNCTION 

In  applications  [1]  -  [3],  the  second-order  characteristic 
function,  F2(i5j,i52)»  plays  a  key  r61e:  from  it,  we  may  obtain 
the  aforementioned  statistics  of  the  outputs  of  ZMNL  devices, 
spectra  of  angle-modulated  carriers,  and  other  usually  second- 
order  statistics  of  various  nonlinear  operations  arising  in  a 
variety  of  communication  and  measurement  operations. 

(See  [2],  [3]  for  further  discussion.) 

Here,  we  specifically  use  the  approximate  Class  A  noise 
characteristic  function,  F2,  including  an  additive  Gaussian 
component,  given  by 


where  A  (“A^)  is  the  "overlap”  index,  and  where 

"mj+n  *  4 

"n+n  •  ®2A'  ®2A  r'  -  (2.2b) 

*L+G  *  (”  *^a)  ®2A'  (2.2c) 

and  kj^,  k^  are  the  normalized  covariances  of  the  non-Gauss  and 
Gauss  components,  respectively.  Thus,  ^  1* 
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Here,  p  is  the  "overlap"  correlation  function 

fl  -  pjr'l  for  pIt'I  i  1] 

p(T')  si  K  P  ^  (2-3) 

I  0  for  6|t' 1  >  iJ 

in  which  T  is  the  mean  duration  of  a  typical  noise-signal  of 
*  2  2 

intensity  <Bq>/2  »  <L  >.  The  time  delay  t'  is  given  by 

T'  -  T  -  ^  or  T'  »  T  (-  t2-tj)  ,  (2.3a) 

o 

respectively,  for  space-time  fields  and  received  temporal 

processes.  The  path  delay  AR/c^  («  IR2  -  Rj^j/c^)  accounts  for 

the  time  differential  between  propagation  paths  to  the  points  at 

which  processing  occurs,  cf.  figure  2.1  ff.  Case  A.  The 

2 

quantities  22a  respectively,  the  intensity  of  the 

non-Gaussian  and  Gaussian  components  which  constitute  the  general 
Class  A  model  used  here.  (However,  we  note  that  the  present 
Class  A  model  belongs  either  to  the  strictly  canonical  Class  A 
cases,  where  all  interfering  sources  are  equidistant  from  the 
observer,  or  more  generally,  to  the  much  broader  class  of 
situations  in  which  the  effective  source  distribution  is 
concentrated  in  an  annulus  whose  inner-to-outer  radii  have  a 
ratio  0(1/2)  or  less.  The  former  is  exactly  represented  by  (2.1) 
to  second-order,  while  the  latter  is  approximately  so 
represented,  albeit  a  good  approximation  as  long  as  the 
aforementioned  source  annulus  is  not  too  large.  See 
[5;  section  V,  C],  for  example.  For  an  exact  treatment,  see  also 
[6],  in  an  important  class  of  physical  models.  Finally, 
differentiation  of  F2,  (2.1),  in  the  usual  way,  gives  us  the 
(exact)  covariance  of  the  composite  Class  A  and  Gauss  field, 
namely. 


K 


A+G 


‘2 


K.  +  K_  , 
A  G 


(2.4) 


which  in  normalized  form  is 
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J'l  +  kg 
1  +  r' 


(2.4a} 


In  practice,  A  is  usually  less  than  unity,  say  0(0.1  -  0.3) 

m.+in2+n 

typically,  so  that  only  a  comparatively  few  terms  in  A  are 

needed  for  numerical  evaluation  of  (2.1)  and  the  statistical 
quantities  derived  from  it,  cf.  section  2.2  ff.  Note  that  when 
P|t|  i.  1,  p  *  0,  and  0,  we  get 


£  51  ^  -p(-  5^^n) 


(2.4b) 


as  expected:  there  is  now  no  correlation  between  process  samples, 
With  a  Gaussian  component,  these  will  be  correlated,  of  course, 
unless  1t1  -»  *,  so  that  kg  •*  0,  cf.  (2.2c). 

2.2  PROBLEM  I:  HALF-WAVE  V-TH  LAW  RECTIFICATION 

(STATIONARY  AND  HOMOGENEOUS  FIELDS) 


Here  we  consider  the  problem  of  obtaining  the  second-order 
(second-moment)  statistics,  M^,  of  a  sampled  noise  field,  a(R,t}, 
after  passage  through  a  ZMNL  device,  g,  when  the  noise  is 
generally  non-Gaussian.  Various  processing  configurations  are 
possible.  We  show  two  in  figure  2.1,  below.  Analytically,  we 
have,  for  stationary  and  homogeneous  inputs  [1;  section  2.3-2) 

M  (AR,t)  »  g(x, )g(X2)  «  — [  r  f(i5.)  f(i52^ 


^1^2 


X  F2(i5j^,i52'^**'^  ^^1  ^^2  “  ^1  ^2  ' 


(2.5) 
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where  AR  =  R2"*^l'  is  the  Fourier  transform 

of  the  ZMNL  device  with  *  y(Rj,tj),  etc.  In  the  present 
cases /  we  have  specifically 

f{i^)  =  p  r(v+l)/(i5)^'^^  /  V  >  -1  ,  (2.6) 

for  these  half-wave  v-th  law  rectifiers  [1;  (2.101a,b)). 


SPATIAL  SAMPLING  •«—  SIGNAL  PROCESSING 
2 -SENSOR  ARRAY  ZMNL 


Figure  2.1  A.  Two-point  sensor  array  (R2)  giving  sampled  field 
at  two  space-time  points.  B.  A  general  array  (R)  (preformed 
beam)/  converting  the  field  a(R/t)  into  a  single  (time)  process 
x(tj^).  Both  are  followed  by  ZMNL  devices,  delays,  and  averaging 
as  indicated  schematically. 
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For  the  Class  A  non-Gaussian  noise  inputs  of  section  2,1 
above,  we  find  that  the  (normalized)  second-moment  for  the 
resulting  rectified  field  is  now 


My(AR,T)  -  exp[-A(2-p)] 


mj^+m2  0° 


5 

Z _ _  ®2*  ^ 


X  -—-i-  +  r' 
A 


v|mj^,m2/n  ' 


(2.7) 


where  we  have  further  postulated  the  noise  field  to  be  isotropic, 
AR  |AR|,  and  where  specifically, 

®Ja  ■  -  r^(^)  jJ-if-  I-- 


(2.7a) 


[ffij+n 


+  r' 


m2+n 


;  a  -  (m^,m2,n)  ,  |Y^|  i  1  . 


(2.7b) 


Specifically,  also,  we  have  the  following  normalized  forms 

My  s  My/2^^2V4n  ;  f'  a  At'  ,  A  -  l/T^  ,  cf.  (2.3)  , 

AR  *  AR/Aj^  ,  Aj^  «  correlation  distance,  AR  *  |R2-Rj^l  .  (2.8) 

For  numerical  results,  we  select  the  following  models  for  the 
space-time  covariance  functions  of  the  isotropic  and  stationary 
non-Gaussian  and  Gaussian  components  of  the  input  noise  field: 

=  exp|-ARVA^  -  ~( AWj^t '/A)^)  »  exp[-^^  -  |(AUj^f')^]  ,*  (2.9a) 


kg  3  exp(-AR^/Ag  -  i(AUgT'/A)^]  *  exp(-AR^(Aj^/Ag)^  -  |(AWgf')^]  ; 
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s  s  AWg/8  .  (2.9b) 

Here/  Aq  is  a  correlation  distance/  and  AUj^z  AWq  are  angular 
frequency  spreads  associated  with  the  respective  non-Gaussian  and 
Gaussian  components  of  the  input  field.  Note  that  if  we  define 
the  correlation  distance  Aj^  as  that  where  *  1/e  (f'  ■  0)/ 
then  Aj^  « 

For  the  special  cases  of  v  considered  here/  we  also  observe 
(from  [1;  (A. 1-39)])  that  may  be  expressed  in  closed  form: 


Bq(Y)  »  n  +  2  arcsin(Y) 

/ 

(2.10a) 

Bj(Y)  «  Y  arcsin(Y)  +  (l  - 

+  ^Y 

1  2  ' 

(2.10b) 

(Y)  »  (j  +  Y^jll  +  arcsin(Y))  + 

|v(l  -  . 

(2.10c) 

2.2-1  GAUSS  PROCESSES  ALONE  (A»0) 

When  only  a  Gauss  noise  field  is  originally  present,  that  is, 
A  »  0/  for  example,  22^  *  0/  (2.7)  reduces  to  the  classical 
result  [1;  page  541,  (13.4a)]: 


A 

M'  S  M 

*  n  *  B 

y  y 

A*0  V  j 

(2.11) 


For  comparison  with  the  non-Gaussian  cases  (A>0),  we  choose  to 
have  equal  input  noise  intensities.  This  means  that 

't'A.O  -  “g  ^  ■ 

so  that 


A*0 


(1  +  r')'’ 


a=0 


(2.12) 


A  A 

and  is  then  to  be  compared  with  A  >  0.  When  r'  is  small, 
as  is  usually  the  case,  we  can  often  replace  (1  +  r')''  by  unity. 
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At  this  point,  following  figure  2.1,  we  distinguish  two 
classes  of  operation:  (A),  where  a  pair  of  point  sensors  is  used 
to  sample  the  noise  field  and  we  wish  to  consider  both  the  space 
and  temporal  correlations  of  the  sampled  field  at  the  two  points 
(Rl/^i),  (R2,t2);  and  (B),  where  the  space-time  field  is 
converted  into  a  random  process,  x(t),  by  the  beamforming  array 
(R),  with  an  associated  directionality  embodied  in  the  resultant 
beam  (vide  (7;  sections  IV  B  and  VI  A]). 


2.2-2  CASE  B,  FIGURE  2.1 

Let  us  consider  the  simpler  case  (Case  B)  of  the  time  process 

first,  cf.  (B).  For  this,  we  set  AR  «  0  formally  in  (2.7)  et 

seq.  above,  since  x  «  R  a(R,t)  here  and  t'  *  r  »  t2-tj,  cf. 
(2.3a).  See  also  [3;  (3.2)  et  seg.  and  (3.11a)].  Then  our  ad 
hoc  illustrative  models  of  the  process  covariances  kj^,  k^,  are, 
from  (2.9a,b),  at  once* 

'  {2.13a) 

•  (2.13b) 

Accordingly,  (2.7)  reduces  to 

Case  B:  My(0,f)  s  My(f)g  -  (2.7),  with  -  (2.7b), 

and  (2.13a,b)  and  AR  *  0  therein.  (2.14) 

We  note  that  when  |f|  i  1,  p  »  0,  and  My(0,|f|  i.  1)  reduces  to  a 
simpler  relation  [vis-A-vis  (2.7)],  viz.: 


*  A  physically  derived  model  of  and  kj^  may  be  made  from 
[3;  (3.11a)]  with  L»RL,  R»  (2.9)  etc.,  where  L  is  typically 
given  by  (3;  (3.3)],  for  example. 
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00  m.+m^ 

v/2 

v/2 

.~2A  a  ^  ^ 

My(T)B  »  e  2_^  m2l 

"'l 

m~ 

-4  +  r" 

A 

«v 

a  ' 

mj^,m2*0 

1  J 

where  (2.7b)  becomes 


r'  k. 


'  ^ 

in  A 

-4  + 

r' 

-4  + 

A 

A 

p  *  0  , 


(2.14a) 


(2.14b) 


in  B 


V  a 


Special  cases  of  interest  are: 

I.  THE  INTENSITY  E(y^):  f  «  0,  p  «  1, 
(2.14)  reduce  to 


mj  *  0 ,  and  (2.7), 


y  «M(0)„*M(0,0) 

norm  y'  'B  yV  /  / 


B 


V  a*n 


n«0 


where  now  Y 


a*n 


1,  e.g.,  kT(0)  * 


(2.15) 

1  etc.,  and  B^  is  independent 


of  n,  for  example^  for  Y^  *  1, 

a 


B. 


2n 

for 

V 

*  0 

S  < 

n 

for 

V 

*  1 

a»n 

,3x/2 

for 

V 

*  2, 

,  cf.  (2.10) 


(2.16a) 


For  general  v,  Y  -  1,  we  have  (from  [1;  (A.1-34)]) 


B 


a*n 


2n^r(v+»5)  ,  V  i  0  . 


(2.16b) 


Thus ,  (2.15)  becomes 
~2 


no™  *  "y'O'B  "  e'*  ^  ^  -  r')"  . 


n«0 


(2.17) 
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The  unnorraalized  form  is,  from  (2.8), 


o’'*"-*-  /  \ 

y  “  M„(0)„  «  M„(0,0)  «  r{v+Jj)  H5'''(A,rM 


*y'  'B  y 


(2.18) 


with 


1  +  r' 


for  V  «  0  , 
for  V  »  1  , 


1/A  +  (1+r' for  V  *  2  . 


(2.18a} 

(2.18b) 

(2.18c) 


For  other  values  of  v  (>0),  we  must  evaluate  numerically, 


II.  THE  MEAN  VALUE,  y;  |f|  -♦  ® 

Now  p»0,  n«0,  y^*0,  and  (2.7)  reduces  directly,  upon 
use  of  (2.18),  to 


norm 


"y<">B  ■  “yt®-")  •  r  1^ 


E  s  (t  ^  '■') 

,  m*0 


r^(^]  (A,r' )^  . 


(2.19) 


The  unnonnalized  form  of  (2.19)  is,  from  (2.8), 


2  2^  2^ 
y  -  MyOs  -  My(o,-) - 


(^)  ,  (2.20) 


and  for  v  even,  we  find,  from  (2.18a,b,c) 


,  «  1  +  r"  ,  ~  +  (1  +  •  (2.21) 
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2  — ^ 

III.  THE  CONTINUUM  INTENSITY:  y  -  y 

From  (2.18)  and  (2.20)  we  get  at  once  the  general  result 
for  V  i  0, 


2^’ 

^  “2A 


r(v-t-%) 


2n 


(2.22) 


which  is  the  generalization  of  (1;  (13.7)]/  in  the  classical 

purely  Gaussian  cases,  to  the  present,  dominant  non-Gauss ian 

2 

noise  component  22^  these  classical  cases,  we  can 


show  at  once  that 


lim  H<'’l  2^^  .  Urn  e'*  ^  ^  .  .2)'’  .  „2''  (=  +'>,  ,  (2.23) 


n=0 


where  22^^  *♦  •  implies  A  -»  0  and  Bq  -»  0,  cf.  (2.2b),  so  that 
(2.22)  becomes,  as  expected. 


-2fv+in 

1  9^ 

1  Gauss  ^  °G 

r{v+%)  ,  2  J 

(>  0)  ,  V  i  0  .  (2.24) 


Figure  13.5  of  [1]  shows  (2.24)  as  a  function  of  rectifier 
law  (V),  as  well  as  (2.18),  (2.20)  in  these  Gaussian  cases.  In 
the  present,  more  general,  situation  of  Class  A  noise,  the 
results  are  more  complex,  as  expected,  with  now  two  additional 
parameters  (A,r'),  descriptive  of  this  much  broader  class  of 
interference. 
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2.2-3:  CASE  A,  FIGURE  2.1 

We  turn  now  to  the  more  general  problem  of  the  covariance  of 
the  Class  A  non-Gaussian  random  field,  sampled  according  to 
procedure  (A),  shown  schematically  in  figure  2.1  earlier.  Here, 

X  ■  a(R,t),  sensed  at  (Rj,tj),  (R2,t2),  where  L  »  L,  cf.  (3.3)  in 
[3;  (3.2)].  Equation  (2.7)  applies  here,  with  AR  0  (as  well  as 
for  AR  «  0),  and  we  use  (2.9a,b)  for  our  illustrative  examples, 
which  are  discussed  in  section  3  following.  At  this  point,  we 
recall  from  (2.3a)  that  the  proper  time  delay  to  use  is 
T'  *  T  -  AR/Cq  in  p  “  p(t'),  and  in  some  of  the  structural 
elements  of  the  noise  field  covariances,  cf.  [3;  (3.11b,c)]. 


J  kj^(AR,0)  +  r'  k^(AR,0) 


A 


(2.25a) 


For  calculations,  (2.9a,b)  are  used,  with  given  by  (2.7a), 
where  (2.25a)  provides  Y^.  When  AR  *  0,  (2.25)  reduces  to  (2.15) 
et  seq.  for  the  total  intensity  of  the  field  observed  at  R^  ■  **2* 
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CASE  II:  AR  Jt  '  1  >  1 

When  AR  -♦  »,  we  obtain  different  results,  depending  on  r ' . 
Here  p  «  0,  -♦  0,  cf.  (2.9a,b)  in  (2.7b),  and  therefore  n  -  0 

Accordingly ,  (2.7)  becomes 


Myt-.k-l  >  1)  - 


,  (2.19)  .  (2.26) 


The  fact  that  AR  ^  <»  ensures  that  -»  0,  a  behavior  similar  to 

a 

that  for  Case  (B)  above,  when  we  consider  the  purely  Gaussian 
noise  process,  section  2.2-1. 

CASE  III:  o<|t'|<1 

Here,  p  >  0  while  Y^  ^  0,  so  that  B^,  (2.7b),  becomes  r^(v+Ji) 
once  more.  The  second  moment  function  (2.7)  is  now 


-r2(2!^)  exp(-A(2-p)]  Y2 


mj+mj 


E/  n  \  n  ( n+iH . 

^  l-A-  ^ 


v/2  ( n+m 


+  r' 


(2.27) 


which  is  a  minor  simplification  of  (2.7). 


CASE  IV:  AR  ->  *,  jr'  1  -  0 


In  this  special  situation,  where  t  *  ®  in  such  a  way 

that  t'  «  0  and  therefore  p  »  1,  Y_  *  0,  we  obtain  directly  from 

O 

(2.27)  the  comparatively  simple  result. 


My(®,0)  = 


{>  0)  . 


(2.28) 
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2.2-4;  REMARKS 

At  first  glance,  as  AR  -♦  <»,  we  might  expect  M  always  to 

—2  —2  ^ 
reduce  toy,e.g.,KyHMy-y  *0  for  the  covariance  of  the 

rectified  space-time  field.  This  is  expectedly  the  case  for  the 

covariance  (and  second-moment)  function  of  the  input  Class  A  and 

Gauss  noise  field  components  a(R,t),  as  we  can  see  directly  from 

(2.9''i,b),  or  from  [3;  (3.11b,c)]  for  example,  in  the  j'lysically 

derived  cases.  However,  the  process  or  field  y  «  g(x)  here  is 

the  result  of  a  nonlinear  operation,  cf.  (2.5),  (2.6),  which 

severely  distorts  the  input  waveform  and  generates  all  kinds  of 

modulation  products,  associated  with  the  spatial  as  well  as  the 

temporal  variations  of  the  input  field.  This  accounts  for  the 

departures  in  Cases  III,  IV  of  M  (»,f')  from  y  ,  while  certainly 
—2  —  ^ 

M^(«,r')  ->  X  *  0,  (since  x  »  0  initially  here). 

From  the  various  limiting  results  above,  we  see  that 

My(0,0)  >  My(»,0)  and  My(0,0)  >  My(0,«o)  ,  (2.29a) 

and 

**y(*/0)  »  My(0,®)  depending  on  A,  r',  and  v  ,  (2.29b) 

with 

My(0,0)  -  My(0,«)  >  0  ,  cf.  (2.19)  and  (2,20)  , 

_2 

My(«»,»)  *  My(0,®)  *  y  ,  cf.  (2.20)  and  (2.26)  , 
whereas 

_2 

M^(0,0)  >  M^(0,«)  -  M^(®,0)  -  X  -  0  .  (2.29e) 

Finally,  we  note  that  (2.11),  (2.12)  apply  here,  also,  for 
the  Gauss-alone  cases,  where  now 

22^(1  +  r')  and  .  (1  +  r')'’  ^  -  0  . 


(2.29c) 

(2.29d) 
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2.2-5:  SPECTRA 

The  various  intensity  spectra  associated  with  the  output  of 
the  processor  (cf.  figure  2.1)  are  important  also,  as  they  show 
how  the  energy  in  this  output  is  distributed.  Here,  we  consider 
two  types  of  spectra,  respectively,  for  the  rectified  spatial 
field  (A)  and  for  the  process  (B),  namely  the  wavenumber  and  the 
frequency  spectrum  of  y(R,0)  and  y(0,t).  In  particular, 
wavenumber  spectra  are  useful  in  the  analysis  of  spatially 
distributed  phenomena,  paralleling  the  analysis  of  time-dependent 
phenomena . 

I :  WAVENUMBER  SPECTRUM 

The  wavenumber  intensity  spectr\jm  is  defined  here  by 

W2(k,0)y  «  W2(k,T)y  H  JJ  My(AR,0)  exp(ik-AR)  d(AR)  (2.30a) 

AR 

a> 

-  2n  r  M„(AR,0)  J^{kAR)  AR  d{AR)  -  W_(k,0)^  ,  {2.30b) 

J  y  o  z  y 

0 

with 

k  -  (k^,ky)  ,  AR  -  |AR|  ,  k  «  |k|  (2.30c) 

for  these  isotropic  fields,  where  k  is  an  (angular)  vector 
wavenumber.  Using  the  normalization  of  (2.8),  we  get,  with 
k  s  kAj^, 


for  the  normalized  wavenumber  intensity  spectrum. 
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Since  My(®^0)  is  nonvanishing,  cf.  (2.28),  there  is  a  dc 
component,  or  S-function,  in  the  general  wavenumber  spectrum. 
We  will  use  the  relations 


r  A  1a  a  /at  at^  *5  A. 

J  X  JqCKx)  dx  -  i  6(k  -  0)  ,  k  «  [k‘  +  k‘]  »  |kl 

0  ^ 

A 

where  we  must  remember  that  k  is  two-dimensional, 
vector  wavenumber  defined  by 


,  k  -  (k,4)  , 
(2.32) 

With  V  a 


k  -  2nv  [*  (v,*)] 


ic  ®  2nv 


«  2n|v|  , 


(2.33a) 


and  using  the  relation 


6(ax  -  b)  =  ^  s(x  -  I]  for  a  >  0  ,  (2.33b) 


we  also  show  that 


6(k  -0)  &(k  -0)  *  S(k-O) 
*  y  2iik 


— ^  -0)  6(v  -0)  ,  V  »  Ivj 

(2n)'^  *  y 


Applying  (2.32)  -  (2.34),  with 


W2(k,*)y  -  2ii  J  x  J^{kx)  [My(x,0)  -  My(®,0)]  dx 
0 


- 6(0-0) 

(2n)'*v 


/  V  «  (vx  vj]  .  (2.34) 


+  2n  My(»,0)  J  X  J^(kx)  dx 
0 


(2.35a) 


“  W2<^'0)y-cont 


+  (2n)2  My(»,0)  &(k^-0)  &(ky-0) 

+  My(»,0}  6(v^-0)  &(Vy-0)  , 


(2.35b) 
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A  A 

which  defines  continuous  portion  of  the 

spectrum  and  shows  the  dc  term  in  k-  or  v-space,  as  convenient. 
It  is  ^2-cont  which  we  are  concerned  in  the  specific 

numerical  examples  of  section  3  ff. 

II.  FREQUENCY  SPECTRUM 

Here  we  employ  the  Wiener-Khintchine  theorem  [1;  (3.42)]  to 
write  for  the  frequency  spectrum  of  y 

«»  00 

Wy(f)  “  2  J  My{0,T)  exp(-iwT)  dt  *  J  My(0,f)  cos(wf)  df,{2.36) 

..os  0 

where 

®o  "  ®2A  f  *  Pt;  w  *  2nf;  u  «  «/P;  f  *  f/p.  (2.36a) 

Accordingly,  we  define  the  normalized  frequency  intensity 
spectrum  of  y  as 


(2.37) 


—2 

Again,  there  is  a  dc  component,  since  My(0,*)  =  y  (>  0), 
cf .  (2.20) .  We  have 

00 

Wy(f)  «  J  [My(0,f )-My(0,«) ]  cos(wf)  df  +  ^  My(0,«)  6(f-0),  (2.38) 
0 

since 

00 

J  cos(ux)  dx  «  n  6(«-0)  *  j  6(f-0)  . 

0 
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As  in  the  wavenumber  cases  above  (Case  I),  we  are  concerned  with 
the  continuous  part  of  the  spectrum,  viz. 

(2.39) 

which  is  also  illustrated  numerically  in  section  3  f£. 

III.  WAVENUMBER  FREQUENCY  SPECTRUM 

The  wavenumber  frequency  spectrum  is  defined  by 
00 

W2(k,w)y  *  JJ  My(AR,T)  exp(ik-AR-iwT)  d{AR)  dr  ,  (2.40) 

»00 

with  u  -  2iif.  The  associated  wavenumber  spectrum  W2(k,0)  used  in 
(2.30)  is  obtained  from  W2(k,T)  normaliz.  rorm,  we  have 

for  (2.40),  in  these  isotropic  cases, 

-  (2'’  SjA  ^ 

My(AR,f)  exp( ik»AR-iuf )  d(AR)  df  ; 


(2.41) 

The  various  dc  components  are  readily  extracted,  as  in  Cases  I 
and  II  above.  Numerical  examples  of  this  joint  intensity 
spectrum  are  reserved  to  a  possible  subsequent  study.  The 
results  of  section  3  show  the  marginal  spectra  (Cases  I,  II)  of 
this  more  general  situation. 


19 


TR  8887 


2.2-6:  FREQUENCY  AND  PHASE  MODULATION 
BY  CLASS  A  AND  GAUSSIAN  NOISE 

This  is  a  Case  (B)  situation,  c£.  figure  2.1,  where  AR 
and  we  are  concerned  only  with  the  received  (non-Gaussian) 
process  which  is  used  to  angle-modulate  a  (high  frequency) 
carrier  f^.  For  the  analysis,  see  [3;  section  II]. 

The  general  result  for  the  covariance  of  the  carrier 
modulated  by  Class  A  and  Gauss  noise  is  found  to  be 


’'y<’^>A+G  “  5*0  -  Do“>^'g  - 

+  2A(l-p)  exp[-D^2g/A])]  , 


where  now,  cf 


2(t)c 

A 


FM 


[1;  (4. 2), (14. 14c)], 

(oq  or  ^2a)  J 
0 


-(l  «S)  J",G  or  . 

0  " 


Also, 

cf.  [1;  (14.2), 

(14.14c)], 

2(^)g 

“  (^^G  A®2A 

)  ik(0)  -  k(T)i,e  J,, 

(Do  *  Dp) 

A 

PM 

and 

2^ 

o  o 


FM 


J  W^(f)  df/w^  or 
0 


o 

O  PM 


2 


2A  * 


-  0 

noise 


(2.42) 


2.42a) 


2.42b) 


2.42c) 
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For  our  numerical  examples,  we  use  the  RC-spectrum  of 
[1;  section  14.1-3],  where  now 


•  exp{-bK|)  ,  kQ(C)  *  exp(-|C|)  f  C  *  t  ,  (2.43) 

and  therefore 

FM:  a(T)^  -  [exp(-bKI)  +  bKI  -  1]  ; 

fi{T)g  -  [exp(-lcl)  +  ICI  -  1]  ; 

(^?)a  -  ®2A  '  (2.44a) 

PM;  d2  2(t)^  »  k[^^l]A  ■  exP(-blCl)]  i 

dI  fi(T)g  »  r'(p2j^  (1  -  exp(-bKI)]  ; 

(^p)a  '  °P  =2A  '  (2.44b) 

with  b  (>  0)  a  dimensionless  quantity,  as  is  C*  Tbe  quantity 
AWjj  is  the  bandwidth  of  the  modulating  (Gauss)  noise,  cf. 

(2.43).  Note,  also,  that 


■'[41 


"G 


(4)g  ’  r'(A,|), 


2  n2 

°P 


("pI 


(2.45) 


2 

The  quantities  (pp  p)^j  are  the  respective  modulation  indexes  for 
FM  and  PM,  cf.  [1;  chapter  14]. 

Finally,  we  have  for  p  in  (2.3),  now  with  AR  »  0, 


P(t)  p(i;) 


1  -  iiii 

''“N 


for 


Au. 


1  1 


N 


for  >  1 

A«j, 


(2.46) 
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Putting  the  above  (2.43),  (2.44)  in  (2.42),  we  now  specialize 
our  results, 

*  i^o  ^o^^^  cos(&)^T)  ,  with  kQ(0)  -  1  ,  (2.47) 

to  the  normalized  covariance  h^Ct),  respectively,  for  FM  and  PM, 
and  their  associated  spectra.  We  have  for  these  carriers 
modulated  by  a  sum  of  Gaussian  and  Class  A  noise: 

I .  FREQUENCY  MODULATION 


•"o^^^FM  “  ®*p[‘^'(4)a  texp(-ICl)  +  Kl  -  1]  -  A(2-p) 

+  Ap  exp(-  texp(-blCl)  +  b|C|  -  1])]  , 

Ab 


(2.48) 


with  p(T)  given  by  (2.46).  Here/  ■*  ®  in  (2.42).  Since 

Ij.  -  0  , 

there  is  no  dc  in  ^o-PM'  hence  all  the  original  carrier  power 
(~Aq/2)  is  distributed  into  the  sideband  continuum  for  this 
highly  nonlinear  modulation,  as  expected  [1;  section  14.1-2]. 

The  associated  intensity  spectrum  for  is  defined  by 

CO 

0  ” 

which  is  determined  by  a  direct  cosine  transform  of  J^q^^^FM* 
appendix  A. 6  ff. 
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II.  PHASE  MODULATION 

l^oCOpM  *  ®*p["^'[^p)a  ‘  +2A(1-p)  exp[-  j(pp)a) 

-  A(2~p)  +  Ap  exp(-  x(pp)a  "  e^P(“b|Cl)])]  , 

(2.50) 

with  p(C)  again  given  by  (2.46).  We  note  that 

ko(0)p„  «  1  ,  (2.51a) 

as  before;  that  is,  the  total  (normalized)  intensity  is  unity. 
Also 


^'o^^^PM  “  ®*P 

-r'  1 

21 

l^pJ 

Ia  “  2A 

»  1 

1  -  exp 

k  ' 

’ 

■  aI 

"pIa) 

1  = 

this  is  the  fraction  of  the  power  remaining  in  the  carrier,  so 
that 

which  is  the  fraction  of  the  power  distributed  in  the  sideband 
continuum. 

The  associated  intensity  spectriun  of  the  sideband  continuum 
is  determined  from 

00 

''^“^A+cIpM-cont  *  J  [^O^^^PM  "  ^'o^^^Pm]  •  (2.52) 

0 

See  section  3  ff.  for  examples  and  appendix  A. 5  for  the 
evaluation  methods. 
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Finally,  in  the  equivalent  Gaussian  cases  (Gauss  noise 
modulation  of  equal  intensity  and  basic  spectrum,  e.g., 

->  .  r-  (1  + r')  .nd  , 

we  see  that  (2.48),  (2.50)  reduce  to 

■'o'^'pH-Gauss  ■  P'  [«P(-l>kl)  +  bKI  -  D/b^]  , 

(p?)a  -  <1  ♦  P'i(pf)a  ; 

“ol'^lpM-Gauss  ■  ^^'pI-IppIa  P'  -  «p(-bU|)]]  , 

(pp)a  -  P'i(pp)a  '  (2-53b) 

with  spectra  obtained  as  before,  from  (2.49)  and  (2.52). 
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3.  NUMERICAL  ILLUSTRATIONS  AND  DISCUSSION 

It  is  convenient  to  discuss  the  general  results,  namely  the 
effects  of  (ZMNL)  nonlinear  rectifiers  on,  and  modulation  by,  a 
mixture  of  Gaussian  and  non-Gaussian  noise  processes  and  fields, 
from  the  specific  numerical  calculations  presented  here  in 
figures  3.1  -  3.10.  These  constitute  a  representative  selection 
from  the  universe  of  possible  parameter  states  [cf.  "Summary  of 
Normalized  Parameters"  and  section  2,  preceding].  This  is  done 
here  on  a  per-figure  basis,  as  noted  below.  In  each  case,  the 
dc  component  is  removed:  only  the  covariance  or  continuous 
spectrtun  is  calculated.  We  recall  that  there  are  two  cases  to 
distinguish:  Case  A,  r'-r-AR/c^,  a  2-element  array;  and  Case  B, 

T '“T*'t2-tj^,  a  preformed  beam.  See  figure  2.1  and  (2.3a). 

All  spectra  shown  here  are  normalized  to  have  area  (under  the 
spectrum  level)  of  unity,  i.e.,  the  spectral  normalization  is 
obtained  by  dividing  the  spectrum  by  the  value  of  the  associated 
covariance  at  its  origin.  The  normalization  of  the  covariances 
themselves  is  obtained  by  dividing  by  the  value  at  f*0  or  AR^O. 

I.  GAUSS  NOISE  ALONE 

FIGURE  3.1 

This  figure  shows  the  normalized  temporal  covariance  (AR»0) 
for  both  the  input  and  output  of  a  ZMNL  half-wave  v-th  law  (viO) 
detector,  when  v  ■  0,1,2  and  when  only  Gaussian  noise  (A^O)  is 
applied  to  these  nonlinear  devices.  These  curves  are  based  on 
(2.11)  with  (2.7a),  where  *  k^,  (2.96),  with  Aw^,  s  Au^/p  »  5 
here.  The  normalization  is  with  respect  to  the  covariance 
maximum;  e.g.,  the  normalized  covariance  shown  in  figure  3.1  is 
obtained  from  [(2.11)/(2.11)f=0],  ^*0.  These  results  apply  for 
both  cases  A,B  of  figure  2.1,  where  now  f'-f,  since  AR*0,  cf. 
(2.3a)  and  remarks . 
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As  expected  (c£.  [1;  chapter  13]),  the  general  nonlinearity 
(2.6),  \»20,  contracts  the  covariance,  which  is  equivalent  to 
spreading  the  spectrum  vis-A-vis  the  input  ,  cf.  figure  3.2, 
below.  Moreover,  the  greater  the  distortion  (v»0,2),  usually  the 
greater  are  these  effects.  [See  appendix  A.I.] 

FIGURE  3.2 

This  is  the  same  situation  as  shown  in  figure  3.1,  except 
that  the  normalized  intensity  (frequency)  spectrum  is  calculated 
now  [cf.  section  2.2-5,  Case  II,  (2.39)]  with  My(0,t),  (2.11), 
used  in  (2.39).  Observe  the  greatly  broadened  spectra, 
particularly  at  the  low  spectral  levels,  where  the  greater  spread 
occurs  for  the  "super-clipper”,  v*0,  cf.  remarks,  figure  3.1; 
also,  appendix  A. 3. 

FIGURE  3.3 

For  the  same  purely  Gaussian  field  above,  cf.  (2.11)  and 
(2.96),  with  f,f'«0,  the  spatial  covariance  is  calculated,  with 

L 

parameters  ■  5^,  using  (2.11)  as  before.  The  normalization 

is  with  respect  to  the  covariance  at  AR*0.  Again,  one  observes 
the  same  kind  of  contraction  in  the  covariance  as  noted  in  figure 
3.1.  [See  appendix  A. 2.] 

FIGURE  3.4 

This  is  the  wavenumber  analogue  of  the  frequency  spectrum  of 
figure  3.2,  now  with  f',f»0,  and  is  obtained  from  (2.35a,b)  with 
Aj^/^g  *  5**.  The  rectification  operation  similarly  spreads  the 
wavenumber  spectrum,  with  the  greatest  distortion  (v*0)  yielding 
the  greatest  wavenumber  spread,  as  expected  from  the 
corresponding  contraction  of  the  associated  covariance,  cf. 
figure  3.3  above.  [See  appendix  A. 4.] 
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CLASS  A  PLUS  GAUSS  NOISE 

FIGURE  3.5 

The  temporal  covariance  here  is  given  by  the  general  result 
(2.7),  with  the  associated  relations  (2.7),  (2.8),  (2.9),  wherein 

A  I 

AR«0,  SO  that  T»T'«t2-tj,  as  before,  and  where  (2.7a),  is 

now  given  analytically  by  (2.10)  for  v  >  0,1,2.  Here,  the 

if 

parameter  values  are  “5^,  as  before,  now  with  A-0.2, 

r^«10”^,  AwL/^  ■  AWj^  ■  1  for  the  Class  A  non-Gaussian  noise 
component,  typically. 

Again,  for  the  super-clipper  (v-0),  the  contraction  in  the 
normalized  covariance  is  greatest,  cf.  figure  3.1.  But  the 
contribution  of  the  comparatively  strong  non-Gaussian  component 
exaggerates  this  effect.  [See  appendix  A.I.] 

FIGURE  3.6 

The  corresponding  intensity  (frequency)  spectrum  (AR-0), 
obtained  from  (2.7)  in  (2.39),  however,  shows  a  fine- structure 
not  exhibited  when  Gauss  noise  alone  (A^O)  is  applied  to  these 
ZMNL  devices.  The  spectral  levels  for  the  case  v«0,  (A«0)  and 
(A>0),  cf.  figure  3.2  with  figure  3.6,  are  approximately  the 
same,  whereas  the  other  inputs,  cases  v>l,2,  are  much  elevated  as 
f  becomes  larger,  again  due  to  the  presence  of  the  structured 
Class  A  noise,  when  1  1,  cf.  (2.3):  on  the  average,  the 
original  Class  A  "signals"  are  of  comparatively  short  duration, 
or  spectrally  wide  to  begin  with,  so  that  clipping  further 
spreads  the  spectrum.  [See  appendix  A. 3.] 

FIGURE  3.7 

The  spatial  covariance  when  Class  A  noise  is  added  to  the 
Gaussian  input  shows  analogous  behavior,  cf.  figures  3.3  and  3.5: 
the  covariance  is  compressed  vis-A-vis  the  input,  but  more  so 
than  in  the  Gauss-alone  situations.  Again,  (2.7)  -  (2.10)  are 
employed .  [ See  appendix  A. 2 . ] 
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FIGURE  3.8 

The  corresponding  wavenumber  (intensity)  spectrum  with  Class 
A  noise  and  the  Gaussian  component,  obtained  from  (2.7)  -  (2.10) 
in  (2.39),  is  shown  here.  Comparison  with  figure  3.4  indicates  a 
broader  spectral  input,  due  to  the  non-Gauss ian  component,  but  a 
relatively  narrower  output,  although  the  latter  is  still 
noticeably  spread  vis-A-vis  the  original  input.  [See  appendix 
A.4.] 

FIGURE  3.9 

Finally,  we  consider  the  angle-modulation  cases  described  in 
section  2.2-6  above,  where  weak  to  strong  angle  modulations 
(p  ~  1  to  50)  by  Class  A  noise,  with  a  weak  (r'*10~^)  Gaussian 
modulation  component,  is  employed. 

For  phase  modulation  by  non-Gaussian  noise,  based  on  (2.50) 
with  (2.44b),  (2.45),  (2.46),  the  resulting  normalized  intensity 
(frequency)  spectra  are  obtained  by  applying  (2.50)  to  (2.52), 
where  f  ■  (a/2n;  u  »  (w-Wq)/AMjj,  cf.  (2.49).  Note  the  "spike"  at 
f  0.1,  followed  by  a  variety  of  sidelobes  which  rise  as  the 
phase  modulation  index  Pp  increases.  The  spike  is  now  bounded  at 
f  «*  0.8,  at  the  -10  dB  level,  when  Pp  -  50.  As  expected,  the 
larger  indexes  (Pp)  produce  broader  spectra.  [See  appendix  A. 5.] 

FIGURE  3.10 

For  frequency  modulation  by  non-Gaussian  noise,  from  (2.48) 
with  (2.49)  and  (2.44a),  the  corresponding  intensity  (frequency) 
spectra  again  exhibit  a  continuous  spike  (f  <  0.1).  With  small 
modulation  indexes  (Pp),  the  spectra  are  less  broad  than  for  the 
larger  indexes,  as  expected.  The  non-Gaussian  noise  component 
dominates  the  spectrum  here.  [See  appendix  A. 6.] 
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EXTENSIONS 

Other  situations  where  the  second-order  Class  A  probability 
density  functions  may  be  applied  are  noted  in  [2]  and  [3].  We 
list  some  of  the  extensions  of  the  analysis  to  the  following 
"classical"  problems: 

1)  The  inclusion  of  representative  signals,  with  Gauss  and 
non-Gauss  (Class  A)  noise,  in  the  problems  already  treated 
here  ( section  2 ) ; 

2)  The  case  of  the  full-wave  square-law  rectifier,  with  both 
Class  A  and  B  noise,  as  well  as  Gauss  noise; 

3)  The  extension  of  2)  to  include  general  broadband  and 
narrowband  signals; 

4)  The  calculation  of  signal-to-noise  ratios  and  deflection 
criteria,  cf.  [1;  section  5.3-4]. 

5)  Covariances  and  spectra  for  ZMNL  system  outputs,  with 
signals  as  well  as  non-Gaussian  noise  inputs; 

6)  The  rdle  of  the  electromagnetic  (or  acoustic)  interference 
(EMI  or  Acl)  scenario,  cf.  [5;  section  2D, 5]; 

7)  Evaluation  of  the  large  (FM,PM)  indexes,  or  asymptotically 
Gaussian  cases,  cf.  [12]. 

Further  opportunities  to  extend  the  classical  theory  [2], [3], 
now  with  non-Gaussian  noise  inputs,  are  evident  from  the  examples 
and  methods  described  in  [1;  chapters  5,  12  -  16],  for  instance. 
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FIGURE  3.3  SPATIAL  COVARIANCE  (FOR  f',f*0);  GAUSS 
NOISE  ONLY;  CF.  (2.11),  (2.7b),  AND  APPENDIX  A. 2 
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NORMALIZED  DELAY  t 


FIGURE  3 . 5  TEMPORAL  COVARIANCE  ( FOR  ^“0 ) ;  CLASS  A 
AND  GAUSS  NOISE;  CF.  (2. 7) -(2. 9)  AND  APPENDIX  A. 1 
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FIGURE  3.6  FREQUENCY  (INTENSITY)  SPECTRUM  (FOR  AR-O ) ;  CLASS 
A  AND  GAUSS  NOISE;  CF.  (2.7)  IN  (2.39)  WITH  APPENDIX  A. 3 
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FIGURE  3.7  SPATIAL  COVARIANCE  (FOR  f',T*0);  CLASS  A 
AND  GAUSS  NOISE;  CF.  (2.7)-(2.10)  WITH  APPENDIX  A. 2 
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NORMALIZED  WAVENUMBER  k 

FIGURE  3.8  WAVENUMBER  SPECTRUM  (FOR  f',f=0);  CLASS  A  AFO 
GAUSS  NOISE;  CF.  (2,7)-(2.10)  IN  42. 38a, b)  AND  APPENDIX  A. 4 
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NORMALIZED  FREQUENCY 


FIGURE  3.9a  PHASE  MODULATION  (INTENSITY)  SPECTRUM  FOR 
INDEX  /ip=l,2,5,  CLASS  A  AND  GAUSS  NOISE;  CF.  (2.50)  WITH 
(2.44b),  (2.45),  (2.46)  IN  (2.52),  AND  APPENDIX  A. 5 
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FIGURE  3.9b  PHASE  MODULATION  (INTENSITY)  SPECTRUM  FOR 
INDEX  pp»10,20,50,  CLASS  A  AND  GAUSS  NOISE;  CF.  (2.50)  WITH 
(2.44b),  (2.45),  (2.46)  IN  (2.52),  AND  APPENDIX  A. 5 
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FIGURE  3.10a  FREQUENCY  MODULATION  (INTENSITY)  SPECTRUM 
FOR  INDEX  CLASS  A  AND  GAUSS  NOISE; 

CF.  (2.48)  WITH  (2.49),  {2.44a),  AND  APPENDIX  A. 6 
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NORMALIZED  FREQUENCY 


FIGURE  3.10b  FREQUENCY  MODULATION  (INTENSITY)  SPECTRUM 
FOR  INDEX  /7j,»10,20,50,  CLASS  A  AND  GAUSS  NOISE; 

CF.  (2.48)  WITH  (2.49),  (2.44a),  AND  APPENDIX  A. 6 
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PART  II.  MATHEMATICAL  AND  COMPUTATIONAL  PROCEDURES 

4.  SOME  PROPERTIES  OF  THE  COVARIANCE  FUNCTION 

In  this  section,  we  collect  some  useful  relations  for  the 
covariance  and  auxiliary  functions  encountered  in  the  numerical 
evaluation.  These  are  necessary  for  rapid  computation  of  the 
multiple  series  involved  here  and  also  serve  as  checks  on  the 
numerical  procedures  employed. 

4.1  SIMPLIFICATION  AND  EVALUATION  OF  B^(Y) 

The  function  B^(Y)  is  defined  by  the  following  combination  of 
hypergeometric  functions : 

B,(V)  -  K-  1'  -  5'  h  * 

.  2  .  l)  y  F(i-p,  y2)  for  S  1  .  (4.1) 

For  the  upper  F  function  in  (4.1),  we  have  [1;  (A. 1.39b)] 

V  -  0,  f(o,  0;  Y^)  -  1  ; 

V  -  1,  f(-  Y^)  -  Y  arcsin(Y)  +  (l  -  ; 

V  -  2,  f(-1,  -1;  1;  Y^)  -  1  +  2Y^  ;  (4.2) 

where  arcsin  is  the  principal  value  inverse  sine  function.  On 
the  other  hand,  for  the  latter  F  function  in  (4.1),  we  have 
[1;  (A. 1.39a)  and  (A. 1.39c)] 
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These  three  quantities  can  be  computed  simultaneously  by  the 
following  very  compact  computer  coding  in  BASIC: 

Y2»Y*Y 

Sq“SQR(l.-Y2) 

T*ASN(Y)+1. 5707963267948966 

B0*T+T 

B1»Y*T+Sq 

B2=( .5+Y2)*T+1.5*Y*Sq  (4.5) 

Thus,  the  rather  formidable  expression,  above,  for  B^{Y)  can  be 
evaluated  by  the  use  of  just  one  square  root  and  one  arcsin  when 
V  *  0,  1,  2. 

The  following  limiting  values,  which  are  obvious,  are  needed 
for  various  special  cases: 
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Bo{0) 

n  / 

Bod) 

as 

2n  , 

B^(0) 

1  / 

= 

^  , 

B2(0) 

sr 

n/4  , 

B^il) 

as 

3n/2  , 

83(0) 

1  , 

B3(1) 

= 

15n/4 

B4(0) 

» 

9n/16  , 

B4(1) 

105n/8 

These  are  special  cases  of 

B^(0)  -  , 

B^(l)  =  2  r(v  +  i)  , 

the  latter  following  from  [10;  (15.1.20)]. 

4.2  LIMITING  VALUES  OF  THE  COVARIANCE  FUNCTION 

The  covariance  function  at  normalized  separation  AR  and 
delay  f  is  given  by  (2.7)  as 


My(^,f ) 


»  exp[-A(2-p)] 


00  €0 

mj^=0  ni2=0 


Hlj+lOj 


m^^ !  m2 ! 


v n  »n  fn  +  m. 

(AP)  _ 1  +  r' 

/  nl  A  A 


n  +  m. 


where 


p  «  p(f )  »  max(0,  1  -  |f I  1  , 


k,  +  r!  k 


Y  »  Y(mj,,m2/n) 


fn  +  m. 


A  "L 


A  G 
n  +  m. 
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X*  o  1  2  ~ 

=  kj^(AR,f  )  *  exp  -  AR"^  -  j  -j- 


(4.12) 


^  r  fA_U  if^Wrl2 

kg  »  kg(AR,f )  =  exp  -  ^  ^  -pS  f2  ^ 


(4.13) 


The  functions  p,  kj^,  kg  can  be  replaced  by  other  functional 
dependencies,  if  desired.  The  function  B^(y)  has  been 
considered  earlier  and  considerably  simplified  for  v  *  0,  1,  2. 


4.3  VALUE  AT  INFINITY 


As  AR  or  f  -*  ±a>,  then 


p-»0,  kj^-*0,  kg^O,  Y-»0. 


(4.14) 


(If  |f|  remains  less  than  1  as  ^  tends  to  infinity,  then  p  does 
not  approach  zero;  this  nuance  has  been  discussed  elsewhere  in 
this  report. )  Then,  it  follows  that 


«  «»  m,  +ra 


-  A  ^  2  fm  ‘  fm 

My  ->  exp(-2A)  2_  STTJv  “S  ^  ^  ^ 

m,«0  m-»*0  ^  ' 


B^(0) 


1  2 


Bv<0)  e*P(-»)  Z]  ^  (s  * 


(4.15) 


because  the  sum  on  n  can  be  terminated  with  the  n  *  0  term. 

The  sum  on  m  can  be  effected  in  closed  form,  for  v  «  0,  2,  4, 
etc.,  by  using  the  following  results: 


w 

4 _ _  m! 


exp(A)  , 


(4.16) 
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EtAt- 


exp(A) 


(4.17) 


m=0 


in=l 


m*0 


m=l 


a” 

/  .  (m  -  2)1  '*'  /  .  (m  -  1)1 
m*2  m»l 


(A  +  A)  exp(A)  .  (4,18) 


There  follows 


My{») 


n 


f(i  r') 


Si'll  ^  r 

leU  ^  I 


‘  *  '■a)'] 


for  V  *  0 

for  V  »  2 

for  V  “  4 


>  . 


(4.19) 


The  case  for  v  «  1  requires  a  numerical  summation,  once  A  and 
are  specified.  When  these  limiting  values  are  subtracted  from 
the  correlation  function,  we  obtain  the  covariance  function. 
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4.4  VALUE  AT  THE  ORIGIN 


For  AR  *  0,  f  *  0,  then 


and 


(4.20) 


My(0,0)  -  exp(-A)  ^  ^  (s  +  B^(l)  ,  (4.21) 

n*0 

because  the  sums  on  and  m2  can  be  terminated  with  the  zero 
terms,  thereby  also  leading  to  Y  »  1. 

The  sum  on  n  can  be  accomplished  in  closed  form,  for 
V  «  0,  1,  2,  etc.,  by  using  results  given  earlier.  There  follows 


for  V  *  0 

for  V  «  1 
for  V  ■  2 


(4.22) 
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PART  III.  APPENDICES  AND  PROGRAMS 

APPENDIX  A.l  -  EVALUATION  OF  COVARIANCE  FUNCTION 

FOR  ZERO  SEPARATION  (^  -  0) 

A  program  for  the  numerical  evaluation  of  covariance 
My(hR,T)  for  hR  0  IS  contained  in  this  appendix.  Inputs 
required  of  the  user  are  A,  N(f), 

in  lines  20  -  70.  Since  we  are  generally  interested  in  values  of 
A  less  than  1,  the  series  for  in  (4.9)  will  not  have  to  be 
taken  to  very  large  values  of  m, ,  m~,  n;  accordingly,  the  values 

k  i.  d. 

of  (A  /kl 1  are  tabulated  once  in  lines  260  -  300  with  a  tolerance 
of  lE-10  set  in  line  80. 

The  values  of  the  covariance  at  infinity,  as  given  by  (4.19), 
are  computed  and  subtracted  in  lines  220  -  240  and  400  -  420; 
this  is  in  anticipation  of  taking  a  Fourier  transform  of  a 
covariance  function  which  decays  to  zero  for  large  arguments  AR. 

The  functions  B^(y)  and  My(^,f )  are  available  in  the  two 
subroutines  starting  at  lines  1010  and  1120,  respectively.  The 
latter  subroutine  actually  calculates  the  covariance  at  general 
nonzero  values  of  both  AR  and  t,  although  we  only  employ  it  for 
AR  «  0  in  this  appendix;  see  lines  10  and  380.  Also,  for  AR  «  0, 
the  pareuneter  Lg2  >  (A^/A^)  is  not  relevant  and,  hence,  is 
entered  as  zero  in  line  380. 

The  exponential  Gaussian  forms  for  k^  and  k^  are  used  in 
lines  1200  and  1210,  while  the  triangular  form  for  p  is  entered 
in  line  1240.  Any  ot  these  can  be  replaced,  if  desired,  by  forms 
more  appropriate  to  the  user. 

The  program  is  written  in  BASIC  for  the  Hewlett  Packard  9000 
Computer  Model  520.  The  designation  DOUBLE  denotes  integer 
variables,  not  double  precision.  The  output  from  the  program  is 
stored  in  data  files  AOTO,  AOTl,  AOT2,  for  v  ■  0,  1,  2, 
respectively. 
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10 

Rc=0. 

1 

De  1  R-' 

20 

fi*.  2 

I 

ACsubA) 

30 

Gp-. 001 

1 

GAMMA' CsubR) 

40 

W1b2=l. 

1 

(Del W<subL)/Bet 

a)'" 

2 

50 

Wgb2=25. 

t 

(Del W(subG)/Bet 

a  ^ 

0 

60 

Dtc=. 01 

1 

INCREMENT  IN  Tau'^ 

70 

Ntc=200 

1 

NUMBER  OF  Tau'' 

VALUES 

80 

To! er4nce=l . E- 10 

90 

COH  flf<0!40),C<0:80),Sq<0 

:80) 

100 

COM  DOUBLE  J 

1 

INTEGER 

110 

DIM  Kag<200),Tc<0:200>,F0 

<0:200), F1<0:200>,F2 

(0: 

200) 

120 

DOUBLE  Ntc.K 

1 

INTEGERS 

130 

FOR  K=0  TO  Ntc 

140 

Tc“K*Dtc 

! 

T 

ISO 

Rho=MflX<0. , l.-flBS<Tc)) 

! 

Rho 

160 

T2=.5*Tc*Tc 

170 

Kl«EXP<-Wlb2*T2) 

180 

Kg=EXP<-WgD2*T2) 

190 

Kag<K)=<Rho*Kl ♦Gp*Kg)/< 1 . 

+  Gp> 

!  INPUT  COVARIANCE 

200 

NEXT  K 

210 

fll*l ./fi 

! 

R>0  REQUIRED 

220 

F0inf=Pl 

230 

Flinf*FNFlinf<fl,Gp) 

240 

F2inf*.25*PI*< l.+Gp)*<l .+ 

Gp  > 

250 

flf (0>=1. 

260 

FOR  K=1  TO  40 

270 

J=K 

280 

ftf <K)»T=flf<K-l)*fl/K 

» 

A'^K/'K! 

290 

IF  T<To1erance  THEN  320 

300 

NEXT  K 

310 

PRINT  "40  TERMS  IN 

320 

FOR  K=0  TO  J*2 

330 

C<K)*T=K*fll+Gp 

340 

Sq<K)»l . /SQR<T) 

350 

NEXT  K 

360 

FOR  K»0  TO  Ntc 

370 

Tc<K)*Tc*K»Dtc 

! 

Tau'^ 

380 

CALL  Mpc<Rc,Tc,fi,Gp,W1b2, 

Wgb2, 

0. ,F0<K),F1<K>, 

F2< 

K)  ) 

390 

NEXT  K 

400 

MAT  F0=F0-<F0tnf ) 

410 

MAT  F1*F1-<F1 tnf ) 

420 

MAT  F2*F2-<F2inf ) 

430 

MAT  F0*F0-'<F0<0)) 

440 

MAT  Fl«Fl^<Fl<0)> 

450 

MAT  F2  =  F2/'<F2<0)) 

460 

PRINT  "INFINITY: ";F0inf|F 

1  i  nf ; 

F2inf 

470 

PRINT  "MINIMA:  "jMINCFOC 

»  )  )  ;  r- 

IN(F1<*)>;MIN<F2(*- 

) ) 

480 

PRINT  "AT  Ntc:  ";F0<:Ntc) 

}Fl<Ntc>iF2<Ntc) 

490 

CREATE  DATA  "AIT1",8 

500 

ASSIGN  #1  TO  "AITl" 

510 

PRINT  #ljKag<*> 

520 

CREATE  DATA  "AOT0”,8 

530 

ASSIGN  #1  TO  "AOT0" 

540 

PRINT  #1;F0(«) 

550 

CREATE  DATA  "ROT1”,0 
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560  flSSIGH  #1  TO  "flOTl" 

570  PRINT 

580  CREATE  DATA  '■A0T2”,8 

590  ASSIGN  #1  TO  ■•AOT2” 

600  PRINT  #1|F2<*) 

610  ASSIGN  #1  TO  ♦ 

620  Tcmax»Dtc*Ntc 

630  GINIT  200/260 

640  PLOTTER  IS  505, "HPGL" 

650  PRINTER  IS  505 

660  LIMIT  PLOTTER  505,0,200,0,260 

670  VIEWPORT  22,85,19,122 

680  WINDOW  0. , 1. ,0. , 1. 

690  PRINT  "VSS" 

700  GRID  .25,. 25 

710  PRINT  ''VS36’‘ 

720  PLOT  Tc<*),Kag(:*) 

730  PENUP 

740  PLOT  Tc<*),F0<*) 

750  PENUP 

760  PLOT  Tc<*),Fl<*> 

770  PENUP 

780  PLOT  Tc<*),F2<*) 

790  PENUP 

800  PAUSE 

810  PRINTER  IS  CRT 

820  PLOTTER  505  IS  TERMINATED 

830  END 

840  ( 

850  DEF  FNFl inf <A,Gp)  »  for  u<*nu)  *  1 

860  Tol*l.E-18 

870  Rg®A*Gp 

880  T*l. 

890  S*SQR(1.+Rg) 

900  FOR  M*2  TO  100 

910  T=T*A/M 

920  P»=T*SQR<N+Ag) 

930  S=S+P 

940  IF  P<S*Tol  THEN  970 

950  NEXT  M 

960  PRINT  "100  TERMS  IN  FNFllnf" 

970  T=Gp+R»S*S+2. *SQR<Ag)*S 

980  RETURN  EXP<-2.«A)*T 

990  FHEND 

1000  ! 

1010  SUB  Bnu<Y,B0,Bl,B2)  !  BwCY)  for  v*0,l,2 

1020  IF  Y>1.  THEN  PRINT  “Y  =  I  +"}Y-1. 

1030  IF  Y>1.  THEN  Y«l. 

1040  Y2=Y»Y 

1050  Sq=SQRCl.-Y2) 

1060  T=ASN<Y)+1 .5707963267948966 

1070  B0=T+T 

1080  B1=Y*T+Sq 

1090  B2=< .5+Y2)«T+l .5*Y*Sq 

1100  SUBEND 

1110  ! 


I 
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1120  SUB  Myc<Rc,Tc,fl,Gp,Wlb2,Wgb2 

1130  COM  flf <*) , C<*) , Sq<*) 

1140  COM  DOUBLE  J  ! 

1150  ALLOCATE  Ap<0: J) , Apl <0: J> 

1160  DOUBLE  K,M1,M2,N,K1,K2  ! 

1170  Al=l./A  ! 

1180  T2*.5*Tc*Tc 

1190  R2=Rc*Rc 

1200  Kl=EXP<-R2-Wlb2*T2) 

1210  Kg=EXP<-Lg2*R2-Wgb2*T2) 

1220  AkcAUKI 

1230  Gk*Gp*Kg 

1240  Rho=MAX<0. , l.-ABS<Tc>>  ! 

1250  Rhol=l.-Rho 

1260  Ap<0)=Apl <0)=Pk=Pk 1=1 . 

1270  FOR  K=1  TO  J 

1280  Pk=Pk*Rho 

1290  Pkl=Pkl*Rhol 

1300  T=Af<K) 

1310  Ap<K)=T*Pk 

1320  Apl<K)=T»Pkl 

1330  NEXT  K 

1340  S0inl>Slml=S2ml=0. 

1350  FOR  M1»0  TO  J 

1360  S0tn2=Slm2=S2m2=0. 

1370  FOR  M2=0  TO  J 

1380  S0n=Sln=S2n=0. 

1390  FOR  N=0  TO  J 

1400  K1*N+Ml 

1410  K2=N+M2 

1420  T=Rp<N) 

1430  P=C<K1 )*C<K2) 

1440  Y=<N»Ak+Gk)*Sq<Kl)*Sq<K2) 

1450  CALL  Bnu<Y,B0,Bl,B2> 

1460  S0n=S0n+T*B0 

1470  Sln=Sln+T*SQR<P)*Bl 

1480  S2n=S2n+T*P*B2 

1490  NEXT  N 

1500  T2=Apl<M2) 

1510  S0m2=S0m2+T2*SOn 

1520  Slm2=Slm2+72*Sln 

1530  S2m2»S2m2+T2*S2n 

1540  NEXT  M2 

1550  Tl=Rpl<Ml> 

1560  S0ml=S0ml+Tl*S0m2 

1570  Slml»Slml+Tl*Sli«2 

1580  S2ml=S2ml+Tl«S2m2 

1590  NEXT  Ml 

1600  T=EXP<-A*<2.-Rho>) 

1610  SO=T«S0ml 

1620  Sl=T#Slml 

1630  S2=T*S2ml 

1640  SUBEND 


Lg2,S0,Sl ,S2> 

INTEGER 

INTEGERS 
A>0  REQUIRED 


Rho 
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APPENDIX  A. 2  -  EVALUATION  OF  COVARIANCE  FUNCTION 

FOR  ZERO  DELAY  (f,f'  «  0) 


A  program  for  the  numerical  evaluation  of  covariance 

M  (^,f)  for  f,f'  -  0  is  contained  in  this  appendix.  Inputs 

y  o  ^  ^ 

required  of  the  user  are  A,  ,  4(AR),  N(AR),  in  lines 

20  -  60.  The  tolerance  for  terminating  the  triple  infinite  sums 

is  set  at  lE-15  in  line  70.  The  output  from  the  program  is 

stored  in  data  files  AORO,  AORl,  AOR2,  for  v  **  0,  1,  2, 

respectively.  Other  relevant  comments  are  made  in  appendix  A.l. 

•  ^ 

The  limit  of  at  AR  «  <»  (when  t  “  0)  is  given  by  the  closed 
form  results 


MyC/0) 


n 


1  +  r' 

A 


1  + 


for  V  “  O' 

for  \)  »  1 

for  V  =  2 


(A. 2-1) 


These  values  have  been  subtracted  from  M  so  that  we  can  Bessel 

y  ^ 

transform  a  function  which  tends  to  zero  as  AR 


10 

20 

30 

40 

50 

60 

70 

80 

90 

100 

110 

120 

130 

140 

150 

160 

170 

180 

190 

200 

210 

220 

230 

240 

250 

260 


Tc=0. 
fl  =  .  2 
Gp=.001 
Lg2=5. 

Drc=. 005 
Nrc=900 

Tol erance=l . E-15 


!  Tau'' 

•  R<subR> 
f  GRMMR' <subR> 
f  <DelL/De1G>'^2 
!  INCREMENT  IN  DelR^ 

!  HUMBER  OF  DelR^  VALUES 


COM  fif <0!40),C<:0;80),Sq<0;80) 

COM  DOUBLE  J  \  INTEGER 

DIM  Rc  <0! 900) , Kag<0! 900) ,F0<0; 900 ) , F 1 < 0: 900) , F2<0: 900) 
DOUBLE  Nrc,K  !  INTEGERS 

Rl=l./R  ‘  fl>0  REQUIRED 

F0inf=PI  !  LIMITS  FOR 

Flinf=l.+Gp  !  Rc  =  ir»finity 

F2<rif*,25*PI»<<l.+Gp)*<l.+Gp)+fll)  !  AND  Tc=0 

flf <0)=1. 

FOR  K*1  TO  40 


J=K 

fif <K)=T=flf <K-1 )*fl/K  !  fl^K/K! 

IF  T<Tolerance  THEN  230 
NEXT  K 

PRINT  "40  TERMS  IN  fif<*)'‘ 

FOR  K=0  TO  J*2 
C<K)=T*K*fll+Gp 
Sq':K)  =  l . /SQR<T) 

NEXT  K 
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270  FOR  K®0  TO  Hrc 

280  Rc  <K)=Rc=K*Drc  !  DelR’^ 

290  R2»Rc*Rc 

300  K»«EXP(-R2> 

310  Kg*EXP<-Lg2»R2) 

320  Rho=MflX<0. , 1 . -flBS<Tc ) )  !  Rho 

330  Kag<K)  =  <Rho*K1 +Gp«Kg)/'<:  1 . +Gp)  !  INPUT  COVARIANCE 

340  CALL  Myc<Rc,Tc,R,Gp,0. ,0.,Lg2,F0<K),Fl(K),F2<K)) 

350  NEXT  K 

360  MAT  F0=F0-<F0inf > 

370  MAT  FI»F1-<F1 inf ) 

380  MAT  F2=F2-<F2inf ) 

390  MAT  F0=F0/'<F0<0)) 

400  MAT  Fl=Fl/<Fl<0)) 

410  MAT  F2»F2/<F2<0>> 

420  PRINT  “INFINITY:'‘;F0inf5FlinfjF2inf 

430  PRINT  "MINIMA:  “ { MIN<F0<») ) ; MIN< F 1 < ♦ > ) ; M1N<F2< * ' ) 

440  PRINT  "AT  Nrci  “ | F0<Nrc > ; FI <Hrc > j F2(Nrc ) 

450  CREATE  DATA  "AIR1",33 

460  ASSIGN  #1  TO  "AIRl" 

470  PRINT  ilUKag<*) 

480  CREATE  DATA  "AOR0",33 

490  ASSIGN  #1  TO  "AOR0" 

500  PRINT  #liF0(*) 

510  CREATE  DATA  "A0R1",33 

520  ASSIGN  #1  TO  "AORl" 

530  PRINT  #15F1<*) 

540  CREATE  DATA  "A0R2" 

550  ASSIGN  ttl  TO  "R0R2 

560  PRINT  #ljF2<*> 

570  ASSIGN  «1  TO  ♦ 

580  Rcinax=Drc*Nrc 

590  GINIT  200/260 

600  PLOTTER  IS  505, "HPGL" 

610  PRINTER  IS  505 

620  LIMIT  PLOTTER  505,0,200,0,260 

630  VIEWPORT  22,85,19,122 

640  WINDOW  0.,3.,0.,1. 

650  PRINT  "VS5" 

660  GRID  .5,. 25 

670  PRINT  "VS36" 

680  PLOT  Rc<*),Kag<*) 

690  PENUP 

700  PLOT  Rc<*),F0<#) 

710  PENUP 

720  PLOT  Rc<*>,Fl<*) 

730  PENUP 

740  PLOT  Rc<*),F2<*) 

750  PENUP 

760  PAUSE 

770  PRINTER  IS  CRT 

780  PLOTTER  505  IS  TERMINATED 

790  END 

800  I 

810  SUB  Bnu<Y, B0, B1 , B2)  !  Bm<Y)  for  m=0,1,2 

820  !  SEE  APPENDIX  A.  1 

900  SUBEND 

910  I 

920  SUB  Mj^c<Rc,Tc,  A,Gp,  W1b2,Wgb2,Lg2,S0,Sl  ,S2) 

930  !  SEE  APPENDIX  A. 1 

1440  SUBEND 
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APPENDIX  A. 3  -  EVALUATION  OF  TEMPORAL  INTENSITY 

SPECTRUM  FOR  ZERO  SEPARATION  (AR  «»  0) 

A  program  for  the  numerical  evaluation  of  the  Fourier 
transform  of  covariance  My(0,f)  -  My{“>)  is  contained  in  this 
appendix.  Inputs  required  of  the  user  are  listed  in  lines 
10  -  30.  The  data  input,  AOTO  or  AOTl  or  AOT2,  as  generated  by 
means  of  the  program  in  appendix  A.l,  is  injected  by  means  of 
lines  410,  600,  and  790. 

In  order  to  keep  the  FFT  (fast  Fourier  transform)  size,  N  in 
lines  30  and  320,  at  reasonable  values,  the  data  sequence  is 
collapsed,  without  any  loss  of  accuracy,  according  to  the  method 
given  in  [8;  pages  7-8]  and  [9;  pages  13  -  16].  The 
integration  rule  documented  here  is  the  trapezoidal  rule;  this 
procedure  is  very  accurate  and  efficient  and  is  recommended  for 
numerical  Fourier  transforms. 


10 

Ntc=200 

!  NUMBER  OF 

T 

VALUES 

20 

Dtc*.01 

1  INCREMENT 

IN  Tau'' 

30 

N=1024 

!  SIZE  OF  FFT:  N 

>  Ntc 

REQUIRED 

40 

DOUBLE  Nlc,N,N4,N2,Ns 

!  INTEGERS 

50 

N4=N/4 

60 

N2=N/2 

70 

REDIM  Cos<0!N4),X(0:N-n 

,Y<0:N-1) 

80 

DIM  Cos <256), X< 1023), Y< 1023), fi<200> 

90 

T=2. *PI/N 

100 

FOR  Ns=0  TO  N4 

110 

Cos<Ns)=COS<T*Ns) 

!  QUARTER-COSINE 

TABLE 

I H  Cos  <  * ) 

120 

NEXT  Ns 

130 

GINIT  200/260 

140 

PLOTTER  IS  505, "HPGL" 

150 

PRINTER  IS  505 

160 

LIMIT  PLOTTER  505,0,200, 

0,260 

170 

VIEWPORT  22,85, 19, 122 

180 

WINDOW  0,N2,-5, 1 

190 

PRINT  "VS5'' 

200 

GRID  N/10, 1 

210 

PRINT  “VSSS" 

220 

ASSIGN  #1  TO  "fllTl'' 

230 

READ  #1;A<#) 

240 

-4 

X 

11 

• 

250 

NAT  Y*<0.  ) 

260 

X<0)=.5*A<0) 

270 

FOR  Ns=l  TO  Ntc-1 

280 

X<Ns)=A<Ns) 

290 

NEXT  Ns 

300 

X<Ntc)=.5*A<Ntc) 
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310  MRT  X»X*<Dlc*4. ) 

320  CRLL  Ff t 14 <N, Co£<*> , X< *> , V<* ) > 
330  FOR  Ns=0  TO  H2 

340  flr=X<Hs> 

350  IF  Rr>0.  THEN  380 

360  PENUP 

370  GOTO  390 

380  PLOT  Ns.LGTCRr) 

390  NEXT  Ns 

400  PENUP 

410  ASSIGN  #1  TO  ''ROT0“ 

420  READ  #lifl<*) 

430  MRT  X=<0. > 

440  MAT  Y=<0. ) 

450  X<0>=.5*R<0) 

460  FOR  Ns«l  TO  Ntc-1 

470  X<Ns)«R<Ns) 

480  NEXT  Ns 

490  X<Ntc)=.5*R<Ntc) 

500  MRT  X=X*<0tc*4. ) 

510  CALL  Fft 14<N, Cos<*) , X<») , Y<*) ) 
520  FOR  Ns=0  TO  N2 

530  flr=X<Ns> 

540  IF  Rr>0.  THEN  570 

550  PENUP 

560  GOTO  580 

570  PLOT  Ns,LGT<Rr) 

580  NEXT  Ns 

590  PENUP 

600  ASSIGN  »1  TO  "ROTr' 

610  READ  ♦1}B<*) 

620  MAT  X=<0. > 

630  MRT  Y=<0. > 

640  X<0)=.5*R<0) 

650  FOR  Ns*l  TO  Ntc-1 

660  X<Ns)=ACNs) 

670  NEXT  Ns 

680  X<Ntc)*.5*R<Ntc) 

690  MAT  X=X*<Dtc*4. ) 

700  CRLL  Fftl4<N,Cos<*),X<*),Y<*)) 

710  FOR  Ns*0  TO  N2 

720  Ar=X<Ns) 

730  IF  Ar>0.  THEN  760 

740  PENUP 

750  GOTO  770 

760  PLOT  Ns,LGT<Rr) 

770  NEXT  Ns 

780  PENUP 

790  ASSIGN  #1  TO  ''A0T2" 

800  READ  ill|A<*> 

810  MRT  A=R/<A<0)) 

820  MAT  X=<0. > 

830  MAT  Y=<0.> 
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840  X<0>=.5*fl<0> 

850  FOR  Ns=l  TO  Ntc-1 

860  X<Ns>aft<N£> 

870  NEXT  Ns 

880  X<Ntc>*.5*fi<Ntc) 

890  MAT  X=X»<Dtc*4.) 

900  CALL  Fftl4<N,Cos<*),X<*),Y<*>> 

910  FOR  Ns=0  TO  N2 

920  Ar»X<Hs) 

930  IF  Ar>0.  THEN  960 

940  PENUP 

950  GOTO  970 

960  PLOT  Ns,LGT<Ar) 

970  NEXT  Ns 

980  PENUP 

990  PAUSE 

1000  END 

1010  ! 

1020  SUE  Fftl4<D0UBLE  N,RERL  Cos<* > , X<* ) , Y < * > >  !  N< =2' 1 4= 1 6384 ;  0  SUES 
1030  DOUBLE  Log2n,Nl,N2,N3,N4,  J,K  !  INTEGERS  <  2-''31  =  2,147,483,648 
1040  DOUBLE  11, 12, 13, 14, 15, 16, 17, 18, 19, lie, Ill, 112, I  13, 114, L<0: 13) 

1050  IF  N*1  THEN  SUBEXIT 

1060  IF  N>2  THEN  1140 

1070  A»X<0)+X<1> 

1080  X<l)»X<0)-X<n 

1090  X(0)=A 

1100  A*Y<0)+Y<1) 

1110  Y<1)=Y<0)-Y<1> 

1120  Y<0)*A 

1130  SUBEXIT 

1140  R*L0G<N>/'L0G<2.  ) 

1150  Log2n*R 

1160  IF  ABS<A-Log2n)< 1 . E-8  THEN  1190 

1170  PRINT  "N  =";N5‘*IS  NOT  A  PONER  OF  2;  DISALLOWED." 

1180  PAUSE 

1190  Nl=N/'4 

1200  N2==Nl-<-l 

1210  N3*N2+1 

1220  N4*N3+N1 

1230  FOR  11=1  TO  Log2n 

1240  I2=2''<Log2n-Il) 

1250  13=2*12 

1260  I4=N^13 

1270  FOR  15=1  TO  12 

1280  I6=< 15-1 )*I4+1 

1290  IF  I6<=N2  THEN  1330 

1300  Hl=-Cos<N4-16-l) 

1310  A2=-Cos<I6-Nl-l) 

1320  GOTO  1350 

1330  Al=Cos<I6-l) 

1340  A2=-Cos<N3-I6-l ) 

1350  FOR  17=0  TO  N-I3  STEP  13 

1360  18=17+15-1 

1370  j9=I8+I2 

1380  T1=X<I8) 

1390  T2=X<I9) 
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1400  T3=Y<I8> 

1410  T4=Y<I9> 

1420  fl3=Tl-T2 

1430  fl4=T3-T4 

1440  X<I8)=T1+T2 

1450  Y<I8>=T3+T4 

1460  X<19)=fll*fl3-fl2*fl4 

1470  Y< I9>=fll*fl4+fl2*R3 

1480  NEXT  17 

1490  NEXT  15 

1500  NEXT  11 

1510  ll*Log2n+l 

1520  FOR  12=1  TO  14 

1530  L<12>1)=1 

1540  IF  12>Log2n  THEN  1560 

1550  L<12-n=2''<ll-I2> 

1560  NEXT  12 

1570  K=0 

1580  FOR  11=1  TO  L<13) 

1590  FOR  12=11  TO  L<12)  STEP  L<13) 

1600  FOR  13=12  TO  L<11)  STEP  L<12> 

1610  FOR  14=13  TO  L<10)  STEP  L<11) 

1620  FOR  15=14  TO  L<9)  STEP  L<10> 

1630  FOR  16=15  TO  L<8)  STEP  L<9> 

1640  FOR  17=16  TO  L<7)  STEP  L<8> 

1650  FOR  18=17  TO  L<6>  STEP  L<7) 

1660  FOR  19=18  TO  L<5)  STEP  L<6> 

1670  FOR  110=19  TO  LC4>  STEP  L<5) 

1680  FOR  111=110  TO  L<3)  STEP  L<4> 

1690  FOR  112=111  TO  L<2)  STEP  L<3) 

1700  FOR  113=112  TO  L<1>  STEP  L<2) 

1710  FOR  114=113  TO  L<0)  STEP  L<1) 

1720  J=114-l 

1730  IF  K>J  THEN  1800 

1740  fi=X<K) 

1750  X<K)=X<J) 

1760  X<J)=fl 

1770  fl*Y<K> 

1780  Y<K)=Y<J) 

1790  Y<J)=R 

1800  K=K4-1 

1810  NEXT  114 

1820  NEXT  113 

1830  NEXT  112 

1840  NEXT  111 

1850  NEXT  110 

I860  NEXT  19 

1870  NEXT  18 

1880  NEXT  17 

1890  NEXT  16 

1900  NEXT  15 

1910  NEXT  14 

1920  NEXT  13 

1930  NEXT  12 

1940  NEXT  II 

1950  SUBEND 
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APPENDIX  A. 4  -  EVALUATION  OF  WAVENUMBER  INTENSITY 

SPECTRUM  FOR  ZERO  DELAY  (f,f'  «  0) 


A  program  for  the  numerical  evaluation  of  the  zeroth-order 
Bessel  transform  of  covariance  My(AR,0)  -  is  contained  in 

this  appendix.  Inputs  required  of  the  user  are  listed  in  lines 
10  -  40  and  are  coupled  to  appendix  A. 2,  where  the  data  input, 
AORO  or  AORl  or  AOR2,  was  generated.  The  numerical  Bessel 
transform  is  accomplished  by  means  of  Simpson's  rule  with  end 
correction  [11;  pages  414  -  418],  and  is  exceedingly  accurate  for 
the  small  increment,  .005,  in  AR  employed  in  line  30. 


10 

20 

30 

40 

50 

60 

70 

80 

90 

100 

110 

120 

130 

140 

150 

160 

170 

180 

190 

200 

210 

220 

230 

240 

250 

260 

270 

280 

290 

300 

310 

320 

330 

340 

350 

360 

370 

380 


Dkc=. 4 
Nkc=200 
Drc=. 005 
Nrc=900 

DOUBLE  Nrc,Hkc,  I,  Ns 
REDIM  C<0jNr'c) 


INCREMENT  IN  k^ 

NUMBER  OF  k^  VRLUES 
INCREMENT  IN  DelR-*- 
NUMBER  OF  DeJR'*'  VALLES 
INTEGERS 


REDIM  Wi <0;Nkc>, W0<0;Nkc> , Wl<0!Nkc ),H2<0sNkc> 
DIM  CC900),Wi  <200),W0<200),W1<200),W2<:200> 
ASSIGN  #1  TO  "flIRl" 

READ  #1>C<*) 

FOR  1=0  TO  Nkc 


Kc  =  I*Dkc  !  k^' 

T=Kc*Drc 


Se=So=0, 

FOR  Ns=l  TO  Nrc-1  STEP  2 
So=So+Ns*FNJo<T*Ns)*C<Ns) 
NEXT  Ns 

FOR  Ns=2  TO  Nrc-2  STEP  2 
Se=Se+Ns*FNJo<T*Ns)*C<Ns) 
NEXT  Ns 


Wi <I)=C<0)+16.#So+14.*Se 
NEXT  I 

MAT  Hi  =Wi  ♦<Drc»Drc*2.  *PI/'15.  ) 
ASSIGN  ttl  TO  "AORO" 

READ  #1;C<*) 

FOR  1=0  TO  Nkc 

Kc=I*Dkc 

T=Kc*Drc 


Se=So=0. 

FOR  Ns=l  TO  Nrc-l  STEP  2 
So=So+Ns»FNJo(T*N£)*C<Ns) 
NEXT  Ns 


FOR  Hs=2  TO  Nrc-2  STEP  2 
Se  =  Se  +  Ns*FH Jo<  T*N£ ) *C  <Ns ) 

NEXT  Ns 

H0< I )=C<0)+16. *So+14. *Se 
NEXT  I 

MAT  W0=W0*<Drc*Drc»2. *PI/15. ) 
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390  ASSIGN  #1  TO  "RORr' 

400  READ  #l5C<*> 

410  FOR  1=0  TO  Nkc 

420  Kc  =  I*DI<c 

430  T=Kc*Drc 

440  Se®So=0. 

450  FOR  Ns=l  TO  Nrc-1  STEP  2 

460  So=So+Ns*FNJo<T*Ns)*C<Ns> 

470  NEXT  Ns 

480  FOR  Nss2  TO  Nrc-2  STEP  2 

490  Se=Se+Ns*FNJo<T*Ns)*C<Ns) 

500  NEXT  Ns 

510  Ml<n=C(0>  +  16.*So+14.*Se 

520  NEXT  I 

530  MAT  Wl=Wl-»<Drc*Drc*2.  *PI/'15.  ) 

540  ASSIGN  «1  TO  "A0R2“ 

550  READ  #1;C<*) 

560  ASSIGN  *1  TO  * 

570  FOR  1=0  TO  Nkc 

580  Kc=I*Dkc 

590  T=Kc»Drc 

600  Se=So=0. 

610  FOR  Ns=l  TO  Nrc-l  STEP  2 

620  So=So+Ns*FNJo<T*Ns>*C<Ns> 

630  NEXT  Ns 

640  FOR  Ns=2  TO  Nrc-2  STEP  2 

650  Se*Se+Ns*FNJo<T*Ns)*C<Hs> 

660  NEXT  Ns 

670  W2<I)=C<0>+16.*So+14.*Se 

680  NEXT  I 

690  MAT  W2=W2*<Drc*Drc»2.*PI/-15.  > 

700  GINIT  200/'26O 

710  PLOTTER  IS  505, "HPGL” 

720  PRINTER  IS  505 

730  LIMIT  PLOTTER  505,0,200,0,260 

740  VIEWPORT  22,85, 19, 122 

750  WINDOW  0, Nkc, -9,1 

760  PRINT  "VS5'' 

770  GRID  25, 1 

780  PRINT  ''VS36" 

790  FOR  1=0  TO  Nkc 

800  W=Wi<I> 

810  IF  W>0.  THEN  840 

820  PENUP 

830  GOTO  850 

840  PLOT  I,LGT<W> 

850  NEXT  I 

860  PENUP 
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870  FOR  1=0  TO  Nkc 

880  W=W0<I) 

890  IF  W>0.  THEN  920 

900  PENUP 

910  GOTO  930 

920  PLOT  I,LGT<M> 

930  NEXT  I 

940  PENUP 

950  FOR  1=0  TO  Nkc 

960  M=Nl(;i> 

970  IF  W>0.  THEN  1000 

980  PENUP 

990  GOTO  1010 

1000  PLOT  I,LGT<W) 

1010  NEXT  I 

1020  PENUP 

1030  FOR  1=0  TO  Nkc 

1040  N«W2<1> 

1050  IF  i<l>0.  THEN  1080 

1060  PENUP 

1070  GOTO  1090 

1080  PLOT  I,LGT<W> 

1090  NEXT  I 

1100  PENUP 

1110  PRUSE 

1120  PRINTER  IS  CRT 

1130  PLOTTER  505  IS  TERMINATED 

1140  END 

1150  ! 

1160  DEF  FNJoCX)  !  Jo<X)  FOR  ALL  X 

1170  Y=ABS<X) 

1180  IF  Y>8.  THEN  1280 

1190  T=Y*Y  !  HART,  #5845 

1200  P=227 1490439. 5536033-T* < 5513584 . 5647707522-T*5292. 6 1 7 1303845574 > 

1210  P=23344891 71 877869. 7-T* <47765559442673. 588-T*<4621 72225031 . 71803-T*P> 

1220  P=1 8596231 7621897804. -T* <44 145829391 8 15982. - I^P) 

1230  Q=20425 1483. 52 134357  +  T*< 494030. 79491 8 13972  +  T»< 884. 72036756 175504  +  T>  > 

1240  0=2344750013658996. 8+T»< 15015462449769. 752+T*<64398674535. 133256+T*Q> 

1250  0=185962317621897733. +T*Q 

1260  Jo=P/0  ' 

1270  RETURN  Jo 

1280  2=8.  ^Y  !  HART,  #6546  «<  6946 

1290  T  =  2*Z 

1300  Pri=2204. 50 1043965 1804  +  T*<  128. 677585748714  19  +  T*.  9004793474802S803> 

1310  Pn=8S54. 82254 150666 17+T*< 8894. 4375329606 l94+T*Pn) 

1320  Pd=2214.0488519147104+T*< 130.88490049992388+T) 

1330  Pd=8554. 82254 15066628+T*< 8903. 836 1 4 1 7095954+T*Pd > 

1340  On= 13. 990976865960680+T*< 1 .0497327982345548+T*. 00935259532940319) 

1350  0n=-37. 5 1 0534954957 112-T*< 46. 09382681 4625 175+T*Qn) 

1360  0d=921 .56697552653090+T* <74. 42838974141 1 179+T> 

1370  Qd=2400. 674237 1 172675+T*< 2971 . 9837452084920+T*Qd> 

1380  T=Y-. 78539816339744828 

1390  Jo=.  2S209479177387820*SQR<2)*<COS<T)*Pn/'Pd-SIH<T  >*2*Qr..''G!d) 

1400  RETURN  Jo 

1410  FNEHD 


61/62 

Reverse  Blank 


TR  8887 


APPENDIX  A. 5  -  EVALUATION  OF  PHASE  MODULATION  INTENSITY  SPECTRUM 

The  normalized  covariance  function  for  phase  modulation  is 
given  by  (2.50)  in  the  main  text,  namely 

k  (C)  -  expf-  r'  fjl  [1  -  exp(-C))  -  At2  -  p{C)]  + 

°  l  A  (A. 5-1) 

^2 

+  2A  [1  -  P(^)]  exp[-pp/A]  +  A  p(C)  exp[ - |  "  exp(-bC)])] 

for  C  ^  0,  where  C  is  the  time  delay  and  p(C,)  is  the  temporal 

2  2 

normalized  covariance  of  the  field  process.  Also  pp  »  A'pg* 

Since  (A. 5-1)  involves  an  exponential  of  an  exponential  of  an 
exponential,  and  because  a  wide  range  of  parameter  values  are  of 
interest,  care  must  be  taken  in  numerical  evaluation  of  this 
covariance  and  its  transform. 

Observe  first  that 

ko(0)  «  1  since  p(0)  «  1  .  (A. 5-2) 

Also,  as  delay  C  +*r  then  p  ->  0,  giving 

JCqC*)  *  exp[-r^  Pp  -  2A  -»■  2A  exp[-pp/A]]  0  .  (A. 5-3) 

The  spectrum  of  interest  is  given  by 

Wq(w)  ■  4  J  dC  cos(wC)  for  w  i  0  j  w  -  2nf  .  (A. 5-4) 

0 

The  nonzero  value  of  (A. 5-3)  at  C  *  *  leads  to  an  impulse  in 
spectrum  Wq(w)  at  w  ■  0.  This  limiting  value,  must  be 

subtracted  from  covariance  (A. 5-1)  prior  to  the  numerical 
Fourier  transform  indicated  by  (A.5-4). 
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2 

For  <<1/  the  term 

exp[-  fjl  [1  -  exp(-C)])  (A. 5-5) 

approaches  its  limiting  value  at  C  “  +*  as  follows: 

exp(-  Pp  [1  -  expC-Ol)  -  exp[-  Pp)  » 

*  exp[-  ppj  [exp[r^  ^p  exp(-C)J  -  l]  “ 

~  exp(-  ^2  exp(-C)  .  (A. 5-6) 

This  is  a  fairly  rapid  decay  with  C  and  will  not  lead  to 

2 

numerical  difficulty  when  «  1. 

For  large  bpp/A,  the  term 

^2 

exp(-  “I  Cl  -  exp(-bC)l)  (A,5-7) 

is  very  sharp  near  C  =  0;  in  fact,  it  is  given  approximately  by 

exp( - ^  bcj  for  1.  near  0  .  (A. 5-8) 

Therefore,  we  define  the  sharp  component  of  covariance  as 

^2 

kg(C)  •  exp[-  A  +  A  exp| - ^  bcj |  -  exp(-A)  for  all  C  .  (A. 5-9) 

Then 

kg(0)  -  1  -  exp(-A)  ,  kg(«)  -  0  .  (A. 5-10) 


64 


TR  8887 


Now  we  let 


*  kj{C)  +  kg(C)  .  (A. 5-11) 

where  k£(C,)  is  a  flat  function  near  C,  «  0.  Then  we  can  express 
the  desired  difference  as 

»  k^{^)  +  kg(C)  ,  (A. 5-12) 

where  functions  kj^(^)  and  kg(C.)  both  decay  to  0  at  C,  “  *•  We  now 

employ  two  separate  FFTs  on  each  of  the  functions  in  (A. 5-12). 

The  sharp  component,  k  (C),  must  be  sampled  with  a  very  small 

s 

2 

increment,  AC#  when  bpp/A  is  large.  On  the  other  hand,  the  flat 
component 

kjCC)  -  kj(C)  -  k^C)  (A. 5-13) 

2 

can  be  sampled  in  a  coarser  fashion.  Finally,  if  bpp/A  is 
moderate,  we  work  directly  with  k^(C)  “  without  breaking 

it  into  any  components. 

Two  programs  are  furnished  in  this  appendix,  one  for  moderate 

2  3 

bpp/A,  and  the  other  for  the  flat  component  (A. 5-13)  when  bpp/A 

is  large.  For  sake  of  brevity,  the  Fourier  transform  of  the 

sharp  component  (A. 5-9)  is  straightforward  and  is  not  presented. 

The  particular  covariance  p(C)  adopted  is  triangular, 

p(C)  “  1  -  for  Id  <  #  0  otherwise  ,  (A. 5- 14) 

^c 

but  can  easily  be  replaced.  The  parameter  C,,  is  the  cutoff  value 
of  covariance  p(C)* 
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The  number  of  samples,  N,  taken  of  the  covariance,  in  order 
to  perform  the  FFT  of  (A. 5-4),  is  rather  large,  so  as  to 
guarantee  a  very  small  value  of  truncation  error  at  the  upper  end 
of  the  integral,  despite  the  small  increment  At,*  In  order  to 
keep  the  FFT  size,  Mf,  at  reasonable  values,  the  data  sequence  is 
collapsed  without  any  loss  of  accuracy  according  to  the  method 
given  in  [8;  pages  7-8]  and  (9;  pages  13  -  16],  The 
trapezoidal  rule  is  used  to  approximate  the  integral  in  (A. 5-4), 
for  reasons  given  in  [8;  appendix  A], 
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SPECTRUM  FOR  PHASE  MODULATION  -  MODERATE 
Mup=l.  ( 

Gp=.001  1 

Bs=l . 

A  =  .2 
2c=2.*PI 
De 1 2=. 005 
H=60000 
Mf=l6384 

DOUBLE  N,Mf,Ms,Hs 


MUsubP 

b 

A 

Rho<2)  =  0  for 
Zeta  increment 
Maximum  number 
Size  of  FFT 
INTEGERS 


DIM  X<l6384>,V<16384),Cos<4096) 

REDIM  X<0!Mf-l ), Y<0:Mf-l),Cos<0! Mfx4) 
MAT  X=<0. )  , 

MAT  Y=<0. ) 

T=2. ♦PI/Mf 


I  2  I >2c ;  2=zet  a 
of  samples  of  ko(2eta> 


FOR  Ms=0  TO  Mf/4 

Cos<Ms)=COS<T*Ms)  !  QUARTER-COSINE  TABLE 

NEXT  Ms 

T  a=Gp*Mup»Mup 

IF  R=0.  THEN  220 

Tb-Mup*MupxA 

T  c  =2 . *A*FNExp  <  Tb ) 

Ki  r.f  =  FNExp<Ta+2.  *A-Tc  )  !  CORRELATION  AT  INFINITY 

COM  A , Bs , Zc , Ta, Tb , Tc , K i nf 
T=1 . -Ki nf 


PRINT  0,T 

X<0)=T*.5  !  TRAPEZOIDAL  RULE 

FOR  Ns=l  TO  N 

Corr=FNKo<Ns»Del z)  !  CORRELATION  koCzetai 

IF  Ns<6  THEN  PRINT  Ns,Corr 
IF  ABS<Corr)<l.E-30  THEN  350 
Ms=Ns  MODULO  Mf  !  COLLAPSING 

X<Ms)=X<Ms>+Corr 


NEXT  Ns 


PRINT  "Final  ualue  of  Corr  =”;Corr;"  Ns  =";Ns 
MAT  X  =  X*';Delz*4.  ) 

CALL  Fft I4<Mf , Cos<*) , X<*) , Y<*> ) 
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380  GINIT 

390  PLOTTER  IS  "GRAPHICS" 

400  GRAPHICS  ON 

410  WINDOW  -2, 2, -60,0 

420  LINE  TYPE  3 

430  GRID  1,10 

440  LINE  TYPE  1 

450  Delf=l./'<Mf*Del2) 

460  FOR  Ms=l  TO  Mf^2 

470  F=Ms*Delf  !  FREQUENCY 

480  PLOT  LGT<F), 10.*LGT<X<Ms)> 

490  NEXT  Ms 

500  PENUP 

510  PAUSE 

520  END 

530  ! 

540  DEF  FNExpCXminus)  !  EXP<-X)  WITHOUT  UNDERFLOW 

550  IF  Xminus>708.3  THEN  RETURN  0. 

550  RETURN  EXP<-Xmtnus) 

570  FNEND 

580  I 

590  DEF  FNKo<2eta)  !  CORRELATION  koCreta) 

600  COM  A,Bs,Zc,Ta,Tb,Tc,Kinf 

610  Rho=MAX<0. , l.-Zeta/Zc)  !  TRIANGULAR  RHO 

620  El*Ta*<l.-FNExp<:Zeta)) 

630  E2=Tb*<l.-FHExp<Bs»Zeta)) 

640  E3=R*Rho*FHExp<E2) 

650  RETURN  FNExp<El+A»<2. -Rho)-Tc*< 1 . -Rho)-E3>-Ki nf 

660  FNEND 

670  ! 

680  SUB  Fftl4<D0UBLE  N,RERL  Cos < ♦) , X< «) , Y < ♦ ) >  !  N< =2^ 1 4= 1 6384 ; 
690  [  SEE  APPENDIX  A. 3 


SUBS 


10 

!  SPECTRUM  FOR 

PHASE  MODULAT 

20 

Mup=l. 

1 

30 

Gp=.001 

1 

40 

Bs=l . 

( 

50 

A=0. 

1 

60 

Zc=2. *PI 

! 

70 

Del z=.005 

1 

80 

N»60000 

! 

90 

Mf=16384 

1 

100 

DOUBLE  H,Mf, 

Ms ,  Ns 

1 

110 

DIM  X<16384) 

,  Y< 16384), 

Cos< 

120 

REDIM  X<0:Mf 

-1), Y<0:Mf 

130 

MAT  X=<0.  ) 

140 

MAT  Y=<0.  ) 

150 

T*2.*PI/Mf 

160 

FOR  Ms=0  TO 

Mf-^4 

170 

Cos<M£>=COS< 

T*M3) 

1 

180 

NEXT  Ms 

190 

Ta=Gp*Mup*Mup 

200 

IF  A=0.  THEN 

220 

ION  -  FLAT  COMPONENT 
MUsubP 
Gamma^ 
b 
A 

Rho<Z)  =  0  for  lz|>Zc;  Z=2eta 
Zeta  increment 

Maximum  number  of  samples  of  kl( 
Size  of  FFT 
INTEGERS 
4096> 

Cos(0:Mf/4> 


QUARTER-COSINE  TABLE 


et  a> 
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210  Tb*Mup»Mup/fl 

220  Tc=2.*fi*FNExp<Tb) 

230  Tb*5.E55 

240  Kinf=FNExp<:Ta+2.»fl-Tc)  !  CORRELATION  AT  INFINITY 
250  Ea»FNExp<A) 

260  Tbb=Tb*Bs 

270  con  A, Bs, Zc , Ta, Tb , Tc I K i nf, Ea, Tbb 

280  T=l.-Kinf-<1.-Ea>  !  SUBTRACT  SHARP  COnPONENT 

290  PRINT  0,T 

300  X<0)»T*.5  I  TRAPEZOIDAL  RULE 

310  FOR  Ns=l  TO  N 

320  Corr=FNKl<Ns«Del2)  !  CORRELATION  kl<zeta> 

330  IF  Ns<6  THEN  PRINT  Ns,Corr 

340  IF  ABS<Corr)<l.E-30  THEN  380 

350  ns=Ns  MODULO  Mf  !  COLLAPSING 

360  X<Ms>=X<Ms>+Corr 

370  NEXT  Ns 

380  PRINT  “Final  yalue-  of  Corn  =";Corr;"  Ns  =";Ns 

390  MAT  X=X*<Del2*4.  ) 

400  CALL  Fftl4<Mf,Cos<*),X<*),Y<*)) 

410  CINIT 

420  PLOTTER  IS  “GRAPHICS'* 

430  GRAPHICS  ON 

440  UINDON  '2, 2, -60,0 

450  LINE  TYPE  3 

460  GRID  1,10 

470  LINE  TYPE  1 

480  re1f®l./<Mf*Del2) 

490  FOR  Ms*l  TO  Mf/'2 

500  F*Ms*De1f  !  FREQUENCY 

510  T=X<Ms> 

520  IF  T>0.  THEN  550 

530  PENUP 

540  GOTO  560 

550  PLOT  LGT<F), 10.«LGT<T) 

560  NEXT  Ms 

570  PENUP 

580  PAUSE 

590  END 

600  ! 

610  DEF  FNExp<Xminus)  !  EXP<-X>  WITHOUT  UNDERFLOW 

620  IF  Xminus>708.3  THEN  RETURN  0. 

630  RETURN  EXP<-Xminus> 

640  FNEND 

650  ! 

660  DEF  FNKHZeta)  !  CORRELATION  k'<2eta) 

670  COM  A,Bs,2c,Ta,Tb,Tc,Kinf,Ea,Tbb 

680  Rho=MAX<0.  ,  l.-Zeta/'Zc)  !  TRIANGULAR  RHO 

690  El=Ta*<l.-FNExp<Z©ta)) 

700  E2=*Tb*<l.-FNExp<Bs*2eta)) 

710  E3=A*Rho»FHExp<E2) 

720  E4=FNExp<Tbb*2eta) 

730  Sharp=FNExp<A«<l.-E4)>-Ea  !  ks(zeta) 

740  RETURN  FNExp<E 1 +A« <2. -Rho >-Tc * < 1 . -Rho>-E3> -K i nf-Shar p 
750  FNEND 

760  ! 

770  SUE  Fftl4(D0UBLE  N,REHL  Cos<*)  ,  X<*)  ,  Y<*>  )  !  H<  =2-' 1 4=  1 6384 ;  O 
780  !  SEE  APPENDIX  A. 3 
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APPENDIX  A. 6  -  EVALUATION  OF  FREQUENCY  MODULATION 

INTENSITY  SPECTRUM 

The  normalized  covariance  function  for  frequency  modulation 
is  given  by  (2.48)  in  the  main  text,  namely 

ko(C)  *  exp[-  [exp(-C,)  +  C 

f  ^F 

+  A  p{C)  exp - j  [exp(-bC)  +  bC 

^  Ab'^ 

where  2,  is  the  time  delay  and  p(C)  is  the  temporal  normalized 

.  2  2 
covariance  of  the  field  process.  Also,  pp  =  #ipg  and 

b  *  Au^/AWjj.  Since  (A. 6-1)  involves  an  exponential  of  an 

exponential  of  an  exponential,  and  because  a  wide  range  of 

parameter  values  are  of  interest,  care  must  be  taken  in  numerical 

evaluation  of  this  covariance  and  its  transform. 

Observe  that 

ko(0)  *  1  ,  because  p(0)  =  1  .  (A. 6-2) 

Also,  as  delay  C  ->  +«,  then  p  -»  0,  giving 

k^CC)  ~  exp(-  (2;  _  1)  -  2a)  s  kj(C)  for  C  >  0  .  (A. 6-3) 

2 

This  term,  kj^(C)f  decays  slowly  with  C  if  Pp  <<  1  . 

The  spectrum  of  interest  is  given  by 

CD 

Wq(w)  «  4  J  dC  cos(uC)  *^q(C)  for  w  2  0  ;  u  =  2nf  .  (A. 6-4) 

0 

The  spectrum  corresponding  to  the  limiting  component,  kj^(C)  in 
(A. 6-3),  is  directly  available  in  closed  form  as 


-  1)  -  A[2  -  p(C)]  + 

-  1]]]  for  CIO,  (A. 6-1) 
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Wj(w)  «  4  J  dJ;  cos{wC)  kj{C.)  ■ 

0 

4  r' 

-  expfr'  _  2a)  -j - 2V2 . ^  2  .  (A. 6-5) 

^  I  (ri  *  0.2 

2 

If  pp  <<  l,  this  latter  quantity  is  large  and  very  sharply 

peaked  at  u  «  0;  hence,  this  term  has  been  subtracted  out  and 

2 

handled  separately  when  <<  1*  The  residual  covariance, 

kQ(C,)  -  kj^(2,),  then  decays  very  rapidly  with  C,  and  is  easily 

handled  directly  by  means  of  an  FFT.  This  breakdown  is  not 

2 

necessary  when  pp  ~  1  and  is  avoided,  then,  by  handling 
kQ(^)  directly  in  one  FFT. 

For  //p/A  >>  1,  the  term 

expf - -  texp(-bC)  +  bC  -  1)1  (A. 6-6) 

'  Ab*^  ' 

inside  the  exponential  in  (A, 6-1)  behaves  like 

^2 

exp(-  i  C^j  near  C  -  0  ,  (A. 6-7) 

where  its  major  sharp  contribution  arises.  For  example,  if 
Pp  ■  50,  A  »  1,  then  increment  AC  »  .005  leads  to  values  for 
(A. 6-7)  of 

exp(-0.156  n^)  at  C  -  n  AC  ,  (A. 6-8) 

which  is  adequately  sampled  in  order  to  track  its  dominant 

contribution;  the  actual  sequence  of  values  is  1,  .856,  .536, 

2 

.247,  .083.  For  smaller  Pp/A,  this  sampling  interval  is  more 
than  adequate. 
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Two  programs  are  furnished  in  this  appendix,  one  each  for  the 

2 

cases  of  large  and  small  Pp.  The  particular  covariance  p(C) 
adopted  is  triangular, 

p(2,)  *  1  -  for  Id  <  C,,  /  0  otherwise  ,  (A. 6-9) 

but  can  easily  be  replaced.  The  parameter  C,  is  the  cutoff 

w 

covariance  value  and  is  specified  numerically  in  the  examples  in 
figures  3.9a  through  3.10b. 


!  SPECTRUM  FOR  FREQUENCY  MODULfiTION  -  LARGE 
Muf=50.  t  MUiubF 

Gp=.0Ol  !  GarAma" 

Bs=l,  !  b 

fi=.2  !  A 

2c=2.»PI  !  Rho<2>  =  0  for 

Delz=.005  !  Zeta  increment 

N*60000  !  Maximum  number 

Mf=l6384  !  Size  of  FFT 

DOUBLE  N,Mf,Ms,Ns  (  INTEGERS 

DIM  X<16384),Y<16384>,Cos<4096> 

REDIM  X<0:Mf-l),Y<0:Nf-l>,Cos<:0:Mf/4> 

MAT  X=<0. ) 

MAT  Y=<0. ) 

T=2. *PI/Mf 

FOR  Ms  =  0  TO  Mf/'4 

Cos<:Ms)=COS<T*Ms)  !  QUARTER-COSINE 

NEXT  Ms 

Ta=Gp«Mur*Muf 

IF  A=0.  THEN  220 

Tb*Muf*Muf/<R*Bs*Bs) 

Tc=FHExp<2.*A-Ta)»Ta 

Td=Ta*Ta 

COM  A,Bs,Zc,Ta,Tb 

X<0>=.5  I  TRAPEZOIDAL  RU 

FOR  Ns=l  TO  N 

Corr=FNKo<Ns»De1 z>  !  CORRELATION  ko 

IF  Corr<l.E-20  THEN  320 

M£=Ns  MODULO  Mf  !  COLLAPSING 

X<M£)=X<Ms)+Corr 

NEXT  Ns 

PRINT  "Final  ualue  of  Corr  =‘‘;Corr;"  Ns 
MAT  X=X*CDelz> 

CALL  Ff  t  MCMf ,  Cos<*  >  ,  X<*)  ,  Y<*)  ) 


LATION  -  LARGE  Gp^Muf-Z 

MUsubF 

Gamma" 

b 

A 

RhotZ>  =  0  for  |Z|>Zc;  Z=zeta 
Zeta  increment 

Maximum  number  of  samples  of  ko<zeta> 

Size  of  FFT 

INTEGERS 


QUARTER-COSINE  TABLE 


TRAPEZOIDAL  RULE 


CORRELAT ION  koCzeta) 


COLLAPSING 


=  ‘';Corr;"  Ns  =";N£ 
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350  GINIT 

360  PLOTTER  IS  "GRAPHICS" 

370  GRAPHICS  ON 

380  WINDOW  -4,2,-70,30 

390  LINE  TYPE  3 

400  GRID  1,10 

410  LINE  TYPE  1 

420  De1f=l./<l1f*Delz> 

430  FOR  I1s=l  TO  Mf/'2 

440  F*Ms*De]f  !  FREQUENCY 

450  T=X<Ms) 

460  IF  T>0.  THEN  490 

470  PENUP 

480  GOTO  500 

490  PLOT  LGT<F> , 10. *LGT<T) 

500  NEXT  Ms 

510  PENUP 

520  Add=X<0)-Tc/Td  !  ORIGIN  CORRECTION 

530  F*l.E-4 

540  FOR  Ns=l  TO  100 

550  W=2.*PI*F 

560  Wl=Tc/<Td+W*W) 

570  T=Wl+Rdd 

580  IF  T>0.  THEN  610 

590  PENUP 

600  GOTO  620 

610  PLOT  LGT<F), 10.*LGT(W1+Add> 

620  F«F*1.1  !  FREQUENCY 

630  IF  F>De1f  THEN  658 

640  NEXT  Ns 

650  PENUP 

660  PAUSE 

670  END 

680  I 

690  DEF  FNExp<Xmi nus)  [  EXP<-X)  WITHOUT  UNDERFLOW 

700  IF  XMinus>708.3  THEN  RETURN  0. 

710  RETURN  EXP<-Xminus) 

720  FNEND 

730  ! 

740  DEF  FNKoCZeta)  !  CORRELATION  ko<zeta> 

750  COM  A,Bs,Zc,Ta,Tb 

760  El=FNExp<Zeta)+Zeta-l . 

770  T=Bs*Zeta 

780  E2=FNExp<T)+T-l. 

790  Rho=MAX<0. , 1-Zeta/Zc )  f  TRIANGULAR  RHO 

800  T=Ta»El+A»<2. -Rho)-fl*Rho*FNExp<Tb*E2) 

810  RETURN  FNExp<T) 

820  FNEND 

830  ! 

840  SUE  Fftl4<DOUELE  N,REAL  Cos< »> , X< * > , Y< » )  )  !  N< =2 ' 1 4= 1 63S4 ;  0  SUE 
850  !  SEE  APPENDIX  A. 3 
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10 

20 

30 

40 

50 

60 

70 

80 

90 

100 

110 

120 

130 

140 

150 

160 

170 

180 

190 

200 

210 

220 

230 

246 

250 

260 

270 

280 

290 

300 

310 

320 

330 

340 

350 

360 


SPECTRUM  FOR  FREQUENCY 
Muf=l . 

Gps.eei 
Bs=l. 
fi=.2 

Zc=2.*Pl 
De 1 z=. 005 
N=1000Q 
Mf*8192 

DOUBLE  N,Mf,Ms,Ns  ! 

DIM  X<8192>,Y<8192),Cos<2048) 

REDIM  X<0!Mf-l), Y<0:Mf-l),Cos<0:Mf^4) 
MAT  X=<:0.  ) 

MAT  Y=<0. ) 


MODULATION  -  SMALL 
MUsubF 
Gamma" 
b 
A 

Rho<Z>  =  0  for 
Zeta  Increment 
Maximum  number 
Size  of  FFT 
INTEGERS 


I 


Gp*Muf  "'2 


I Z I >Zc ;  Z=zet  a 
of  samples  of  koCzeta) 


T=2.*PI/Mf 

FOR  Ms=0  TO  Mf/4 

Cos<Ms)=COS<T»Ns) 

NEXT  Ms 

Ta=Gp*Muf *Muf 

IF  A*0.  THEN  220 

Tb=Muf*Muf/<A*Bs*Bs) 

T=FNExp<2.*A-Ta) 

Tc=T*Ta 

Td*Ta*Ta 

Delf*. l*Ta/<’.*PI) 
COM  A,Bs,Zc,Ta,Tb 
X<0)=.5»<l.-T) 

FOR  Hs=l  TO  N 


!  QUARTER-COSINE  TABLE 


!  INCREMENT  IN  FREQUENCY 
!  TRAPEZOIDAL  RULE 


Corr=FNKol <Ns»De1  z>  !  CORRELATION  ko<zeta)-k 1 <zet a) 

IF  ABS<CorrKl.E-30  THEN  340 

Ms=Ns  MODULO  Mf  !  COLLAPSING 


X<Ms>*X<Ms)+Corr 


NEXT  Ns 

PRINT  "Final  value  of  Corr  »"jCorrj"  Ns  =";Hs 
MAT  X=X*<Del2) 

CALL  Fftl4<Hf  ,Cos«:*),X<:*>,Y<*)> 
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370 

GINIT 

380 

PLOTTER  IS  "GRAPHICS" 

390 

GRAPHICS  ON 

400 

WINDOW  -4,2,-70,30 

410 

LINE  TYPE  3 

420 

GRID  1,10 

430 

LINE  TYPE  1 

440 

FOR  M£=1  to  2000 

450 

F=t1s*Delf  ! 

FREQUENCY 

460 

W=2.*PI*F 

470 

Wl=Tc/-<Td+W*W)  ! 

SHARP  SPECTRAL 

COMPONENT 

480 

T=Mf*Del2*F 

490 

Ns=INT<T) 

500 

Fr=T-Ns 

510 

W2=Fr*X<N£+l )+< l.-Fr)*X<Ns> 

!  BROAD 

SPECTRAL  COMPONENT 

520 

PLOT  LGT<F), 10. *LGT<W1+W2) 

530 

NEXT  Ms 

540 

Ns=MAX<Ns, 1) 

550 

FOR  M5=Ns  TO  Mf/2 

560 

F=Ms>'<Mf*Delz)  ! 

FREQUENCY 

570 

W*2.*PI*F 

580 

Wl»Tc/'<Td+W*W> 

590 

W2=X<Ms> 

600 

T=W1+W2 

610 

IF  T>0.  THEN  640 

620 

PENUP 

630 

GOTO  650 

640 

PLOT  LGT<F), 10.*LGT<T) 

650 

NEXT  Ms 

660 

PENUP 

670 

PAUSE 

680 

END 

690 

! 

700 

DEF  FNExp<Xmi nus)  ! 

EXP<-X)  WITHOUT 

UNDERFLOW 

710 

IF  Xrfi1nus>708.3  THEN  RETURN 

1  0. 

720 

RETURN  EXP<-Xffiinus) 

730 

FNEND 

740 

! 

750 

DEF  FNKoKZeta)  1 

CORRELATION 

ko(zeta)-kl(zeta) 

760 

COM  A, Bs, Zc , Ta, Tb 

770 

El=FNExp<Zeta)+Zeta-l . 

780 

T=Bs*Zeta 

790 

E2=FHExp<T>+T-l. 

800 

Rho=MAX<0.  ,  l-Zeta/'Zc  )  ! 

TRIANGULAR 

RHO 

810 

T=Ta»El+A*<2. -Rho)-A#Rho*FNExp<Tb*E2) 

820 

RETURN  FHExp<T>-FNExp<Ta*<Zeta-l. >+2.»A) 

830 

FNEND 

840 

! 

850 

SUB  Fftl4(D0UBLE  H,REAL  Cos <*> , X<*) , Y < * )  ) 

!  N<=2'' 14=16384 

860 

1  SEE  APPENDIX  A. 3 

SUI 
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Mismatched  Frequency  and  Time  Locations  and  Characteristics 
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ABSTRACT 

The  characteristic  function  of  the  output  of  a  filtered  and 
weighted  energy  detector,  subjected  to  a  nonstationary  Gaussian 
input  signal  in  the  presence  of  colored  Gaussian  noise,  is 
derived  in  closed  form.  This  result  allows  and  accounts  for 
mismatch  in  the  receiving  filter  frequency  characteristics 
relative  to  the  received  signal  and  noise  spectra.  It  also 
allows  for  uncertainty  in  the  time  location  and/or  duration  of 
the  received  signal,  by  way  of  arbitrary  time  weighting  of  the 
squared  filter  output. 

Programs  for  evaluation  of  the  receiver  operating 
characteristics,  for  white  noise  inputs  as  well  as  colored  noise 
inputs,  are  furnished  in  BASIC  and  exercised  for  a  number  of 
examples.  This  approach  allows  for  precise  quantitative 
investigation  of  the  degradation  associated  with  filtered  energy 
detection  in  the  presence  of  uncertainties. 
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EXACT  PERFORMANCE  OF  FILTERED  AND  WEIGHTED  ENERGY  DETECTOR  WITH 
MISMATCHED  FREQUENCY  AND  TIME  LOCATIONS  AND  CHARACTERISTICS 

INTRODUCTION 

The  detection  of  weak  random  signals  of  unknown  duration/ 
bandwidth/  time  location,  and  frequency  shift  in  the  presence  of 
colored  noise  is  often  accomplished  in  practice  by  filtering  the 
received  waveform  to  the  frequency  band  of  interest,  squaring  the 
filter  output,  and  time-weighting  this  quantity  prior  to 
accumulation  and  threshold  comparison.  The  performance  of  this 
processor  obviously  depends  on  the  spectra  of  the  received  signal 
and  noise  processes  as  well  as  on  the  transfer  characteristics  of 
the  filter  employed.  Lack  of  detailed  knowledge  of  the  signal 
spectral  characteristics  or  frequency  shift  will  often  dictate 
that  a  fairly  broad  (mismatched)  filter  passband  be  utilized  in 
order  that  the  signal  be  passed  when  present.  Similarly, 
uncertainty  about  the  signal  location  or  duration  will  mandate 
that  the  receiver  observation  time  be  lengthened  in  order  to 
ensure  capture  of  any  impingent  signal  energy. 

Additionally,  the  received  signal  process  is  often 
characterized  as  a  finite-duration  burst  of  a  stationary  process. 
Since  the  signal  time  location  and  duration  are  often  unknown, 
the  receiving  filter  must  be  kept  open  at  all  times,  thereby 
allowing  the  filter  output  noise  to  reach  its  full-strength 
steady  state  value.  By  contrast,  a  gated  input  signal  leads  to  a 
filter  output  component  which  gradually  builds  up  in  time  and 
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then  decays  slowly  after  the  signal  is  turned  off.  These 
nonstationary  effects,  coupled  with  the  particular  time  weighting 
employed  during  the  observation  interval,  influence  the 
performance  of  the  detector  in  a  complicated  nonobvious  fashion. 

There  is  a  need  to  be  able  to  calculate  exactly  the 
performance  of  this  type  of  signal  processor  in  the  presence  of 
such  deleterious  factors,  so  that  the  degradations  associated 
with  lack  of  knowledge  can  be  ascertained  quantitatively. 
Furthermore,  it  will  not  suffice  to  resort  to  Gaussian 
approximations  for  the  processor  output,  because  the  number  of 
samples  employed  are  not  large  enough  to  utilize  the  central 
limit  theorem,  especially  on  the  tails  of  the  distribution  (small 
false  alarm  probabilities)  where  we  are  interested.  This  need  is 
addressed  in  this  report  for  the  case  of  Gaussian  input  signals 
in  Gaussian  noise,  with  the  result  that  programs  are  furnished 
for  exactly  assessing  the  performance  of  the  mismatched  energy 
detector  for  a  very  wide  variety  of  characteristics  and 
selections  of  parameters.  In  particular,  no  presumptions  are 
made  about  the  input  signal  time-bandwidth  product  or  about  the 
size  of  the  product  of  observation  time  and  filter  bandwidth. 
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SYSTEM  DESCRIPTION  AND  ASSUMPTIONS 


Figure  1.  Block  Diagram  of  Detector 


The  detector  of  interest  is  the  digital  processor  depicted  in 
figure  1;  time  sampling  increment  A  is  arbitrary  but  should  be 
approximately  matched  to  the  coherence  times  of  the  input  signal 
and  filter.  The  digital  input  sequence  x(kA),  filter  impulse 
response  A  h(mA),  and  summer  weights  w(kA)  are  all  real.  Input 
x(kA)  consists  of  either  noise-alone  or  gated  signal  plus  noise, 
according  to  model 


x(kA)  -  \ 


n(kA) 


or 


for  all  k  . 


U(kA)  g(kA)  +  n(kA)J 


(1) 


Input  noise  n(kA)  is  present  for  all  time  and  is  a  stationary 
zero-mean  discrete  Gaussian  sequence  with  covariance 

Rj^(mA)  ■  n(kA)  n(kA-mA)  for  all  m,k  ,  (2) 

where  an  overbar  denotes  an  ensemble  average.  The  numerical 
evaluation  of  the  values  of  the  noise  covariance,  directly  from 
a  specified  noise  spectrum  is  considered  in  appendix  A. 

Underlying  input  signal  s(kA)  in  (1)  {if  present)  is  also  a 
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Stationary  zero-mean  discrete  Gaussian  sequence  with  covariance 

R_(mh)  =*  s ( kh )  s ( kA-mA )  for  all  m,k  .  (3) 

s 

However,  input  signal  samples  s(kh)  are  gated  by  function  g(kA) 
which  is  nonzero  only  in  a  limited  time  region: 

g(kA)  ■  1  for  k^  i  k  i  kjj  ,  zero  otherwise  .  (4) 

This  results  in  a  gated  burst  of  stationary  signal  sequence  s(kh) 
being  inputted  to  digital  filter  h(mA);  the  input  signal 
starting  and  ending  times  k^A  and  kj^A,  respectively,  are 
generally  unknown,  except  in  an  approximate  way.  This  generality 
allows  for  consideration  of  input  signals  of  unknown  arrival  time 
and  duration  at  the  detector  input. 

The  filter  output  y(kA)  can  be  conveniently  broken  into 
signal  and  noise  components,  in  accordance  with  (1),  and  is 
available  by  means  of  discrete  convolution 

y(hA)  *  ^  h(mA)  x(kA  -  mA)  «  y.CkA)  +  y  (kA)  ,  (5) 

m 

when  an  input  signal  is  present.  (Summations  without  limits  are 
over  (-»,+*).)  However,  due  to  the  gating  in  (1),  filter  output 
signal  y.(kA)  will  have  transient  phases,  including  a  buildup 
just  after  time  k^^A  and  a  decay  just  after  time  kj^A.  This 
nonstationary  behavior  is  included  and  exactly  accounted  for  in 
the  following  analysis. 

The  filter  output  (5)  is  then  squared,  scaled  by  weights 
w(kA),  and  summed  to  give  system  output 
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z  -  n  w(kA)  y^(kA)  ,  (6) 

k 

where  the  weights  are  nonzero  only  in  a  limited  observation  time 
specified  by 

w{kA)  ^  0  for  k^  i  k  i  k^  .  (7) 

These  weights  need  not  be  uniform;  for  example,  they  could  be 

exponential.  Output  z  is  compared  with  a  threshold  for  a 

declaration  of  signal  absent  versus  signal  present. 

Observation  time  limits  k^A  and  k.A  are  under  the  control  of 

c  d 

the  receiver  processor,  and  would  hopefully  match  fairly  well  the 
time,  interval  over  which  the  gated  input  signal  is  received;  see 
(4).  But,  in  any  event,  the  degree  of  generality  in  (7)  allows 
for  investigation  of  observation  times  that  might  be  too  short, 
thereby  losing  some  signal  energy,  or  too  long,  thereby  picking 
up  additional  unwanted  noise  components;  both  situations  lead  to 
deterioration  of  the  detectability  of  weak  signals  and  should  be 
avoided  if  possible.  An  illustration  of  the  parameters  is  given 
in  figure  2,  for  signal-only  present. 


input  signal  samples 
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FILTER  OUTPUT  NOISE  CHARACTERIZATION 

The  filter  output  noise  sequence  is  obtained  from  discrete 
convolution  ( 5 )  and  ( 1 )  as 

y^(kA)  *  A  5^  h(mA)  n(kA  -  mA)  for  all  k  ,  (8) 

m 

where  it  is  presumed  that  the  filter  h(mA)  has  been  open  to  noise 
input  n(kA)  for  all  time;  this  results  in  noise  output  Yj^CkA) 
being  a  zero-mean  stationary  Gaussian  sequence.  The  filter 
output  noise  covariance  at  general  times  k^A  and  k2A  is  given  by 

V  -  YnO'i'')  yn<'‘2''l  ‘ 

*  A^  ^  h(mA)  h(pA)  n(k^A  -  mA)  n(k2A  -  pA)  ■ 
mp 

«  A^  >  !  h(mA)  h(pA)  R^(kj^A  -  k2A  +  pA  -  mA)  « 
mp 

where  the  filter  correlation  function  is  defined  as 

(jA)  •  A^  X]  h(mA)  h(mA  -  jA)  for  all  j  .  (10) 

“  m 

The  right-hand  side  of  (9)  is  a  function  only  of  the  time 
difference  k^^A  -  k2A,  in  keeping  with  the  stationarity  of  filter 
output  noise  y^{k^) . 
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If  the  input  noise  in  figure  1  is  white,  its  covariance  in 
(2)  becomes 

-  'n  ‘«o  '  <“> 

2 

where  is  the  input  noise  power.  In  this  case,  the  filter 
output  noise  covariance  in  (9)  simplifies  to 

C^(kj^A,k2A)  ■  +j^(kj^A  -  k2A)  for  white  input  noise  .  (12) 

The  numerical  evaluation  of  filter  correlation  function 
(10),  directly  from  a  specified  transfer  function  H(f),  is 
considered  in  appendix  B.  A  possible  problem  with  discontinuous 
functions  is  treated  in  appendix  C. 
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FILTER  OUTPUT  SIGNAL  CHARACTERIZATION 

The  filter  output  signal  sequence  (when  present)  follows  from 
( 5 )  and  ( 1 )  as 


y  (kA)  •  ti  -  mA)  s(mA)  g(mA)  for  all  k  .  (13) 

®  m 

The  finite  duration  of  gating  sequence  g(kA)  in  (4),  as  well  as 
the  realizability  of  impulse  response  A  h(mA),  will  serve  to 
terminate  the  summation  in  (13)  at  finite  limits. 

We  presume  that  filter  h(mA)  in  figure  1  is  realizable;  that 
is, 

h(mA)  =  0  for  m  <  0  .  (14) 

This  makes  filter  output  signal  y_,(kA)  in  (13)  equal  to  zero  for 
k  <  k. .  On  the  other  hand,  if  the  filter  has  an  infinite- 

a 

duration  impulse  response  A  h(mA),  then  y_(kA)  is  nonzero  for 

9 

k  i  k_;  see  figure  3.  However,  the  filter  output  noise  y„(kA) 
will  dominate  the  signal  output  for  k  >>  kj^,  meaning  that  per¬ 
formance  of  the  detector  will  be  poor  in  the  case  when  k^  >>  kj^. 
That  is ,  too  long  an  observation  time  in  ( 7 ) ,  relative  to  the 
signal  duration,  is  detrimental  to  signal  detectability. 


steady  state 


buildup-^  ( 
1  9^^  1 

> 

< 

> 

■ 

iq^ca] 

1  r 

•'a  A 

1 

1 

1  1 

^b 

< 

)  ( 

1  1  ^ 

) 

6 

Figure  3.  Filter  Output  Signal  Buildup  and  Decay 
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The  signal  output,  y_(kA)  in  (13),  from  filter  h(mA)  is  not 

S 

stationary.  The  filter  output  signal  covariance  is  defined  as 

Cg{k^A,k2A)  -  7^{k^A77^0^  »  Cg(k2A,k^A)  for  all  k^,k2.  (15) 

This  function  is  zero  for  k^  <  k^  or  k2  <  k^;  therefore,  in  the 
following,  we  can  confine  calculation  of  (15)  to  kj^  i  k^  and 
^2  ^  ^a*  particular  filter  output  signal  sample  ys(kg^A)  is 

nonzero  only  if  h(0)  0. 

Substitution  of  (13)  in  (15)  and  the  use  of  (3)  yields 

Cg(kiA,k2A)  *  YU  h(kj^A-mA)  h(k2A-pA)  s(mA)  s(pA)  g(mA)  g(pA)» 

mp 

=  A^  YZl  h(kj^A~mA)  h(k2A-pA)  Rg(mA“pA)  g(mA)  g(pA)  .  (16) 

mp 

When  we  take  explicit  account  of  realizability  condition  (14)  and 
the  finite  duration  of  unity  gating  function  g(kA)  in  (4),  the 
filter  output  signal  covariance  in  (16)  can  be  efficiently 
computed  according  to 

Ki  K2 

C  (k,4,k-4)  -  4^  C  h(k.4-ni4)  JZZ  h(k,4-p4)  R  (m4-p4)  ,  (17) 

m-k^  p-k^ 

where 

®  min(kj^,kjj)  ,  ^2  ~ 

Since  k^^  i.  k^,  k^  1  k^,  k2  i.  k^,  it  follows  that  1  k^  and 
K~  i.  k^ ,  thereby  making  the  stimmations  in  ( 17 )  treat  only 

jL  ol 

nonzero  entries. 
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SUMMER  CONSIDERATIONS 

The  weighted  sxunmer  in  figure  1  and  (6)  -  (7)  takes  its 
samples  at  times  kA,  where  k^  i  k  i  k^.  If  k^  <  k^,  then  no 
signal  gets  into  the  summer,  and  the  signal  at  the  input  cannot 
be  detected  at  all,  whether  present  or  not.  Since  this  is  not  a 
useful  application  of  the  detector  in  figure  1,  the  only 
situation  we  will  address  is  that  where  k^  2  k^,  so  that  some 
signal  (when  present)  contributes  to  the  summer  output. 

There  are  then  two  possibilities  for  observation  start  time 

k^A,  as  indicated  in  figure  4  below.  If  k^  <  k„  (case  1),  the 

summer  is  taking  in  noise-only  samples  for  k^  i  k  <  k^;  this  will 

degrade  performance  of  the  detector  but  is  sometimes  unavoidable 

when  the  signal  onset  time,  k^A,  is  unknown.  In  this  case,  we 

only  need  to  compute  signal  output  covariance  Cg(kj^A,k2A)  for 

k,  i  k,,k«  1  k.,  since  »  0  for  k,  <  k„  or  k-,  <  k^. 
al  2d  s  la  2a 

On  the  other  hand,  if  k„  2  k^  (case  2),  signal  is  taken  into 
the  summer  on  all  samples  available  to  it.  However,  if  k^  is 
considerably  larger  than  k^,  a  significant  portion  of  the  signal 
contribution  can  be  lost;  this  degradation  of  performance  is 


YgCkA) 


Figure  4.  Filter  Output  Signal  yg(kA) 
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sometimes  unavoidable  when  is  unknown.  In  this  latter  case, 
we  only  need  to  compute  Cg(kjA,k2h)  for  k^  l  ^  ^d’ 

The  general  rule  is  that  we  need  to  compute,  from  (17),  the 
filter  output  signal  covariance  Cg(kj^A,k2A)  for 

Kq  «  max(k^,k^)  i  ^^^2  ^  •  (19) 

Then,  if  k^  <  k^^,  use  0  for  Cg(kj^A,k2A)  for  those  values  where 
*^1  ^  ^a  ^2  ^  ^a*  course,  noise  covariance  Cj^{kj^A,k2h)  in 
(9)  or  (12)  must  be  computed  for  k^  1  ^  ^d  cases. 

Since,  from  (19), 

kj^  2;  max(k^,k^)  i.  k^,  then  «  min(kj^,k^)  i  k^  ;  (20) 

also,  since 

k2  i  max(kg^,k^)  2  k^,  then  K2  ■  min(k2,kjj)  2  k^  .  (21) 

Therefore,  the  sums  in  (17)  always  have  some  entries;  that  is, 
the  upper  limit  is  never  less  than  the  lower  limit.  The  only 
restriction  is 

k^  i  k^  .  (22) 

Of  course,  we  must  always  have  k^  1  kj^  and  k^  1  k^. 

In  summary,  the  filter  output  signal  covariance  follows  from 
(17)  and  (18),  while  the  filter  output  noise  covariance  is 
available  in  (9)  or  (12).  The  region  where  the  filter  output 
signal  covariance  Cg(kjA,k2h)  calculation  is  nonzero  is 
crosshatched  in  figure  5  for  the  case  where  If 

k  i  k  ,  then  C_(k,A,k~h)  is  nonzero  in  the  larger  square 
indicated  in  figure  5. 
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CHARACTERISTIC  FUNCTION  OF  SYSTEM  OUTPUT  z 

The  system  output  z  is  given  in  (6)  as  a  sum  of  weighted  and 
squared  correlated  zero-mean  Gaussian  random  variables  y(kA). 
AlsO/  the  covariance  of  the  noise  component  yj^(kA)  is  given  by 
(9)  or  (12),  while  the  covariance  of  the  signal  component  yg{kA) 
(if  present)  is  given  by  (17)  -  (18)  and  figure  5.  Therefore, 
the  covariance  of  y(kA)  is  given  by 

Cy(k^A,k2A)  -  Cg(kjA,k2A)  +  C^(kjA,k2A)  .  (23) 

The  system  input  signal-to-noise  ratio  is  R_(0)/R  (0)  in  terms  of 
input  covariances  ( 2 )  and  ( 3 ) . 

For  nonnegative  weights  {w(kA)},  we  define  random  variables 

aj^  ■  ^w(kA )'  y(kA)  for  k^  1  k  S  k^  .  (24) 

Then,  (6)  -  (7)  yields  the  output  in  the  form 

kd 

z  -  ZZ  a?  ^  (25) 

k»k^ 

c 

where  zero-mean  Gaussian  random  variables  (aj^)  have  covariance 


^(ki,k2 


w(kjA)  w(k2A)  C  (kjA,k2A) 


(26) 


In  order  to  find  the  characteristic  function  of  random 
variable  z  in  (25),  we  consider  the  square  symmetric  covariance 
matrix  C  with  elements  (26)  for  k^  1  ^  ^d*  ® 
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normalized  modal  matrix  of  the  orthonormal  eigenvectors  of  C  and 
let  A  be  the  diagonal  matrix  of  the  eigenvalues  of  C;  see 

[1;  pages  36  -  39].  Then  we  have 

qTq«qq’’-I,  q^CQ-A.  (27) 

Now  let  column  vector  A  be  made  up  of  elements  {aj^}  for 
iL  k  ^  k^,  as  defined  in  (24),  in  which  case  (25)  and  (26)  can 
be  expressed  as 

z  -  A*^  A  ,  C  -  A  A*^.  (28) 

Also,  let  column  vector  B  be  defined  by  linear  transformation 

B  »  A  ;  then  A  «  Q  B  .  (29) 

Substitution  of  (29)  into  (28)  yields 

kd 

z  -  A*^  A  »  B*^  Q  B  -  B*^  B  -  YU.  f  (30) 

k-k^ 

where  {bj^}  are  the  elements  of  B.  At  the  same  time,  the 
covariance  matrix  of  vector  B  is 

B  B^  »  A  A^  Q  «  C  Q  -  A  ,  (31) 

where  we  used  (29),  (28),  and  (27).  Thus,  the  sum  for  z  in  (30) 
is  composed  of  uncorrelated  (and  therefore  independent)  zero-mean 
Gaussian  random  variables  (bj^),  where  the  variance  of  element  bj^ 
is  eigenvalue  Xj^. 

The  characteristic  function  of  random  variable  z  in  (30)  is. 
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using  the  independence  and  Gaussian  character  of 
f^(^)  -  exp(iSz)  -  J|  exp  i^b^  - 


^  r  f  2 

TT  du  exp(iCu^)  (2nXj^)“**  exp 
k-k  ^  ^ 


Lu2 


[[ 

k«k 


IT  (i  -  • 


(32) 


Although  this  final  result  is  given  as  a  finite  product  of 
k^-k^+l  principal -value  square  roots,  it  can  be  computed  as  a 
single  principal-value  square  root  of  a  finite  product  of  complex 
first-order  polynomials,  provided  that  the  location  of  the 
product  in  the  complex  plane  is  tracked  from  ^  0;  for  example, 

see  [2;  pages  B-1  and  B-2]. 
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COVARIANCE  AND  FILTER  EXAMPLES 


INPUT  SIGNAL  CHARACTERIZATION 

The  input  signal  covariance  will  be  taken  to  be  a  sum  of 
damped  exponentials: 

J 

Oj  exp{-|T |/Tgj)  for  all  t  ,  (33) 


where  the  J  exponential  parameters  {r..}  are  all  distinct.  The 

®  J 

scalings  {a.}  and  time  constants  {r  . )  can  be  complex,  provided 
that  they  occur  in  complex  conjugate  pairs;  that  is,  input  signal 
covariance  R_{t)  must  be  real  for  all  t.  The  origin  value, 

S 


is  the  input  power  of  stationary  signal  sequence  s(kA)  in  (1)  and 
(3),  prior  to  gating.  The  input  signal  spectrum  corresponding 
to  (33)  is,  with  w  »  2nf, 


P  J  2  a  •  T  • 

G  (f)  -  [  dr  exp(-i2xfT)  R  (r)  -  JZZ  - ^ »  (35) 

®  ®  ^  1  +  («  Tg.)2 


which  is  seen  to  contain  2J  distinct  poles  in  the  complex 
f-plane.  G  (f)  can  contain  up  to  2J-2  zeros. 

S 

For  time  sampling  increment  A,  the  sampled  input  signal 
covariance  is,  from  (33), 
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*^014  exp(-a.lkj)  ;  a- 
s  ^  D  3  3 


(36) 


The  J  exponential  parameters  {a^)  are  distinct,  but  they  can  be 
complex;  in  fact,  {Oj}  and  {aj|  can  both  be  complex  provided  that 
they  occur  in  complex  conjugate  pairs  such  that  R_(kA)  is  real 
for  all  k.  In  fact,  some  of  the  scalings  {Oj}  can  be  negative, 
provided  that  total  spectrum  G  (f)  in  (35)  is  nonnegative  for  all 
f.  The  exponential  parameters  (aj)  in  (36)  must  also  satisfy 
Re  Sj  >0  in  order  that  the  covariance  tend  to  zero  it  k  *  ±<». 

For  a  particular  pair  of  complex  conjugate  terms,  say 


“l  ■  “o  '  “2  *  “o  '  Si  *  S  '  ^ 


s2  ‘o 


•  ^1  *  ®0  '  * 


2  “o' 

(37) 


the  corresponding  part  of  the  (continuous)  input  signal 
covariance  (33)  can  be  expressed  in  the  alternative  form 


2  exp(-«^iT|)  [a^  cos(w^|t|)  +  sin(w^|T|)]  , 


(38) 


where  we  have  defined  the  real  and  imaginary  parts 


Oq  -  Or  +  io.  , 


-  ■Cl)  +  ICi). 


(39) 


The  sampled  signal  covariance  for  component  (38)  is 


Rg(kh)  »  2  exp(-a^lkl)  [o^  cos(a^|k|)  +  o^  sin(a^|k|)]  ,  (40) 


18 


TR  8913 


where  and  a^^  ■  u^A. 

The  spectral  component  associated  with  component  covariance 
(38)  is,  by  reference  to  (35)  and  (39), 


G°(£) 


^  ^  * 

2  2 

o  o  ^  _ o  o 


1  +  (w  Tq)2  1  +  («  t*)2 


2  Re 


2  a  /r 
_ o  o 

0)2  +  l/r2 


4  Re 


(Or  +  io^)(Wj.  +  io>^) 
0)2  +  (0)^  +  io)j^)2 


(  2  2  2)  (  2  2 
0)^.  lo)^  +  0)j^  +  0)  I  +  o)j^  lo)^  +  o)j^ 

'  /  ^ ^  ■  L\  f — K - * - sy- 

0)^  +  (0)  -  0)^)“^  +  (w  +  u^) 


1^. 


a_  0)  -  a.  (0)  -  0). )  a  o)_  +  a.  (o)  +  o). ) 

2  ^  i +  2  ^  ^  i - 


0)2  +  (0)  -  0).  )2 


2  2 
0)^  +  (O)  +  0)j^) 


(41) 


a.  +  ia^  a.  -  io^  -  a.  +  ia^  -  o.  -  ia^ 

1 _ r  1 _ r  _j_  _ 1 _ r  ^  _ i _ r 

0)  4*  0)<  +  10)  0)  +  0).  -  10)  0)  -  O)'  +  io)  0)  -  0>-  -  10) 

1  r  1  r  1  r  i  r 


If  this  spectral  component  G°(f)  goes  negative  for  some  ranges  of 
f,  it  must  be  accompanied  by  additional  terms  in  summation  (35) 
to  keep  the  total  spectrum  G  (f)  nonnegative  for  all  frequencies 
f.  Spectral  coi  ^onent  (41)  has  four  poles  in  the  complex  o)-plane 
at  locations  o)  =  o)j|^  ±  io)^  and  oj  »  -  o)^^  ±  io)^.  . 

Even  if  coefficients  {a-}  and  1t_  •  )  in  (35)  are  purely  real 

j 

and  the  poles  are  distinct,  oscillatory  behavior  of  spectrum 
G_(f)  is  still  attainable.  For  example,  with 

9 

J  -  3,  {aj}  -  1,  8,  15,  (Oj)  -  11,  -48,  75,  (42) 


19 


TR  8913 


the  spectrum  (35)  is  displayed  versus  uA  in  figure  6.  Actually 
plotted  is  the  scaled  spectrum 


GgCf) 

2A 


J  a.  a. 

S — •  _ _1__J 

r  2  2  ' 

(WA)^  +  a^ 


(43) 


where  we  have  used  (36)  to  eliminate  The  negative 

s  J 

coefficient  for  02  causes  the  dip  near  uA  >  4. 


Figure  6.  Spectnun  (43)  for  Parameters  (42) 
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INPUT  NOISE  CHARACTERIZATION 


The  presentation  in  this  subsection  exactly  parallels  that 
above  for  the  input  signal.  The  input  noise  covariance  is  again 
taken  to  be  a  sum  of  damped  exponentials  of  the  form 

M 

■  IZ!  Pm  ^ 

m“l 


where  the  M  (complex)  noise  time  constants  are  all  distinct 

from  one  another.  (Some  of  them  may  equal  some  of  the  signal 
time  constants  {t„.}  in  (33),  if  desired.)  The  origin  value, 

S  J 


V“) 


M 


(45) 


is  the  input  power  of  noisa  sequence  n(kA)  in  (1). 

For  time  sampling  increment  A,  the  sampled  input  noise 
covariance  is,  from  (44), 


M 

m“l 


(46) 


The  noise  exponential  parameters  (b^jj)  are  distinct,  but  they  can 
be  complex;  however.  Re  >  0.  (Some  of  the  (bj^j)  can  equal  some 

of  the  (aj)  in  (36).)  The  special  case  of  white  noise, 

2  2 
Rj^(kA)  «  Sj^Q,  is  handled  by  choosing  M  »  1,  ■*  0, 

b  2  +*® . 
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FILTER  CHARACTERIZATION 


We  first  consider  an  analog  filter  with  a  rational  transfer 
function  with  N  distinct  poles,  namely 


H(f) 


N 


'^n 


^ — -  1  +  i2nfT, 
n=l  hn 


(47) 


where  are  distinct  (complex)  time  constants.  H(f)  can  have 

up  to  N-1  zeros.  The  corresponding  impulse  response  is 


h(T) 


{eZ  for  t  i  0 

^n=l  ^hn  '^hn^ 


0  for  T  <  Oj 


(48) 


which  is  required  to  be  real  for  all  t.  The  sampled  impulse 
response  is  then  of  the  form 

N  . 

A  h(mA)  -  ye  'I'n  m  ^  0  ,  c^^  »  - —  ,  (49) 

n*  1  hn 


where  the  N  filter  exponential  parameters  {c^^}  are  distinct  from 

one  another;  also.  Re  c^  >  0. 

n 

The  filter  correlation  function  is  available  by  substitution 
of  (49)  in  (10),  with  the  result 


N 


*  iz;  'I'n  ^n  ''n  all  j  ,  (50) 

n*l 


where 


n  ^  1  -  exp(-c„-c^) 


for  1  1  n  1  N 


(51) 


n  ''k- 
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The  form  of  filter  correlation  ♦jj(jh)  in  (50)  is  identical  to  the 
sampled  input  signal  covariance  (36),  in  that  (50)  is  also 
composed  of  N  distinct  exponentials;  hence,  the  comments  and 
examples  given  there  are  relevant  here  also. 

A  useful  alternative  exists  to  the  calculation  of  constants 
(Vn)  via  (51).  Namely,  define  z  transform  filter 

H(z)  *  HZ  2"”  ^  h(mA)  .  (52) 

m“0 


Replace  n  by  k  in  (49)  and  substitute  the  result  into  (52); 
then  an  interchange  of  summations  yields 


H(z) 


k«l  1  -  ~  exp(-c^) 


(53) 


It  then  follows  immediately  by  comparison  with  (51)  that 

*  H(exp(Cj^))  for  1  i  n  i  N  .  (54) 

When  H(z)  is  available  as  a  rational  function,  (54)  can  be  used 
directly,  instead  of  summation  (51). 

The  exponential  parameters  in  impulse  response  (49)  and 

corresponding  N-pole  filter  (53),  can  be  complex,  provided  that 
they  occur  in  complex  conjugate  pairs  and  that  their 
corresponding  coefficients  are  also  conjugate  pairs.  That 

is,  the  sum  of  two  conjugate  terms  of  the  form  of  (49)  must  be 
real  for  all  m  l  0.  This  generality  allows  for  oscillatory 
impulse  responses  such  as  yielded  by  narrowband  filters. 
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FILTER  OUTPUT  NOISE  COVARIANCE 

In  the  sequel/  we  will  find  use  for  the  following  closed  form 
for  the  discrete  convolution  of  two  exponentials: 


exp[-clk|]  e  expt-b|k|]  s  exp[-c | j j -b| k- j | ] 

] 


fsinh(c)_exp(-b|ki  )  -  sinh{b)  exp(-c|k|)  b  cl 


cosh(c)  -  cosh(b) 


[Ikl  «='P(-<=I''I) 


for  b  »  c 


(55) 


The  filter  output  noise  covariance  is  given  by  (9).  If  we 
define 


C(kA)  -  5;  R^(kA  -  jA)  /  (56) 

then  the  stationarity  of  filter  output  noise  yj^(kA)  in  (8)  allows 
us  to  express  ( 9 )  as 

Cn(kiA,k2A)  -  C{kjA  -  k2A)  .  (57) 

Therefore,  we  can  concentrate  on  evaluation  of  C(kA)  in  (56)  for 
representative  filter  correlations  and  input  noise  covariances 

«n- 

In  particular,  we  will  use  the  general  filter  correlation 


(50)  and  input  noise  covariance  (46),  where  we  presume  that  none 
of  the  filter  parameters  (Cj^l  are  equal  to  any  of  the  input  noise 
parameters  {b  That  is. 


TR  -SSIS 


b  for  all  n.m  .  (58) 

n  m  '  '  ' 

Substitution  of  (50)  and  (46)  in  (56)  and  use  of  (55)  results  in 

C(Ka)  -  cn: exp(-c„lj|)  IZ  exp(-b  |n-jl)  . 
j  n*l  in*l 

-  +„  Cn  C  exp[-c„|j|-b^|k-j|)  . 

n*l  in*l  3 

M  N 

-  IZ  /^n,  ^  ^  ^n  ^ 

in*l  n«l  "  ^ 


where  we  defined  auxiliary  constants 


JL  'i'n  ®n  sinh(c  ) 

^  C  55?h-(-c;-r---<^rhTt)'  ^  ^  ^ - 


^n  *  '^n  ®n  ^n  cosh{bj 


S  sinh(b„) 


•n>)  -  cosh(c^) 


for  1  i  n  i  N 


(60) 


Condition  (58)  keeps  all  the  denominators  in  (60)  from  becoming 
zero.  On  the  other  hand,  if  one  of  the  filter  parameters  (c^^}  is 
equal  to  one  of  the  noise  parameters  (b^lr  then  it  is  merely 
necessairy  to  utilize  instead  the  second  line  of  (55)  for  that 
particular  n,m  pair  in  the  j  sum  in  the  middle  line  of  (59). 

End  result  (59)  for  the  filter  output  noise  covariance  is  a 
compact  expression  that  is  capable  of  being  quickly  computed, 
once  constants  and  have  been  evaluated  by  means  of 

(60)  and  stored.  Again,  we  encounter  a  sum  of  decaying 
exponentials,  albeit  of  M  +  N  terms  now. 
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FILTER  OUTPUT  NOISE  COVARIANCE  FOR  WHITE  NOISE  INPUT 

When  the  input  noise  is  white,  then  as  noted  under  (46),  we 
have  for  the  input  noise  covariance, 

Rjj(kA)  -  0^  ,  that  is,  M  -  1  ,  -  0^  ,  .  (61) 

2 

Use  of  this  result  in  (60)  yields  A'j  0/  Yjj  %  'I'n  ^n  '’n' 
which  case  the  filter  output  noise  covariance  (59)  becomes 

9  N 

C(kA)  -  JZZ  '('n  '^n  ^  (^2) 

n*l 

where  {v^^}  are  given  by  (51). 

Actually,  (62)  is  a  special  case  of  the  general  white  noise 
result  obtained  by  substitution  of  (61)  into  (56);  namely,  for 
arbitrary  filter  A  h(mA),  the  filter  output  noise  covariance  is 

C(kA)  “  0^  fj^(kA)  for  white  noise  input  ,  (63) 

where  filter  correlation  is  given  by  (10). 
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FILTER  OUTPUT  SIGNAL  COVARIANCE 


The  nonstationary  filter  output  signal  covariance  is  given  by 

double  summation  (17)  in  conjunction  with  (18).  If  we  substitute 

input  signal  covariance  R  (kA)  given  by  (36) #  along  with  filter 

s 

impulse  response  A  h(mA)  given  by  (49),  into  (17),  there  follows 


*^1  N  ,  .  N 

C  (kiA,k2A)  •JZl  EH  'I'n  S  ^  HZ  Cq  ^ 

®  ^  m-k^  n-1  ”  "  ^  n  1  j  .  q  q 

a  a  ’ 


Ki  Kj 

X  exp  [c  m]  YZZ  expfc  p  -  ajm-p|)  .  (64) 

m«kg  ^  ^  p-k^  ^  ^  3  ^ 

In  order  to  evaluate  the  innermost  double  sximmation  in  (64), 
we  let  A  «  exp(aj),  B  =  exp(Cq),  C  *  exp(Cj^)  and  we  presume  that 
kj^  ^  ^2'  then  follows  from  (18)  that  ^  ^2'  double 

sum  in  the  last  line  of  (64)  can  be  developed  thusly: 

Ki 

S(A,B,C,k  ,K,,K2)  s  C®  jm:  bP  a“I"‘**P>  -  (65) 

®  ^  ^  m«k^  p«k^ 

Ki  r  m  K- 

_ 1  _  m  2 

.  ^ — ■  r®  S — '  rP  aP~®  +  S — ■ 

m-ka  lp*k^  p-m 
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Ki  ^  Kj 

-  YU  (C/A)”  EZ  (BA)P  +  YU  (CA)”  YZ  (B/A)^  -  YZ  (CB)”  .  (66) 

m-k^  P“k.  m»k,  p»m  m-k 

a  a  a  a 


Now  we  use  the  fact  that 


M  L  M+1 

EZ  2  •  --  T  --- -  for  z  fi  1  ,  L  i  M  ,  (67) 

in«L  ^  ^ 


and  we  define  auxiliary  function 


g(z,k)  2  ^  "f"--  for  z  I  .  (68) 


Then,  after  some  amount  of  manipulation,  the  siuns  in  (66)  can  be 
expressed  in  the  closed  form 


S(A,B,C,k,,Ki,K2)  -  g(CB,k^)  (;,*bMA-C)  *  ^ICB.K^+l) 

+  g(B/A,K2+l)  [g(CA,Kj+l)  -  g(CA,kg)]  -  g(BA,k^)  g(C/A,Kj+l)  , 

(69) 

provided  that  B  A  and  C  A.  (B  cannot  equal  1/A,  nor  can  C 
equal  1/A  or  1/B,  because  the  real  parts  of  c^^  and  are  always 
positive. ) 

We  now  employ  definition  (65)  in  order  to  express  the  filter 
output  signal  covariance  in  (64)  in  the  final  form 


C^(kiA,k2A)  -  ^  Oj  ^  c„  exp(-c„kj)  IZ  +q  exp(-Cgkjj  x 


X  s[exp(aj),exp(Cq),exp(c^),k^,Kj,K2]  , 


(70) 
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provided  that  none  of  the  filter  parameters  {c^^}  are  equal  to  any 
of  the  input  signal  parameters  {aj}.  That  is, 

a.  for  all  n,j  .  (71) 

n  3 

This  result,  (70),  cannot  be  further  reduced  without  the  various 
parameters  being  specified.  The  triple  summation  will  not  be 
overly  time  consuming  unless  the  input  signal  or  filter  are 
characterized  by  a  large  number  of  poles,  that  is,  large  J  or  N. 

The  result  in  (70)  holds  for  S  k2t  the  range  for  >  k2 
is  most  easily  handled  by  use  of  symmetry  relation  (15),  Also,  a 
significant  computational  aid  is  available  by  using  the 
recurrence  relation  for  the  g(z,k)  function  in  (68),  namely 
g(z,k)  -  z  g(z,k-l). 

In  summary,  k^^,  kj^,  k^,  k^  are  given  integers  satisfying 
^  ^  h.,  k_  i  kj.  Also,  K_  ■  max(k_,k_), 

Kj  -  min(kj,kjj),  K2  ■  min(k2,kjj).  Since  we  keep  k^  i  k2,  then 
i  ^2.  Integers  kj^  and  k2  must  vary  over  the  range 

Kq  i  k^  i  k2  i  k^  ,  (72) 

meaning  that  varies  in  the  range  min(K^,kjj)  to  min(k^,kjj). 

From  (69),  we  see  that  we  have  to  compute  function  values 
g(CB,k^),  g(CA,k^),  g(BA,k_),  as  well  as  the  arrays  of  function 
values  of  g(CB,k),  g(CA,k),  g(B/A,k),  g(C/A,k)  for  k  in  the  range 
min(K^,k^)+l  to  min(k^,kjj)+l . 
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PROGRAMS 

A  program  listing  for  the  white  noise  input  case  is  presented 
in  appendix  D;  it  consists  of  two  separate  parts.  The  first  part 
computes  the  filter  output  signal  and  noise  covariance  matrices 
for  unity  input  signal  and  noise  powers ,  the  total  filter  output 
covariance  matrix  of  elements  in  (23)  for  the  various  signal- 
to-noise  ratios  of  interest,  the  weighted  covariance  matrix  C  of 
elements  C.  in  (26)  and  its  corresponding  eigenvalue  matrix  A  in 

a 

(27).  The  output  of  these  eigenvalues  to  storage  completes  the 
first  part. 

The  second  part  lists  the  program  that  takes  in  these 
eigenvalues  and  computes  the  exceedance  distribution  functions, 
for  noise-alone  as  well  as  for  signal  present,  from 
characteristic  function  ( 32 ) ;  these  are  the  false  alarm  and 
detection  probabilities,  respectively.  The  precise  method  of 
handling  all  the  widely  different  signal-to-noise  ratios  of 
interest  is  presented  in  the  next  section.  At  the  end  of 
appendix  D,  there  is  also  a  listing  of  the  simulation  program 
utilized  to  verify  these  theoretical  derivations  and  results. 

The  corresponding  program  for  the  colored  noise  case  is 
listed  in  appendix  E.  A  similar  breakdown  into  two  parts  has 
been  adopted;  however,  once  the  eigenvalues  have  been  computed  at 
the  end  of  the  first  part,  the  identical  program  in  part  2  of 
appendix  D  is  used  for  distribution  calculations  and  is  therefore 
not  listed  again.  Also,  the  simulation  program  use  to  check  the 
colored  noise  case  is  similar  to  that  in  part  3  of  appendix  D. 
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ON  CALCULATION  OF  RECEIVER  OPERATING  CHARACTERISTICS 

The  evaluation  of  the  receiver  operating  characteristics  for 
a  number  of  different  input  signal -to-noise  ratios  typically 
involves  the  Fourier  transforms  of  a  set  *  characteristic 
functions  of  the  decision  variable,  which  frequently  have  widely 
different  ranges  and  rates  of  variation.  In  order  to  make  these 
calculations  tractable  and  easily  plotted,  it  is  necessary  to 
resort  to  FFTs  [2]  with  carefully  chosen  sizes  and  sampling 
increments.  We  now  present  the  reasoning  behind  our  choices  of 
these  parameters  and  their  interrelationships. 

For  ease  of  presentation,  we  will  consider  the  numerical 
evaluation  of  a  probability  density  function  Pq(u)  from  a  given 
(noise-only)  characteristic  function  the  extension  to  an 

exceedance  distribution  function  [2]  is  immediate.  We  have 

“  5»  J  exp(-itu)  - 

=  55  E  exp(-ikajjU)  =  P^iu)  ,  (73) 

where  the  trapezoidal  approximation  with  sampling  increment 
in  ^  has  been  employed.  The  approximation  Pq(u)  defined  by  (73) 
is  an  aliased  version  of  Pq(u)  and  has  period  u^  ■  in  u. 

In  order  to  keep  aliasing  effects  negligible  in  Pq(u),  it  will  be 
necessary  to  choose  5  increment  small  enough  that  the  aliasing 
lobes  at  separation  u^  don't  overlap.  Therefore,  we  can  restrict 
the  evaluation  of  Pq(u)  to  N^  equally  spaced  points  over  that 
interval  u^,  according  to 
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Po(^^)  ■  57  '‘o  E  expC-iJnkn/Ng)  for  0  S  n  S  N^-1  . 

0  0  Jc 

(74) 

Furthermore,  by  collapsing  the  sequence  IfQ(kA^))  modulo  N^, 

(74)  can  be  accomplished  exactly  and  efficiently  as  an  N^-point 
FFT  when  Nq  is  a  power  of  2 ;  see  [ 2 ] .  The  increment  in  argument 
u  of  Pq(u)  in  (74)  and  the  maximum  useful  value  of  u  are 


Now  suppose  that  we  also  want  to  evaluate  the  probability 
density  function  P]^(u)  corresponding  to  a  different  (signal 
present)  characteristic  function  according  to 

Pl(u)  •  J  dC  exp(-i^u)  t^il)  » 

*  2n  ^1  ^  exp(-i)chjU)  fi(khj)  *  Pi(u)  ,  (76) 

k 

where  the  sampling  increment  in  K  is  now  By  identical 

reasoning  to  that  above,  we  can  get  samples  of  periodic 
(aliased)  approximation  p^(u)  according  to 

Pl(i^)  “  2n  ^1  ^  exp(-i2nkn/Nj)  fj(kA^)  for  0  i  n  1  N^-l  , 
11  k 

(77) 

which  can  be  realized  as  an  Nj^ -point  FFT.  The  increment  in  u  and 
the  maximum  useful  value  of  u  for  this  latter  case  are 


(78) 
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If  we  now  want  to  eliminate  the  arguments  of  functions  Pq{u) 
and  Pj(u)  and  be  able  to  directly  plot  Pj(u)  versus  Pq(u)  (that 
is,  y  versus  x),  this  can  be  easily  accomplished  if  we  force  the 
u  increments  in  (74)  and  (77)  to  be  equal,  namely,  6j^  ■  6^.  But, 
then,  according  to  (75)  and  (78),  this  means  choosing 

**1^1  -  Vo  • 

Since  integers  and  will  be  limited  to  powers  of  2,  this 
will  mean  repeated  halving  of  the  ^  increments  and  in  (73) 
and  (76),  respectively.  The  values  of  Pj^  yielded  by  (77)  can 
then  be  directly  plotted  versus  those  values  of  p^  yielded  by 
(74),  up  to  n  «  min(NQ,N^)  »  N^. 

There  are  several  alternative  procedures  that  could  have  been 
adopted.  For  example,  one  option  is  to  halve  the  I  increment, 
that  is,  take  Aj^  «  keep  ®  This  will  require 

discarding  every  other  value  put  out  by  FFT  (74),  in  order  that 
the  remaining  values  occur  at  the  same  u  arguments  yielded  by 
(77).  This  is  wasteful  of  FFT  (74)  and  has  not  been  adopted 
here.  Nor  have  we  employed  the  possibility  of  interpolation  of 
(77)  to  determine  approximately  what  the  values  of  p^  would  be  at 
the  arguments  of  p^  in  (74). 

The  need  to  decrease  the  size  of  the  K  increment  from  A^  in 
(74)  to  Aj  in  (77)  is  fundamental.  It  arises  from  the  fact  that 
as  the  input  signal-to-noise  ratio  is  increased,  the  contribution 
of  the  corresponding  probability  density  function  Pjj(u), 
k  »  0,1,2,...,  moves  to  higher  values  on  the  u  scale  (thereby 
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leading  to  the  desired  higher  detection  probabilities).  In  order 
that  approximation  P]^(u)  not  be  severely  aliased,  the  I  increment 
must  therefore  be  decreased;  for  example,  see  upper  limits  u^ 
and  Uj^  in  (75)  and  (78),  respectively. 

With  these  points  in  mind,  the  folloving  procedure  has  been 
adopted  and  utilized  in  the  programs  in  this  report.  First,  for 
the  noise-only  probability  density  function  Pq(u),  a  satisfactory 
value  for  ^-increment  A^  in  (73)  is  found  such  that  aliasing  is 
insignificant  in  Pq(u).  This  selection  of  A^  is  arrived  at  by 
looking  at  a  plot  of  (74)  and  modifying  A^  appropriately  by  trial 
and  error.  An  FFT  size  of  *  128  is  utilized  to  evaluate  (74), 
which  is  then  stored;  this  size  for  has  generally  proven  to  be 
sufficient  to  keep  track  of  the  variations  of  Pq(u). 

When  we  encounter  the  characteristic  function  and 

probability  density  function  P2^(u)  for  the  first  (lowest)  nonzero 
signal-to-noise  ratio  of  interest,  it  is  usually  necessary  to 
decrease  the  I  increment  to  A^  »  order  to  control 

the  aliasing  inherent  in  approximation  P]^(u).  At  the  same  time, 
Nj^  is  scaled  up  by  2  or  4,  according  to  (79),  thereby  maintaining 
the  same  u  arguments  for  (74)  and  (77),  as  desired.  Again,  a 
plot  of  aliased  version  ^j(u),  obtained  by  means  of  (77),  serves 
as  the  decision  point  for  making  an  acceptable  choice  of  value 
for  Aj^. 

For  the  successively  larger  signal-to-noise  ratios  and  their 
corresponding  probability  density  functions  Pj^(u),  k«l,2,... 
occasional  repeated  halvings  of  the  t  increment  according  to 
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are  made,  but  only  when  needed  to  keep  aliasing 
insignificant  in  P|^(u).  At  those  times  that  such  a  halving 
is  necessary  and  made,  the  FFT  size  is  doubled  according  to 
Nj^  ■  2  Otherwise,  and  Nj^  are  kept  at  their  same 

values  as  used  for  the  k-1  run.  By  the  time  the  largest 
signal-to-noise  ratio  case  of  interest  is  reached,  the  FFT  size 
Nj^  can  get  rather  large.  We  are  limited  in  our  application  to  a 
maximum  FFT  size  of  16384;  if  aliasing  is  significant  at  this 
size,  we  are  unable  to  accurately  numerically  handle  these  larger 
signal-to-noise  ratios  by  the  adopted  procedure.  Interpolation 
would  then  be  the  recommended  alternative,  as  alluded  to  above. 

The  procedure  above  has  been  explained  in  terms  of 
probability  density  functions  rather  than  the  exceedance 
distribution  functions  which  are  of  actual  interest.  That  is, 
the  relevant  exceedance  distribution  functions  are  plots  of  the 
detection  probabilities  for  various  signal-to-noise  ratios  versus 
the  false  alarm  probability.  The  only  basic  change  is  to  replace 
the  top  lines  of  (73)  and  (76)  by  the  exceedance  distributions, 
which  are  also  obtained  by  means  of  Fourier  transforms,  namely 
[2;  (5)  -  (6)1 


E^(U) 


exp(-iCu) 


nt; 


for  k  «  0,1,2,... 


(80) 
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RESULTS 


COMPARISON  WITH  SIMULATION 

In  figure  7,  the  cumulative  (CDF)  and  exceedance  distribution 
functions  (EDF)  for  a  white  noise  input  excitation  are  presented. 
The  input  signal  and  filter  are  both  characterized  by  one  pole, 
that  is,  J  »  1  in  (33)  -  (36)  and  N  «  1  in  (47)  -  (50).  The 
simulation  employed  1E6  trials  and  verifies  the  theoretical 
calculations  down  to  the  probability  level  of  lE-5  plotted.  A 
listing  of  the  simulation  program,  including  all  the  parameter 
values  that  were  utilized  here,  is  given  at  the  end  of  appendix 
D,  The  gating  and  observation  parameters  are  «  4,  «  11  and 

k^  ■  2,  k^  ■  16,  respectively;  thus,  it  can  be  seen  that  the 
transient  buildup  and  decay  are  a  prominent  part  of  the  filter 
output  signal  for  this  particular  example. 

The  results  in  figure  8  pertain  to  a  colored  noise  input  with 
one  pole,  that  is,  M  ■  1  in  (44)  -  (46).  Again,  1E6  trials  were 
used  in  the  simulation  and  they  confirm  the  theoretical  result 
down  to  the  lE-5  level  of  probabilities.  A  listing  of  the 
simulation  program  is  given  at  the  end  of  appendix  D. 

Absolute  time  is  unimportant  to  the  performance  of  the  energy 
detector  in  figure  1.  That  is,  any  common  constant  can  be  added 
to  or  subtracted  from  k^,  kj^,  k^,  k^,  without  changing  the 
receiver  operating  characteristics.  Thus,  k^^  could  always  be 
selected  as  0  without  loss  of  generality. 
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Figure  7*  Cumulative  and  Exceedance  Distributions  for  White  Noise 


BH 


Figure  8.  Cumulative  &  Exceedance  Distributions  for  Colored  Noise 
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RECEIVER  OPERATING  CHARACTERISTICS 

The  receiver  operating  characteristics,  that  is,  detection 
probability  versus  false  alarm  probability  Pp  for  a  set  of 
signal-to-noise  ratios,  for  the  system  in  figure  1  will  be 
considered  in  this  section.  The  first  example  is  evaluated  for 
the  following  set  of  parameters,  where  all  times  are  in  seconds. 
Also,  all  parameters  are  real. 


-  4, 

■'b 

-  11,  k^  =  2 

,  kjj  -  16,  A 

«  .2, 

J  «  3, 

{Oj  1 

=  (11  -48 

751,  llj^l  - 

(1  1/8  1/15}, 

M  =  2, 

=  (39 

601, 

I’-nm*  -  1-2 

.41, 

N  =  4, 

{+„1 

=  (1 

2  3 

(.3  .5  .7  .9}. 

(81) 

Twenty  nonzero  values  of  the  system  input  signal-to-noise  ratio 


R 


(82) 


were  utilized,  namely  R  =  5(1.2)27.8  dB.  For  computation  of  the 
exceedance  distribution  function  Pp  directly  from  the 
characteristic  function,  the  initial  ^  increment  in  (73)  and 
(74)  was  taken  as  .00025;  this  yielded  round-off  errors  less  than 
IE- 15  in  the  false  alarm  probability  calculation.  Repeated 
occasional  halving  of  the  K  increment,  as  explained  in  the 
previous  section,  was  utilized,  eventually  requiring  an  FFT  size 
of  16384  for  the  largest  signal-to-noise  ratios  cases  for  Pj^. 

The  receiver  operating  characteristics  are  plotted  on  normal 
probability  paper  in  figure  9  and  cover  a  wide  range  of  values. 
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ranging  from  lE-10  for  Pj,  to  .999  for  Since  Gaussian  random 

variables  would  plot  on  such  paper  as  a  set  of  parallel  straight 
lines,  the  curvatures  of  these  results  illustrate  that  the 
Gaussian  assumption  for  decision  variable  z  in  figure  1  is  not 
warranted,  at  least  for  this  example.  The  major  reason  for  this 
behavior  is  the  relatively  small  number  of  samples  used  in  the 
detector;  see  the  top  line  of  (81).  This  is  also  a  partial 
explanation  for  the  rather  large  values  of  the  per-sample 
signal-to-noise  ratio  R  required  at  the  high  quality  region  at 
the  top  left  of  figure  9.  Another  factor  to  notice  is  that  the 
input  signal  duration  is  only  -  k^A  ■  1.4  seconds,  meaning 
that  the  filter  output  signal  never  reaches  steady  state  before 
the  input  signal  is  turned  off;  all  these  transient  signal 
effects  and  their  limitations  on  performance  have  been  included 
exactly  in  the  analysis  and  numerical  results  presented  here. 

The  effect  of  halving  the  sampling  increment  A  in  figure  1  is 
considered  in  the  next  example  but  done  in  such  a  manner  as  to 
keep  the  total  input  signal  duration  the  same.  That  is,  the 
parameter  values  in  (81)  are  kept  the  same  except  for  the 
following  changes: 

ka  »  8,  kjj  -  22,  k^  “  4,  k^  «  32,  A  -  .1.  (83) 

Notice  that  all  absolute  times,  such  as  k_A,  are  kept  fixed.  The 

Cl 

corresponding  receiver  operating  characteristics  are  plotted  in 
figure  10.  Performance  has  been  degraded  by  a  couple  of  dB.  For 
example,  to  realize  Pp  ■  lE-3  and  Pp  ■  *5,  the  per-sample  input 


40 


TR  8913 


signal-to-noise  ratio  R  must  now  be  16  dB,  whereas  it  was  13.8  dB 
in  the  previous  figure.  This  is  a  degradation  of  2.2  dB.  The 
main  reason  for  this  behavior  is  again  the  inability  of  the 
filter  output  signal  to  reach  steady  state  and  thereby  contribute 
significantly  to  the  summer  output.  By  contrast,  the  filter 
output  noise  is  in  steady  state  (by  asaomption)  for  both 
examples . 

We  now  return  to  the  original  sampling  increment  A  »  .2 
seconds  employed  in  (81).  When  the  observation  interval 
coincides  with  the  input  signal  nonzero-excitation  duration,  that 
is,  ■  4,  “  ^d  “  receiver  operating 

characteristics  in  figure  11  illustrate  additional  improvement. 
For  example,  probabilities  Pp  *  lE-3  and  -  .5  can  now  be 
realized  with  R  -  13.1  dB,  which  is  an  improvement  of  .7  dB 
relative  to  the  signal-to-noise  ratio  required  for  the  broader 
observation  interval,  «  2,  »  16,  used  in  (81). 

Finally,  an  example  with  a  wide  observation  interval,  namely 
kc  *  0,  k^  ■  25,  is  displayed  in  figure  12.  The  desired 
probabilities  can  now  be  achieved  only  if  the  input  signal-to- 
noise  ratio  is  increased  to  14.7  dB,  a  degradation  of  1.6  dB 
relative  to  the  best  case  above. 

These  examples  illustrate  the  utility  of  being  able  to 
investigate  quantitatively  and  accurately  the  effects  of 
nonstationarity  in  a  system,  without  having  to  make  questionable 
assumptions  about,  for  example,  how  closely  steady  state  was  or 
was  not  realized.  They  also  afford  a  dependable  verification  or 
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rejection  of  the  Gaussian  approximation  for  the  decision 
variable;  in  a  related  work  [3],  the  latter  approximation  was 
found  to  be  too  optimistic  for  most  working  ranges  of  this 
detection  system. 
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Figure  1 


12.  Receiver  Operating  Characteristics;  Example 
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SUMMARY 

Programs  have  been  written  which  enable  exact  analysis  of 
performance  of  the  mismatched  bandpass  energy  detector  of  figure 
1,  both  for  the  white  noise  input  case  as  well  as  the  colored 
noise  input  case.  These  results  allow  for  arbitrary  sampling 
time  increment  A  and  for  arbitrary  input  signal  spectra#  input 
noise  spectra,  and  filter  transfer  functions.  By  these  means, 
exact  quantitative  evaluations  and  degradations  can  be  determined 
for  various  combinations  of  uncertainty  regarding  the  input 
signal  time  location  and  duration  as  well  as  its  center 
frequency,  bandwidth,  and  spectrum.  Included  in  the  analysis  and 
programs  are  the  buildup  and  decay  (or  any  portion  thereof)  of 
the  nonstationary  output  signal  from  the  filter,  when  excited  by 
a  burst-like  input  signal,  regardless  of  the  lengths  or  locations 
of  the  excitation  and  observation  intervals.  Both  programs  have 
been  compared  with  simulation  results  and  confirmed  down  to  as 
low  a  probability  level  as  possible  consistent  with  the  number  of 
trials  used. 
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APPENDIX  A.  NUMERICAL  EVALUATION  OF  NOISE  COVARIANCE  R 

n 

If  the  noise  covariance  is  not  available  in  analytic 

form,  but  the  noise  spectrum  is  specified,  the  following 

numerical  procedure  can  be  employed  to  evaluate  the  required 
samples  R^(kA).  We  begin  with 

^n<^^  •  J  exp(i2iifT)  G^(f)  - 


H  exp(i2nmA^T)  G^(mAj)  *  R„(t)  , 


m 


(A-1) 


where  the  trapezoidal  rule  with  frequency  increment  A^  was  used. 
But  Rjj(T)  in  (A-1)  can  be  developed  as 

^n^^^  *  J  exp(i2iifT)  Gjj(f)  A^  * 


-1^)  • 


{A-2) 


Now  suppose  that  the  noise  covariance 


Rj^(t)  so  for  |t!  >  Tq  . 


(A-3) 


Then,  in  order  to  avoid  significant  aliasing  in  (A-2),  we  must 
take  A^  small  enough  that 

1 


2Aj  ^  ^o  ' 


(A-4) 


in  which  case  (A-2)  yields 


Rn(t)  -  Rn(t)  for  |t|  < 


(A-5) 
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The  required  samples  of  follow  from  (A-1)  according  to 


Rjj(kA)  «  hj  Y1  exp(i2nmAjkA)  G^(mAj) 


(A-6) 


Now  take  frequency  increment 


(A-7) 


where,  according  to  (A-4),  integer  N  must  be  taken  large  enough 
that  NA/2  >  Tq,  that  is. 


“  * 


(A-8) 


Then,  from  (A-5)  -  {A-7), 


Rn<^^)  •  exp(i2nmk/N)  for  |k|  <  |  .  (A-9) 


Alternatively,  this  can  be  expressed  as 


N— 1 

Rj^(kA)  S  Rj^(kA)  -  exp(i2iimk/N)  Gjj(^)  for  \k\  <  |  ,(A-10) 


where  collapsed  (prealiased)  noise  spectrum  and  sequence 


G„(f) 


C  -  i)  '  -  C  G„(5i?  . 


ij  for  0  1  m  1  N-1  . 

(A-ll) 


The  procedure  in  (A-10)  can  be  efficiently  realized  as  an  N-point 
FFT  of  N  nonzero  numbers.  The  major  conditions  that  must  be  met 
are  (A-8)  in  conjunction  with  (A-3). 
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APPENDIX  B.  NUMERICAL  EVALUATION  OF  FILTER  CORRELATION 
Suppose  that  we  want  digital  filter  correlation 

♦jj(jA)  •  Mtaii)  h(inA  -  jA)  ,  (B-1) 

m 

defined  in  (10),  but  all  that  we  have  is  the  filter  transfer 
function  H ( f ) ,  where 

h(T)  *  J  df  exp(i2nfT)  H{f)  for  all  t  .  (B-2) 

Impulse  response  h(T)  is  presumed  real.  The  direct  relationship 
between  and  H(f)  is  the  subject  of  this  appendix. 

First,  define  periodic  function 

H(f)  »  E  H[f  -  I]  for  all  f  .  (B-3) 

m  * 

Then,  there  follows 


H(f)  -  H(f)  9  • 

■  J  dr  exp(-i2nfT)  h(T)  A  6.(t)  *  E  exp(-i2iif Am)  A  h(raA)  ,  (B-4) 

where  we  used  the  fact  that  convolution  in  the  frequency  domain 
is  equivalent  to  Fourier  transformation  of  a  product  in  the  time 
domain.  That  is,  H(f)  is  the  Fourier  transform  of  the  samples  of 
impulse  response  h(T)  taken  at  time  increment  A.  However,  care 
must  be  taken  at  points  of  discontinuity  of  h(T);  for  example,  if 
h(T)  is  discontinuous  at  kA,  the  contribution  to  the  right-hand 
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1 


side  of  (B-4),  at  m  «  k#  is  ^[h(kA+)  +  h(kA-)].  This  point  and 
an  example  are  discussed  more  fully  in  appendix  C. 

Now,  there  follows  from  (B-l)  and  {B-2), 

^  i  exp(i2nfAm)  H(f)  J  du  exp[ -i2iiuA(m- j  )  ]  H*(u)' 
m 

«  A  JJ  df  du  H(f)  H*(u)  exp(i2nuAj)  A  Y1  exp[i2ii(f  -  u)Am]  » 

*  A  JJ  df  du  H(f)  H*(u)  exp(i2nuAj)  ^  “ 

-  A  i:  J  df  H(f)  H*(f  -  I)  exp[i2n(f  -  S]Aj]  . 
m 

■  A  [  df  exp(i2nfAj)  H(f)  H  H*ff  -  ?]  * 


A  J  df  exp(i2nfAj)  H(f)  H*(f)  , 


(B-5) 


where  we  used  (B-3). 

Now,  let  denote  the  following  interval  of  length  1/A  on 
the  f  axis: 


(B-6) 


Then,  the  filter  correlation  follows  from  (B-5)  according  to 
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-  A  H  J  du  exp[i2ii|u  +5)^^]  **(“  ”*■  S)  “ 

»  A  J  du  exp(i2nuAj)  H*(u)  JZ  h|u  +  » 

.5/A 

■  A  f  du  exp(i2nuAj)  |H{u)|^  ,  {B-7J 

-.5/A 

where  we  let  u  «  f  -  n/A  and  used  (B-3)  and  the  periodicity  of 
H(f).  This  result  indicates  that  we  must  first  alias  the  given 
transfer  function  H(f)  according  to  (B-3)  and  then  Fourier 
transforin  its  magnitude- square  over  an  interval  of  length  1/A. 

An  alternative  approach  that  leads  to  the  same  result  {B-7) 
is  to  use  (B-2)  and  (B-3)  in  the  foirm 

h(mA)  -  J  df  exp(i2nfAra)  H(f)  «  J  df  exp(i2nfAm)  H(f)  .  (B-8) 

^o 

Use  of  this  latter  result  in  (B-1)  leads  to  filter  correlation 
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■  A  J  df  exp(i2nfAj)  |H(f)|^  ,  {B-9) 

since  only  one  impulse,  at  u  «  f,  lies  in  interval  1^.  Result 
(B-9)  is  identical  to  (B-7).  Notice  that  we  do  not  get 

A  J  df  exp(i2n£Aj)  |H(f)|^  -  A  J  df  exp{i2nfAj)  S)P  * 

(B-10) 

As  for  the  actual  nxmerical  evaluation  of  {B-9),  suppose  we 
sample  the  integral  on  f  with  increment  A^  •  1/(KA)  and  use  the 
trapezoidal  approximation;  then  there  follows 

K/2  2 

K  “k  nKs)|  -  (B-“) 

where  weights  {W|^)  are  given  by 

fi  for  I )( I  -  K/2) 

i  f  •  (B-12) 

U  for  |kj  <  K/2j 

By  using  the  periodicity  K  of  the  exp  and  H  terms  in  (B-ll),  that 
sum  may  be  written  exactly  in  the  standard  FFT  form 

K"  1  2 

li:  exp(i2njlc/K)  |  for  lj|  <|  .  (B-13) 

)c*0 

This  is  a  good  approximation,  provided  that  the  FFT  size  K 
satisfies  K  >  2tjj^/A,  where  Tj^  is  the  effective  duration  of  filter 
correlation 
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APPENDIX  C.  DISPLACED  SAMPLING  AND 
FOURIER  TRANSFORM  OF  DISCONTINUOUS  FUNCTION 

GENERAL  RELATIONS 

Let  a(t)  and  A(f)  be  a  Fourier  transform  pair: 

A(£)  -  J  dt  exp(~i2n£t)  a(t)  .  (C-1) 

Also,  let  b(t)  and  B(f)  be  a  Fourier  transform  pair.  Then, 
Parseval's  theorem  states  that 

J  dt  a(t)  b*(t)  -  J  df  A(f)  B*(f)  .  (C-2) 

We  now  apply  this  relation  to  the  case  where 

b(t)  -  A  6^(t  -  a)  ,  B(f)  -  exp(-i2nfa)  .  (C-3) 

There  follows 

L  »  A  a(nA  +  a)  »  [  dt  a(t)  A  S^(t  -  o)  «  (C-4) 

n 

«  J  df  A(f)  exp(i2nfa)  *  exp(i2nna/A)  *  R  .  (C-S) 

If  the  samples  required  in  the  sums  in  (C-4)  and  (C-5)  encounter 
a  discontinuity  of  a(t)  or  A(f),  the  value  used  in  (C-4)  or  (C-5) 
must  be  taken  as  the  average  value  approached  from  both  sides  of 
the  discontinuity.  Also,  the  s\uds  in  (C-4)  and  (C-5)  may  have  to 
be  interpreted  as  principal  value,  if  necessary  for  convergence. 
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EXAMPLE 


{exp[-(b+ic)t]  for  t  >  0] 

,  b  >  0 

0  for  t  <  0; 


{C-6) 


A(f) 


b  +  i(c  +  2nf) 


for  all  f  . 


{C-7) 


Function  a(t)  is  discontinuous  at  t  ■  0,  while  A(f)  is  continuous 
for  all  f. 

Let  0  <  o  <  A;  then  the  sum  in  (C-4)  is 


L  »  A  >  !  exp[-(b+ic) (nA+a) ] 

n«0 


A  expr-a(b->-ic)  1 
1  -  exp[-A{b+ic) ] 


for  0  <  a  <  A  . 

(C-8) 


At  the  same  time,  the  sum  in  (C-5)  is 


R 


E 


exp(  i2itna/A) 
b  +  i(c  +  2nn/A) 


for  all  a 


{C-9) 


When  a  0  (or  an  integer  multiple  of  A),  the  phase  factor  in  the 
numerator  of  (C-9)  yields  a  convergent  siim  for  the  real  and 
imaginary  parts,  without  the  need  for  a  principal  value 
interpretation.  It  has  also  been  verified  numerically  that  (C-8) 
and  (C-9)  are  equal,  as  predicted  by  (C-4)  and  (C-5);  that  is. 


Eexp( i2nna/A) 
b  +  i(c  +  2nn/A) 


A  expf-a(b+ic) 1 
1  -  exp[-A(b+ic) ) 


for  0  <  a  <  A 


(C-10) 
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On  the  other  hand,  if  a  »  0,  then  the  sum  in  (C-4)  is, 
accounting  for  the  discontinuity  of  a{t). 


I  .  A  .  .  T — ■  ejfnr-rb+ic\nAl  «  ^  1  exp[-A(b^•lC)  ] 
L  -  2  ^  ^  (t)+ic)nA]  2  1  -  exp[-A(b+ic)  ] 


(C-ll) 


Also,  then,  the  sum  in  (C-5)  is 


^  ?  b  +  i(c  + 


b  -  i(c  +  2iin/A] 


(c  +  2nn/A)  n  b^  +  (c  +  2nn/A)^ 


(C-12) 


the  imaginary  part  of  which  must  be  interpreted  as  a  principal 
value  sum.  Again,  it  has  been  numerically  verified  (next  page) 
that  (C-ll)  and  (C-12)  are  equal;  that  is, 

r  1  .  k  1  exp[-A(btic)]  .^-13) 

^  b^rT(FT3m7^  2  1  -  exp[-A(b+ic)] 

Notice  that  the  limit  of  (C-10)  as  a  -»  0+  does  not  yield  (C-13). 

If  we  apply  result  (C-ll)  to  H(f)  in  the  last  entry  in  (B-4), 
we  have,  for  example  (304), 


S/f.  «  a  1  +  exp(-a-i2nfA) 
2  1  -  exp(-a-i2nfA) 


(C-14) 


By  contrast,  the  limit  of  (C-10)  as  o  -►  0+  yields 


1  -  exp(-a-i2iifA) 


(C-15) 
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BASIC  PRCX3RAM  FOR  NUMERICAL  VERIFICATION 


10  Bs«.57  I  b 

20  Cs* . 7 1  I  c 

30  De*.93  I  delta 

40  fli *. 1  (  alpha 

50  PRINT  B»,Cs,De,fll 

60  CRLL  Exp<-fll*Bs,-fll*Cs,Hr,Ni ) 

70  CALL  Exp<-De*Bs,-De*Cs,Er,Ei ) 

80  CRLL  Diw<De*Nr,De*Ni , 1-Er,-Ei ,Lr,Li ) 

90  IF  fll=0.  THEN  Lr=Lr-.5»De 

100  PRINT  Lr,Li  I  LEFT-HAND  SIDE  L 

110  fl»2«PI/De 

120  B*fi*fll 

130  B2^B&aBs 

140  Rr®Ri*0. 

150  DOUBLE  Ni  »  INTEGER 

160  FOR  Ns*-1E5  TO  1E5  1  PRINCIPAL  VALUE  SUM 

170  T«B*Ns 

180  c=cos«:t) 

190  S*SIN<T) 

200  T»Cs+A*Ns 

210  D»B2+T*T 

220  Dr®<C*Bs+S*T>-'D 

230  Dif  <S*B£-C*T)/'D 

240  Rr*Rr+Dr 

250  R1«R1-»-Di 

260  NEXT  Ns 

270  PRINT  Rr,Rj  !  RIGHT-HAND  SIDE  R 

280  END 

290  ! 

300  SUB  Div<Xl,Yl,X2,Y2,U,V)  I  Zl/22 

310  T»X2*X2+Y2*Y2 

320  U-<XI»X2+Y1*Y2)/T 

330  V»<Y1»X2-X1*Y2)>'T 

340  SUBEND 

350  I 

360  SUB  Exp<X,Y,U,V)  I  EXPCZ) 

370  E*EXP<X) 

380  U*E*COS<Y> 

390  V«E*SIN<Y) 

400  SUBEND 


.57 

.729357897734 

.729357647983 

.57 

1.19310532814 
1. 19353711305 

.57 

1.07135515262 

1.07135537888 


.71  ,93 

-.80564044434 
-.005640755434 

.71  ,93 

-.806028668009 
-.806028668087 

.71  .93 

-.839119622089 
-.839119622093 


0 


.001 


.  1 
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APPENDIX  D.  PROGRAMS  FOR  WHITE  INPUT  NOISE 

Three  BASIC  programs  are  listed  in  this  appendix.  All  the 
signal,  noise,  and  filter  parameters  are  restricted  to  be  real 
here.  The  first  program  computes  the  filter  output  signal  and 
noise  covariance  matrices  for  a  white  noise  input,  the  sums  of 
these  matrices  scaled  by  the  various  signal-to-noise  ratios  and 
then  weighted,  and  the  eigenvalues  which  are  then  stored.  The 
particular  subroutine  listed  here,  SUB  Svd,  actually  computes  the 
eigenvectors  in  addition;  a  faster  alternative  would  be  to 
replace  this  subroutine  by  one  which  calculates  only  the 
eigenvalues.  Twenty  different  nonzero  values  of  the  input 
signal-to-noise  ratio  are  allowed  in  the  program  and  must  be 
chosen  and  input  by  the  user. 

These  eigenvalues  serve  as  the  input  to  the  second  program 
which  computes  the  cumulative  and  exceedance  distribution 
functions  according  to  the  method  given  in  [2]  and  then  plots 
the  receiver  operating  characteristics  by  elimination  of  the 
threshold  variable  according  to  the  method  described  in 
(73)  -  (80)  in  the  main  text. 

The  third  program  is  the  simulation  program  used  to  check  the 
two  programs  above.  It  is  written  for  single-pole  processes  and 
allows  for  a  colored  input  noise  process  but  could  be  easily 
modified  to  handle  more  general  processes.  A  run  of  1E6  trials 
took  7  hours  on  the  Hewlett-Packard  9000  computer. 
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10  !  COMPUTE  COVflRIRNCE  MATRICES  AND  EIGENVALUES  FOR  WHITE 
20  !  NOISE  INPUTj  STORE  EIGENVALUES  IN  "EIG"  IN  LINE  1720 
30  Ka*-10  !  INPUT  SIGNAL  START 

40  Kb*5  I  INPUT  SIGNAL  ENDj  Kb  >=  Ka 

50  Kc*0  !  ACCUMULATOR  START 

60  Kd*5  !  ACCUMULATOR  ENDj  Kd  >=  Kc,Ka 

70  D«lta»,2  !  TIME  SAMPLING  INCREMENT  (SECONDS) 

80  J=3  !  NUMBER  OF  SIGNAL  COMPONENTS 

90  DATA  11., -48., 75.  !  SIGNAL  SCALINGS  (WE  SET  SUM  =  1) 

100  DATA  1, ,. 125, .066667  !  SIGNAL  TIME  CONSTANTS  (SECONDS) 

110  N«4  !  NUMBER  OF  FILTER  COMPONENTS 

120  DATA  l.,2.,3.,4.  !  FILTER  SCALINGS  (ARBITRARY) 

130  DATA  .3,. 5,. 7,. 9  !  FILTER  TIME  CONSTANTS  (SECONDS) 

140  Nr*20  I  NUMBER  OF  SIGNAL-TO-NOISE  RATIOS 

150  DATA  0,1,2,3,4,5,6,7,8,9,10  !  INPUT  SNRS  IN  DB 

160  DATA  11,12,13,14,15,16,17,18,19 

170  IF  (Ka<=Kb>  AND  <Kc<*Kd)  AND  <Ka<=Kd>  THEN  200 

180  PRINT  "PROBLEM  WITH  PARAMETERS" 

190  STOP 

200  DIM  Alpha(10>,A(10),Psi <10>,C<10>,R(20),W(1O0> 

210  DIM  Pc<10),Ec<10),Pcv(l0),Cn(200>,Ea(10>,E(0, 1000) 

220  DIM  Gca(100>,Gcda<100),Gcb(100),Gbda(100),Cs(5000) 

230  DIM  Cu(0, 10000), Ca(0, 10000), D<100>,Eig(0, 2000) 

240  DOUBLE  Ka, Kb, Kc , Kd, J, N, Nr, Ns, Ks, Kdc , Ko  !  INTEGERS 
250  DOUBLE  LI , L2 , L, LI  1 , Js , Qs , K i , Ksl , K1 , Ks2 , K2 , I 

260  REDIM  Alphadi  J),A(lt  J) 

270  READ  AIpha<*),A(*) 

280  MAT  A1pha=A1pha<^(SUM<A1pha)) 

290  MAT  A-(DeUa)/A 

300  REDIM  Psi (liN),C(ltN) 

310  READ  Psi(«),C<«) 

320  MAT  C«<DeUa)/'C 

330  REDIM  R(liNr) 

340  READ  R<*) 

350  REDIM  W(KciKd) 

360  CALL  We1ghts(Kc,Kd,W<*)) 

370  MAT  W«SQR(U) 

380  REDIM  Pc<l:N),Ec<l:N)  !  FILTER  OUTPUT  NOISE  COVARIANCE 
390  FOR  Nsel  TO  N 

400  C=C(Ns) 

410  Pc(N»)=P»i <Ns)*C 

420  Ec<Ns)«EXP(-C) 

430  NEXT  Ns 

440  REDIM  Pcw(ljN) 

450  FOR  Ns«l  TO  N 

460  E»Ec<Ns) 

470  S»0. 

480  FOR  Ks=l  TO  N 

490  S»»S+Pc(Ks)/'<l.-E*Ec(Ks)) 

500  NEXT  Ks 

510  Pcw<Ns)»Pc<Ns)*S 

520  NEXT  Ns 

530  Kdc»Kd-Kc 

540  REDIM  Cn(0iKdc) 

550  MAT  Cn»(0. ) 

560  FOR  Ns«l  TO  N 

570  Pcv»Pcw<Ns) 

580  E«Ec(Ns) 
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590  P»l. 

600  Cn<0)='Cn<0)+Pcw 

610  FOR  Ks»l  TO  Kdc 

620  P*P*E 

630  Cn<Ks)»Cn<Ks>+Pc v*P 

640  NEXT  K» 

650  NEXT  Ns 

660  FOR  Js=l  TO  J  !  FILTER  OUTPUT  SIGNRL  COVRRIflNCE 

670  fl< Js)*EXP<fl<Js)> 

680  NEXT  Js 

690  Ko»MflX<Ka,Kc> 

700  REDItl  Ea<l:N),E<liN,KoiKd> 

710  FOR  Ns»l  TO  N 

720  E*Ec<Ns> 

730  Ea<Ns>»l./E 

740  E<Ns,Ko>=EXP<-C<Ns)*Ko) 

750  FOR  Ks*Ko+l  TO  Kd 

760  E<Ns,Ks)*E<Ns,Ks-n*E 

770  NEXT  Ks 

780  NEXT  Ns 

790  Ll-MIN<Ko,Kb)+l 

800  L2*MIN<Kd,Kb)+l 

810  REDIN  Gca(LltL2),Gcda(LliL2),Gcb<:LliL2>,Gbda(Ll:L2> 

820  L»Kd-Ko+l 

830  REDIN  Cs<1jL*<L+1)>'2) 

840  LllaLl+1 

850  FOR  Js«l  TO  J 

860  ai>RIpha<Js> 

870  R«B<Js> 

880  fll-fl*ft-l. 

890  FOR  Ns«=l  TO  N 

900  C-Ea(Ns> 

910  Ca»C*R 

920  Cda=C/R 

930  Cal^l.-Ca 

940  Rc»fl-C 

950  Re»flI*Pc<Ns) 

960  Gca»Ca^Ka/'Cal 

970  Gca<Ll>=Ca''Ll/Cal 

980  Gcda<Ll>=Cda^Ll/'Cl.-Cda) 

990  FOR  Ks*Lll  TO  L2 

1000  Gca<Ks><Ca«Gca(Ks-l> 

1010  Gcda<Ks>sCda*Gcda(Ks-l > 

1020  NEXT  Ks 

1030  FOR  Qs>l  TO  N 

1040  B«>Ea(Qs> 

1050  R*e*Re*Pc <Qs) 

1060  Ba>B*R 

1070  Bda-B/R 

1080  Cb»C»B 

1090  Bal«l.>Ba 

1100  Cbl«l.-Cb 

1110  GbaxBa^Ka/Bal 

1120  Rb«R-B 

1130  F>B«Rl>'<Rb«Bal> 

1140  Sl*Cb''Ka/'CbHKRl+Cbl  >/'<Rb*Rc) 

1150  Gcb<Ll  >=Cb''Ll/Cbl 

1160  Gbda<Ll  >sBda''Ll/'<l.--Bda> 
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1170  FOR  Ks=Lll  TO  L2 

1180  Gcb<Ks)=Cb»Gcb<Ks-l ) 

1190  Gbda(Ks>=Bda*Gbda(Ks-l > 

1200  NEXT  Ks 

1210  KiB0 

1220  FOR  Ksl=Ko  TO  Kd 

1230  Kl*MIN<Ksl,Kb>+l 

1240  S2=Sl+Gcb<Kl >*F-Gba*GcdaCKl > 

1250  S3*Gca<Kl)-Gca 

1260  EBRee*E(Ns,Ksl > 

1270  FOR  Ks2*Ksl  TO  Kd 

1280  Ki>Ki'fl 

1290  K2>niN<Ks2,Kb>+l 

1300  SsS2-t-Gbda<K2>«S3  !  SUM  S 

1310  CsCKi >»Cs<Ki )+E*E<Qs,Ks2)*S 

1320  NEXT  Kt2 

1330  NEXT  Ksi 

1340  NEXT  Qs 

1350  NEXT  Ns 

1360  NEXT  Js 

1370  L»Kd-Kc+l  I  TOTAL  WEIGHTED  COVARIANCE  MATRIX 

1380  REDIM  Cw<l:L, l5L),Ca<liL, l!L),D<ltL),Eig<0sNr, IsL) 

1390  Lll*Kc-l 

1400  R=0. 

1410  FOR  1*0  TO  Nr 

1420  K1*0 

1430  IF  1*0  THEN  1450 

1440  R*10.'*'<R<I)*.  1)  !  INPUT  POWER  S I GNRL-TO-NO I SE  RATIO 

1450  FOR  Ksl*Kc  TO  Kd 

1460  W*W<Ksl>  >  WEIGHTS  <u<k>> 

1470  FOR  Ks2*Ksl  TO  Kd 

1480  IF  Ksl>*Ko  THEN  1510 

1490  Cs*0. 

1500  GOTO  1530 

1510  Ki*Ki+l 

1520  Cs*Cs(Ki> 

1530  Pr=W*W<Ks2)*<Cn<Ks2-Ksl)+R*Cs> 

1540  Ll*Ksl-Lll 

1550  L2«Ks2-Lll 

1560  Cw<Ll,L2)*Cw<L2,Ll)*Pr 

1570  NEXT  Ks2 

1580  NEXT  Ksl 

1590  CALL  Svd<L,L,Cw<*),Ca<*),D<*))  !  EIGENVALUES 

1600  NAT  SORT  D<»>  DES 

1610  IF  D(L>>0.  THEN  1640 

1620  PRINT  "PROBLEM:  SOME  NON-POSITIVE  EIGENVALUES" 

1630  PAUSE 

1640  PRINT  “I  *"|Ij''  CONDITION  NUMBER  ="  }  D<  1  )/D<L) 

1650  PRINT  DC*) 

1660  PRINT 

1670  FOR  K**l  TO  L 

1680  Eig<I,Ks>*D<Ks>  I  STORE  EIGENVALUES 

1690  NEXT  K* 

1700  NEXT  I 

1710  MASS  STORAGE  IS  "iCS80,7" 

1720  ASSIGN  «1  TO  "EIG" 

1730  PRINT  «1 jNr,Kc,Kd,Elg<*) 

1740  ASSIGN  «1  TO  « 

1750  END 

1760  I 
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1770  SUB  Weights<DOUBLE  Kc.Kd.RERL  W<*)> 

1780  DOUBLE  Ks  I  INTEGER 

1790  F*l.  !  DECRY  FACTOR  (DIMENSIONLESS) 

1800  l>i(Kd)sl. 

1810  FOR  Ks=Kd-l  TO  Kc  STEP  -1 

1820  W<Ks)=W<Ks+l)*F  !  EXPONENTIAL  WEIGHTS 

1830  NEXT  Ks 

1840  SUBEND 

1850  I 

I860  SUB  SvdCDOUBLE  M.N.RERL  fl<*> , V<*) , W<*> > 

1870  ALLOCATE  Rm1<1:N)  I  NUMERICAL  RECIPES,  PAGES  60-64 

1880  IF  M>=N  THEN  1910  !  A<*)  IS  OVER-WRITTEN 

1890  PRINT  ••M<N  IS  DISALLOWED" 

1900  PAUSE 

1910  DOUBLE  I, J,K,L, Its.Nm, Jj  I  INTEGERS  (NOT  DOUBLE  PRECISION) 
1920  G=Sca1 e-Anorms0, 

1930  FOR  1=1  TO  N 

1940  L=I+1 

1950  R<Jl(I>=Sca1e»G 

1960  G=S=Scale=0. 

1970  IF  I>M  THEN  2250 

1980  FOR  K=I  TO  M 

1990  Scale=Scale+ABS(A(K,  D) 

2000  NEXT  K 

2010  IF  Scale=0.  THEN  2250 

2020  FOR  K=I  TO  M 

2030  Ra«A(K,  I)=A<K,  l)/ScaU 

2040  S»S+Ra*Aa 

2050  NEXT  K 

2060  F=A(I,1> 

2070  G=-SQR(S) 

2080  IF  F<0.  THEN  G»-G 

2090  H=F*G-S 

2100  R(I,I>=F-G 

2110  IF  I=N  THEN  2220 

2120  FOR  J=L  TO  N 

2130  S=0. 

2140  FOR  K=I  TO  M 

2150  S=S+A(K, I)*R<K, J) 

2160  NEXT  K 

2170  F*S/'H 

2180  FOR  K=I  TO  M 

2190  A(K, J)=A<K, J)+F*A(K, I) 

2200  NEXT  K 

2210  NEXT  J 

2220  FOR  K«I  TO  t1 

2230  A(K,  I)=A(K,  nsScale 

2240  NEXT  K 

2250  W(I>>Sca1e*G 

2260  G=S=Sca1e=0. 

2270  IF  (I>M)  OR  (I=N)  THEN  2570 

2280  FOR  K=L  TO  N 

2290  ScaU=Scala+RBS(R(I,K)) 

2300  NEXT  K 

2310  IF  ScaU»0.  THEN  2570 
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2320  FOR  K*L  TO  N 

2330  fta-fl<I,K>afl<I,K)/'Scale 

2340  S=S+fla*fia 

2350  NEXT  K 

2360  F=fi<I,L) 

2370  G—SQRCS) 

2380  IF  F<0.  THEN  G=-G 

2390  H»F*G-S 

2400  fi<I,L)=F-G 

2410  FOR  K«L  TO  N 

2420  Rvl<K)*ft<I,K)/'H 

2430  NEXT  K 

2440  IF  I*M  THEN  2540 

2450  FOR  J=L  TO  M 

2460  S»0. 

2470  FOR  K=L  TO  N 

2480  S=S+fl<J,K)*fl<I,K) 

2490  NEXT  K 

2500  FOR  K=L  TO  N 

2510  R<J,K)*fl<J,K>+S*Rul<K> 

2520  NEXT  K 

2530  NEXT  J 

2540  FOR  K»L  TO  N 

2550  fl<I,K)-fla,K)*Scale 

2560  NEXT  K 

2570  flnorm»MflX<flnorm, flBS< W< I > )+ftBS<Rvl < 1) >  > 

2580  NEXT  I 

2590  FOR  I«N  TO  1  STEP  -1 

2600  IF  I>*N  THEN  2770 

2610  IF  G»0.  THEN  2740 

2620  FOR  J=L  TO  N 

2630  V<J,  I)»fl<I,  J)/'fl<I,L)/'G 

2640  NEXT  J 

2650  FOR  J»L  TO  N 

2660  Ss0. 

2670  FOR  K»L  TO  N 

2680  S*»S+«<I,K)*V<K,  J) 

2690  NEXT  K 

2700  FOR  K»L  TO  H 

2710  V<K, J)=V<K, J)+S*V<K, I) 

2720  NEXT  K 

2730  NEXT  J 

2740  FOR  J=L  TO  N 

2750  V<I,  J)=V<  J,  na0. 

2760  NEXT  J 

2770  V<I,l)sl. 

2780  G»Rvl<I) 

2790  L»I 

2800  NEXT  I 

2810  FOR  I»N  TO  1  STEP  -1 

2820  U»l+1 

2830  G«M<I> 

2840  IF  I>bN  then  2880 

2850  FOR  J»L  TO  N 

2860  fi<I,J)«0. 

2870  NEXT  J 
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2880 

IF  G=0.  THEN  3050 

2890 

G»1./'G 

2900 

IF  I-N  THEN  3010 

2910 

FOR  J»L  TO  N 

2920 

2930 

FOR  K=L  TO  M 

2940 

S=S+fl<K, I)*fl<K, J) 

2950 

NEXT  K 

2960 

F=S/'fl<I,  I)*G 

2970 

FOR  K*I  TO  M 

2980 

fl<K, J)*R<K, J>+F*fl<K, I) 

2990 

NEXT  K 

3000 

NEXT  J 

3010 

FOR  J=I  TO  M 

3020 

fl< J, I)=fi<J, I)*G 

3030 

NEXT  J 

3040 

GOTO  3080 

3050 

FOR  J*I  TO  M 

3060 

fi(J, I)»0. 

3070 

NEXT  J 

3080 

fl<I,  l)*fl<I,  n+i. 

3090 

NEXT  I 

3100 

FOR  K»N  TO  1  STEP  -1 

3110 

FOR  lts»l  TO  30 

3120 

FOR  L=K  TO  1  STEP  -1 

3130 

Nin=L-l 

3140 

IF  <flBS<Rvl  <L>  )+ftnorm)*flnoriii 

THEN  3360 

3150 

IF  CRBSCWCNm) )+flnorm)=flnorm 

THEN  3170 

3160 

NEXT  L 

3170 

C*0. 

3180 

S«1 . 

3190 

FOR  I«L  TO  K 

3200 

F«S*Ryl < I ) 

3210 

Rwl<I)«C*Rwl<I) 

3220 

IF  <flBS<F )+flnorM)“flnorm  THEN 

3360 

3230 

G«M<I> 

3240 

H«SQR<F*F+G»G) 

3250 

W<I)*H 

3260 

H-l./H 

3270 

C«G*H 

3280 

S«-F*H 

3290 

FOR  J»1  TO  M 

3300 

Y«fi<J,Nm> 

3310 

I) 

3320 

fl< J,Nm)=Y»C+Z*S 

3330 

fl<J, I>«-Y*S+Z*C 

3340 

NEXT  J 

3350 

NEXT  I 

3360 

Z«W<K> 

3370 

IF  LOK  THEN  3440 

3380 

IF  Z>»0.  THEN  3430 

3390 

W<K)— Z 

3400 

FOR  J-1  TO  N 

3410 

V<J,K)»-V<J,K) 

3420 

NEXT  J 

3430 

GOTO  3970 
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3440  IF  Its<30  THEN  3470 

3450  PRINT  "NO  CONVERGENCE  IN  30  ITERHTIONS" 

3460  PAUSE 

3470  J-!=W<L) 

3480  Nm*K-l 

3490  Y=W<Nin> 

3500  G*Rvl<Nm) 

3510  H*Rm1<K) 

3520  F=<<Y-2>*<Y+2)  +  <G-H)*<G+H))/’<2.*H*Y> 

3530  G»SQR<F*F+1,  ) 

3540  Aai:A6S<G> 

3550  IF  F<0,  THEN  Aa=-Ra 

3560  F*<<X-2)*<X+Z)+H*<<Y/'<F+Ra))-H>)/X 

3570  C«S=1. 

3580  FOR  J=L  TO  Nm 

3590  I=J+1 

3600  G=R<^1<I> 

3610  Y«U<I> 

3620  HsS«G 

3630  GsC*G 

3640  2»SQR<F*F+H»H) 

3650  Rwl<J)=2 

3660  CsF/Z 

3670  SaH^Z 

3680  F=X*C+G*S 

3690  G=-X*S+G*C 

3700  H=Y*S 

3710  Y*Y*C 

3720  FOR  JJal  TO  N 

3730  X*V<Jj,J) 

3740  Z«V<Jj,l) 

3750  V<Jj, J)=X*C+2*S 

3760  v<jj,  n=-x*s+z*c 

3770  NEXT  Jj 

3780  Z»SQR<F*F+H*H) 

3790  W<J)=2 

3800  IF  Z«8.  THEM  3840 

3810  2-1. /Z 

3820  C»F*Z 

3830  S*H»Z 

3840  F»C*G+S»Y 

3850  X— S*G+C*Y 

3860  FOR  Jj«l  TO  M 

3870  Y»A<Jj,J) 

3880  Z-A<Jj,I) 

3890  fl<Jj, J)-Y*C+Z*S 

3900  fi<JJ,  I>— Y*S+Z*C 

3910  NEXT  Jj 

3920  NEXT  J 

3930  Rm1<L>»0. 

3940  Rwl<K>»F 

3950  M<K>«X 

3960  NEXT  Its 

3970  NEXT  K 

3980  SUBENS 
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220 
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280 

290 
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310 

320 

330 

340 
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PLOT  ROC 
De I  X i *. 0( 
M«128 
6s»0. 
To10=l.E- 
Tol 1*1. E- 
OOUBLE  t1, 


ROM  EIGENVALUES  "EIG",  LINES  120  &  1060 

I  IHlTIfiL  INCREMENT  ON  CHAR.  FUNCTION 
I  INITIAL  SIZE  OF  FFT 
I  SHIFT  b 

6  !  TOLERANCE  FOR  FALSE  ALARM  RROEAEILITY 

2  !  TOLERANCE  FOR  DETECTION  PROBABILITIES 

r,Kc,Kd,Kdc,Ms,  I,Ks,Ns,  Im,Mfn  !  INTEGERS 
, IJ 100>,D<1 J 100),Cos<0j4096)  t  20  NONZERO  SHRs 


To10*l.E-36  !  TOLERANCE  FOR  FALSE 

Toll*l.E-32  !  TOLERANCE  FOR  DETECT 

DOUBLE  M,Nr,Kc,Kd,Kdc,Ms,  I,Ks,Ns,  Im,Mfn  !  IN 
DIM  E(0:20, li 100>,D<lt 100>,Cos<O:4096)  t  20 
DIM  X<0i 16383), Y< 01 16383) , Pr<0: 20, 0; 127) 

PRINT  "Delxi  »“{DeIxi,“M  «“|M,*‘b  *"jBs 
MASS  STORAGE  IS  ‘■jCS80,7'' 

ASSIGN  #1  TO  "EIG" 

READ  #l}Nr,Kc,Kd  !  NO.  OF  SNRs,  START  ft. 

Kdc*Kd-Kc+l 

REDIM  E<0!Nr,l;Kdc),D<lsKdc) 

READ  iljE<*)  1  EIGENVALUES 

GINIT 

PLOTTER  IS  "GRAPHICS" 

GRAPHICS  ON 

REDIM  Cos<0sM>'4>,X<0jM-1),Y<0:M-1  ) 

A*2.  *P1/'M 
FOR  Ms*0  TO  M>'4 
Cos<Ms)*C0S<A»Ms)  !  INITIAL  QUARTER-COSINE  TABLE 

NEXT  Ms 
Tol=Tol0 

FOR  1=0  TO  Nr  1  Nr  NONZERO  SIGNAL-TC 

IF  I >0  THEN  Tol=ToI 1 
FOR  Ks=l  TO  Kdc 

D<Ks)=E<I,Ks)  I  COPY  EIGENVALUES 

NEXT  Ks 

Mux=SUM<D)  !  MEAN  OF  RANDOM  VARIA 

R*0.  !  ARGUMENT  OF  SQUARE  R 

P=l.  I  POLARITY  INDICATOR 

Muy*Mux+Bs  !  MEAN  OF  y  =  x  +  b 

MAT  X«<0. ) 

MAT  Y«<0. ) 

Y<0)».5*D*Ixi*Muy 
Ns=0 

Ns*Ns+l  I  LOOP  ON  xi 

Xi=Delxi*Ns  I  ARGUMENT  xi  OF  CHAR. 

Txi*Xi*2.  I  CALCULATION  OF 

Pr»l.  1  CHARACTERISTIC 

Pi*0.  !  FUNCTION  fy<x1 ) 

FOR  Ks*l  TO  Kdc 
Te*Txi *D<Ks) 

Pe»Pr+Te*Pi 
Pi »Pi -Te*Pr 
Pr*P« 

NEXT  Ks 

CALL  Sqr(Pr,Pi ,Sr,Si ) 

De*Sr*Sr+Si *Si 
Fyr»SrxDe 
Fyi *-Si /De 
Ro»R 

R*ATN<Fyi/Fyr) 

IF  ABS<R-Ro)>1.6  THEN  P=-P 
IF  P>0.  THEN  600 


JUMMER 


Nr  NONZERO  S I GNAL-TC-NO I SE  RATIOS 


COPY  EIGENVALUES 

MEAN  OF  RANDOM  VARIABLE 
ARGUMENT  OF  SQUARE  ROOT 
POLARITY  INDICATOR 
MEAN  OF  y  =  X  +  b 


LOOP  ON  xi 

ARGUMENT  xi  OF  CHAR. 
CALCULATION  OF 
CHARACTERISTIC 
FUNCTION  fy<xi ) 
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580  Fyr=-Fyr 

590  Fyi«-Fyi 

600  Ms=Ns  MODULO  M  !  COLLAPSING 

610  fl»Fyr/Ns 

620  B=Fy1/Ns 

630  X<Ms)«X<Ms)+fl 

640  Y<Ms)«Y<Ms>+B 

650  IF  fl*fi+B*B<To1  THEN  670 

660  GOTO  390 

670  CALL  Fftl4<M,Cos<*>,X<*),YC»>) 

680  GCLEAR 

690  M1NDOI4  0,M,-18,O 

700  LINE  TYPE  3 

710  GRID  M/8,1 

720  LINE  TYPE  1 

730  FOR  K»*0  TO  M-1 

740  T«Y<Ks>/'PI-Ks/M 

750  Y<Ks>«Pra.5+T  !  EXCEEDANCE  PROBABILITY  IN  YC*) 

760  IF  Pr>*l.E-16  THEN  Y=LGT<Pr ) ! Y<Ks >=PROB < x >2  PI  Ks/<M  De1xi)-Bs> 
770  IF  Pr<*-1.E-16  THEN  Y=-32. -LGT<-Pr> 

780  IF  ABS<Pr)<l.E-16  THEN  Y—16. 

790  PLOT  Ks,Y 

800  NEXT  Ks 

810  PENUP 

820  IF  I“Nr  THEN  940 

830  PRINT  Ii 

840  INPUT  “SCALE  FFT  SIZE  BY  1,2, 4, 8 . . 

850  Mm«MIN<M«Im, 16384) 

860  IF  Min*M  THEN  940 

870  Del xi »D»1 xi *M^Mm 

880  M»Mm 

890  REDIM  Cos<0:M/’4),X<0iM-1),Y<0!M-1  ) 

900  A«2.»PI/'M 

910  FOR  Ms»0  TO  M/4 

920  Cos<Ms)«COS<H*Ms)  !  QUARTER-COSINE  TABLE;  <=  4096 

930  NEXT  Ns 

940  FOR  Ks=0  TO  127 

950  Pr<I,Ks)*Y<Ks>  !  STORE  FOR  ROC  PLOT 

960  NEXT  Ks 

970  NEXT  1 

980  FOR  Ks»0  TO  127 

990  IF  Pr<0,Ks)<.l  THEN  1010 

1000  NEXT  Ks 

1010  Ms=Ks-l 

1020  FOR  Ks=Ms  TO  127 

1030  IF  Pr<0,Ks>< lE-10  THEN  1050 

1040  NEXT  Ks 

1050  NsoKs 

1060  ASSIGN  #1  TO  "ROC" 

1070  PRINT  »l;Ms,Ns,Nr 

1080  PRINT  #l|Pr<*) 

1090  ASSIGN  ttl  TO  « 

1100  DIM  Pfdi  14),Pd<li  18) 

1110  DATA  lE-10, lE-9, lE-8, lE-7, lE-6, lE-5, lE-4 

1120  DATA  .001 , .002, .005,  .01 , .02, .05,  .  1 
1130  READ  Pf<*) 
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1140  DflTft  .01, .02, .05, . 1, .2, .3, .4, .5, .6, .7 
1150  DRTR  .8, .9, .95, .98, .99, .995, .998, .999 
1160  RERD  Pd<*> 

1170  FOR  1*1  TO  14 

1180  Pf<I>*FNInyphi 

1190  NEXT  I 

1200  FOR  1*1  TO  18 

1210  Pd<I)*FNInMphi <Pd<I>) 

1220  NEXT  I 

1230  GCLERR 

1240  XlsPfCl) 

1250  X2»Pf<14) 

1260  Yl«Pd<l) 

1270  Y2*Pd<18> 

1280  UINDOM  X1,X2,Y1,Y2 

1290  LINE  TYPE  3 

1300  FOR  1*1  TO  14 

1310  MOVE  Pf<I),Yl 

1320  DRRW  Pf<I),Y2 

1330  NEXT  I 

1340  FOR  1*1  TO  18 

1350  MOVE  Xl,Pd<I> 

1360  DRRU  X2,Pd(I) 

1370  NEXT  I 

1380  PENUP 

1390  LINE  TYPE  1 

1400  FOR  Ks»Ms  TO  Ns 

1410  Pr<0,Ks)=FNInyphi <Pr<0,Ks))  •  FRLSE  RLRRM  PROBABILITY 

1420  NEXT  Ks 

1430  FOR  1*1  TO  Nr 

1440  FOR  Ks«Ms  TO  Ns 

1450  X=Pr<0,Ks) 

1460  Pr*Pr<I,Ks) 

1470  IF  Pr>.9999  THEN  1510 

1480  Pr(I,Ks)*Y=FNInyphi <Pr> 

1490  PLOT  X,Y 

1500  IF  Pr<.01  THEN  1520 

1510  NEXT  Ks 

1520  PENUP 

1530  NEXT  I 

1540  PAUSE 

1550  END 

1560  I 

1570  DEF  FNRrg<X,Y)  !  PRINCIPAL  RRG(Z> 

1580  IF  X=0.  THEN  RETURN  .5*PI*SGN<Y) 

1590  R*RTN<Y/X) 

1600  IF  X>0.  THEN  RETURN  R 

1610  IF  Y<0.  THEN  RETURN  R-PI 

1620  RETURN  R+PI 

1630  FNEND 

1640  I 

1650  SUB  Sqr<X,Y,U,V)  I  PRINCIPAL  SQR<Z> 

1660  F*SQR<SQR<X*X+Y*Y)) 

1670  T*.5*FNRrg<X, Y) 

1680  U-F*COS<T) 

1690  V»F*SIN<T) 

1700  SUBEND 

1710  I 
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1720  DEF  FNInvphUX)  I  AMS  55,  26.2.23 

1730  IF  X*.5  THEN  RETURN  0. 

1740  P=I1IN<X,  l.-X) 

1750  P»MflX<P, l.E-20) 

1760  T— LOG<P) 

1770  TaSQR<T+T) 

1780  P»l . +T*< 1 . 432788+T»< . 189269+T#. 001308) > 

1790  P=T-<2.515517+T*<.802853+T*.010328)>/P 

1800  IF  X<.5  THEN  P«-P 

1810  RETURN  P 

1820  FNEND 

1830  I 

1840  SUB  Fftl4<D0UBLE  N,REflL  Cos<*) , X<*) , Y<*) )  i  N< =2- 1 4= 1 6384 ;  0  SUES 
1850  DOUBLE  Log2n, N 1 , N2, N3 , N4, J , K  !  INTEGERS  <  2'31  =  2,147,463,648 
I860  DOUBLE  11, 12, 13, 14, 15, 16, 17, 18, 19, 110, 111, 112, 113, 114, L <0:1 3) 

1870  IF  N*1  THEN  SUBEXIT 

1880  IF  N>2  THEN  I960 

1890  fl=X<0)+X<l) 

1900  X<1)«X<0)-X<1) 

1910  X(0)«R 

1920  fl=Y<0)+Y<l) 

1930  Y<1)*Y<0)-Y<1) 

1940  Y<0)«fl 

1950  SUBEXIT 

I960  fl=LOG<N>/'LOG<2.  > 

1970  Log2nsR 

1980  IF  flBS<fl“Log2n)<l .E-8  THEN  2810 

1990  PRINT  "N  ""jMj-IS  NOT  R  POWER  OF  2;  DISRLLOWED. “ 

2000  PRUSE 

2010  Nl*N/'4 

2020  N2«N1-M 

2030  N3«N2-«-l 

2040  N4sN3-«-Nl 

2050  FOR  Il-l  TO  Log2n 

2060  I2«2^<Log2n-Il) 

2070  I3»2*I2 

2080  I4»N/I3 

2090  FOR  !5«1  TO  12 

2100  I6»<I5-1)*I4+1 

2110  IF  I6<»N2  THEN  2150 

2120  Rl— Cos<N4-16-l) 

2130  R2«-Cos<I6-Nl-l) 

2140  GOTO  2170 

2150  fll«Cos<I6-l) 

2160  R2— Cos<N3-I6-l) 

2170  FOR  I7«0  TO  N-I3  STEP  13 

2180  I8«I7-t'I5-l 

2190  I9«I8-«'12 

2200  T1«X<18> 

2210  T2«X<I9) 

2220  T3»Y<I8) 

2230  T4»Y<I9) 
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2240 

R3»T1-T2 

2250 

ft4“T3-T4 

2260 

X<18)-T1+T2 

2270 

Y<I8)=T3+T4 

2280 

X<I9>»fil*fl3- 

fi2»fl4 

2290 

Y<I9>*fll*fl4+fl2*fl3 

2300 

NEXT  17 

2310 

NEXT  15 

2320 

NEXT  11 

2330 

I l*Log2n+l 

2340 

FOR  12=1  TO 

14 

2350 

L<I2-1)=1 

2360 

IF  I2>Log2n 

THEN  2380 

2370 

L<I2-1>=2^<I1-I2) 

2380 

NEXT  12 

2390 

K=0 

2400 

FOR  11=1  TO 

L<13) 

2410 

FOR  12=11  TO 

L<12)  STEP  L<13) 

2420 

FOR  13=12  TO 

L<11)  STEP  L<12) 

2430 

FOR  14=13  TO 

L<10)  STEP  L<11) 

2440 

FOR  15=14  TO 

L<9)  STEP  L<10> 

2450 

FOR  16=15  TO 

L<8)  STEP  L<9) 

2460 

FOR  17=16  TO 

L<7)  STEP  L<8> 

2470 

FOR  18=17  TO 

L<6)  STEP  L<7) 

2480 

FOR  19=18  TO 

L<5)  STEP  L<6) 

2490 

FOR  110=19  TO  L<4)  STEP  L<5) 

2500 

FOR  111=110 

TO  L<3)  STEP  L<4) 

2510 

FOR  112*111 

TO  L<2)  STEP  L<3> 

2520 

FOR  113=112 

TO  L<1>  STEP  L<2> 

2530 

FOR  114=113 

TO  L<0>  STEP  L<1) 

2540 

J=I14-1 

2550 

IF  K>J  THEN 

2620 

2560 

fl»X<K) 

2570 

x<k)=x<:j> 

2580 

X< J)»fl 

2590 

fl=Y<K) 

2600 

Y<K)»Y<J> 

2610 

Y< J>=fl 

2620 

K»K+1 

2630 

NEXT  114 

2640 

NEXT  113 

2650 

NEXT  112 

2660 

NEXT  Ill 

2670 

NEXT  110 

2680 

NEXT  19 

2690 

NEXT  18 

2700 

NEXT  17 

2710 

NEXT  16 

2720 

NEXT  15 

2730 

NEXT  14 

2740 

NEXT  13 

2750 

NEXT  12 

2760 

NEXT  11 

2770 

SUBEND 
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10 

!  SIMULATION  FOR  ONE-POLE 

PROCESSES 

20 

Rs». 85 

! 

INPUT  SIGNAL  PARAMETER 

30 

Bs=.77 

! 

INPUT  NOISE  PARAMETER! 

40 

C*=l .  13 

! 

FILTER  PARAMETER 

50 

R».  7 

! 

INPUT  POWER  SNR 

60 

Kaa4 

70 

Kb«ll 

80 

Kc»2 

90 

Kd»16 

100 

Bins*1000 

110 

Num*=lE6 

1 

NUMBER  OF  TRIALS 

120 

Bel taz=. 25 

! 

BIN  SIZE  FOR  OUTPUT  2 

130 

DOUBLE  Ka,Kb,Kc,Kd,Bins 

, Hum, It , K, M 

140 

DIM  E<100>,S<100),Yn<100),Y£<100),T<1000) 

150 

Ea=EXP<-As) 

160 

Eb=EXP<-Bs> 

! 

WHITE  NOISEi  FOR  B£=inf 

170 

Ec«EXP<-Cs) 

180 

Fa«SQR<R*<l.-Ea«Ea)> 

190 

Fb=SQR<l.-Eb*Eb) 

200 

REDIM  E<0iKd-Ka) 

210 

E<0>«Cs 

220 

FOR  K»1  TO  Kd-Ka 

230 

E<K)=E<K-n*Ec 

240 

NEXT  K 

250 

REDIM  S<-30iKd>, Yn<Kc 

-ljKd>,Ys<Ka!Kd>,T<ls Bins) 

260 

FOR  It«l  TO  Hum 

270 

S<-30)=Nk=Yk=0. 

280 

FOR  K=-29  TO  Kc-1 

1 

ALLOW  STEADY  STATE 

290 

R1=2.*RND-1. 

BOX-MULLER 

300 

R2«2.*RND-1. 

310 

R3«R1*R1+R2*R2 

320 

IF  R3>1.  THEN  290 

330 

R3«SQR<-2.  *L0G<R3)/’R3) 

340 

R1*R1*R3 

350 

R2*R2*R3 

360 

S<K)*Fa*Rl+Ea*S<K-l) 

! 

FILTER  INPUT  SIGNAL 

370 

Nk=Fb*R2+Eb*Nk 

1 

FILTER  INPUT  NOISE 

380 

Yk=Cs*Nk+Ec*Yk 

! 

FILTER  OUTPUT  NOISE 

390 

NEXT  K 

400 

Yn<Kc-l)»Yk 

410 

FOR  K=Kc  TO  Kd 

420 

Rl*2.*RND-l. 

430 

R2»2.*RND-1. 

440 

R3»R1#R1+R2*R2 

450 

IF  R3>1.  THEN  420 

460 

R3*SQR<-2.  »L0G<R3>/'R3) 

470 

R1«R1*R3 

480 

R2«R2*R3 

490 

M=K-1 

LINE  !60 


SET  Eb=0 
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500  S<K)=Fa*Rl+Ea*S<M)  I  FILTER  INPUT  SIGNAL 

510  Nk®Fb*R2+Eb»NI<  !  FILTER  INPUT  NOISE 

520  Yn<K)»Cs«Nk+Ec*Yn<M>  I  FILTER  OUTPUT  NOISE 

530  NEXT  K 

540  FOR  K=K*  TO  Kd 

550  S»0. 

560  FOR  M*Ka  TO  MIN<K,Kb) 

570  S  =  S  +  E<K-t1)*S<M>  I  FILTER  OUTPUT  SIGNAL 

580  NEXT  M 

590  Ys<K>*S 

600  NEXT  K 

610  z-e. 

620  FOR  K»Kc  TO  Ka-1 

630  T=Yn<K> 

640  Z=2+T*T 

650  NEXT  K 

660  FOR  K=Ka  TO  Kd 

670  T*Ys<K)+Yn<K> 

680  Z«Z+T*T 

690  NEXT  K 

700  K=INT<Z/Deltaz)+1 

710  K»MIN<K,Bins) 

720  T<K>»T<K)+1. 

730  NEXT  It 

740  FOR  K=Bins-l  TO  1  STEP  -I 
750  T<K>«T<K)+T<K+1) 

760  NEXT  K 

770  MAT  T»Tx<Num) 

780  GINIT 

790  PLOTTER  IS  "GRAPHICS" 

800  GRAPHICS  ON 

810  MINDOH  0, Bins, -5,0 

820  GRID  Bins/'4,  1 

830  FOR  Kel  TO  Bins 

840  T»T<K) 

850  IF  T>0.  THEN  870 

860  GOTO  890 

870  PLOT  K,LGTCT) 

880  NEXT  K 

890  PENUP 

900  FOR  K«Bins  TO  1  STEP  -1 

910  T«1.-T<K) 

920  IF  T>0.  THEN  940 

930  GOTO  960 

940  PLOT  K,LGT<T) 

950  NEXT  K 

960  PENUP 

970  PAUSE 

980  DUMP  GRAPHICS 

990  END 
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APPENDIX  E.  PROGRAM  FOR  COLORED  INPUT  NOISE 


One  program  is  listed  in  this  appendix.  It  computes  the 
covariance  matrices  and  eigenvalues  as  described  in  appendix  D, 
but  now  for  a  colored  noise  input.  The  program  for  computing  the 
receiver  operating  characteristics  from  the  eigenvalues  is 
identical  to  that  listed  above  and  therefore  has  not  been 


repeated  here. 


10 

1  COMPUTE  COVRRIRNCE 

MATRICES  AND  EIGENVALUES 

20 

!  STORE 

EIGENVALUES 

IN 

"EIG"  IN  LINE  2260 

30 

Ka«-10 

!  INPUT  SIGNAL  START 

40 

Kb=5 

!  INPUT  SIGNAL  END;  Kb 

>=  Ka 

50 

Kc=0 

1  ACCUMULATOR  START 

60 

Kd*5 

•  ACCUMULATOR  END;  Kd 

>=  Kc.Ka 

70 

Delta 

=  .2 

!  TIME  SAMPLING  INCREMENT  (SECONDS) 

80 

J=3 

!  NUMBER  OF  SIGNAL  COMPONENTS 

90 

DRTR 

11. ,-48. ,75. 

!  SIGNAL  SCALINGS  <WE  SET  SUM  =  1) 

100 

DRTR 

1. , . 125, .066667 

1  SIGNAL  TIME  CONSTANTS 

(SECONDS) 

110 

M=2 

1  NUMBER  OF  NOISE  COMPONENTS 

120 

DRTR 

39. ,60. 

!  NOISE  SCALINGS  <WE  SET  SUM  =  1> 

130 

DRTR 

.2,  .4 

!  NOISE  TIME  CONSTANTS 

(SECONDS) 

140 

N=>4 

I  NUMBER  OF  FILTER  COMPONENTS 

150 

DRTR 

1«  f  2  a  f4t 

!  FILTER  SCALINGS  (ARBITRARY) 

160 

DRTR 

•  3| • 7  f *9 

!  FILTER  TIME  CONSTANTS 

(SECONDS) 

170 

z 

It 

(9 

!  NUMBER  OF  SIGNRL-TO-NOISE  RATIOS 

180  DflTfl  0,1,2,3,4,5,6,7,8,9,10  !  INPUT  SNRS  IN  DB 

190  DRTR  11,12,13,14,15,16,17,18,19 

200  IF  <Ka<*Kb)  RND  <Kc<=Kd)  RND  <Ka<=Kd)  THEN  230 

210  PRINT  "PROBLEM  WITH  PRRRMETERS" 

220  STOP 

230  DIM  Rlpha<10),R<10),Beta<10),BC10),Psi <10>,C<10),R<20> 

240  DIM  W<100),Pc<10>,Ec<10),Pcw<10>,Eb<10>,Chb<10>,Shb<10) 

250  DIM  Chc<10),Shc<10>,Mu<10),Gamroa<10>,Cn(200),Ea<10> 

260  DIM  E(0,  1000),Gca<100),Gcda<10e>,Gcb(;i00>,Gbda(100> 

270  DIM  Cs<5000>,Cw(0, 10000), Ca<e, 10000), D(100>,Eig<0, 2000) 

280  DOUBLE  Ka, Kb, Kc , Kd, J, M, N, Nr, Ns, Ks, Ms, Kdc , Ko 
290  DOUBLE  LI , L2, L , LI  1 , Js , Qs , K 1 , Ksl , K 1 , Ks2 ,  K2 ,  I 
300  REDIM  Riphadi  J),R<li  J) 

310  RERD  R1pha(«),R(«) 

320  MRT  Rlpha*Rlpha/<SUM<Rlpha)) 

330  MRT  R-<DeUa)/'fl 

340  REDIM  Beta<liM),B(liM) 

350  RERD  Beta(*),B<«) 

360  MRT  Beta»Beta/'<SUM<Beta)) 

370  MRT  B»<DeUa)/B 

380  REDIM  Psi (liN),C<liN) 

390  RERD  Psi <*),C<*) 

400  MRT  C»<Delta)/'C 

410  REDIM  R<liNr) 

420  RERD  R<*) 

430  REDIM  W<KciKd) 

440  CRLL  Weights<Kc,Kd,W<*)) 

450  MRT  W*SQR<W) 
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1070  Cn<Ks)»Cn<Ks)+Mu*P 

1080  NEXT  Ks 

1090  NEXT  M» 

1100  FOR  Ns»l  TO  N 

1110  Ga>Gamm4<Ns> 

1120  E»Ec<Ns> 

1130  P»l. 

1140  Cn<0)=Cn<0>+Ga 

1150  FOR  Ks»l  TO  Kdc 

1160  P*P*E 

1170  Cn<Ks)«Cn<Ks>+Ga*P 

1180  NEXT  Ks 

1190  NEXT  Ns 

1200  FOR  Js=l  TO  J  !  FILTER  OUTPUT  SIGNAL  COVARIANCE 

1210  R<Js)*EXP<A<Js)) 

1220  NEXT  Js 

1230  Ko>«NAX<Ka,Kc> 

1240  REBIN  Ea(liN>,E<liN,KoiKd> 

1250  FOR  Ns*l  TO  N 

1260  E«EcCNs> 

1270  Ea<Ns)*l./'E 

1280  E<Ns,Ko)»EXP<-C<Ns)*Ko) 

1290  FOR  Ks=Ko+l  TO  Kd 

1300  E<Ns,Ks)-E<Ns,Ks-n*E 

1310  NEXT  Ks 

1320  NEXT  Ns 

1333  Ll=MlN<Ko,Kb)+l 

1340  L2sMIN(Kd,Kb>-»-l 

1350  REDIM  Gca<Ll;L2),Gcda<Ll:L2),Gcb<Ll:L2),Gbda<LlsL2) 

1360  L*Kd-Kotl 

1370  REDIM  Cs<1jL*<L  +  1>/'2) 

1380  Lll»Ll-«-l 

1390  FOR  Js«l  TO  J 

1400  A1»A1pha<Js> 

1410  A«A(Js) 

1420  R1»A*R-1. 

1430  FOR  Ns*l  TO  N 

1440  C=Ea(Ns) 

1450  Ca=C*A 

1460  Cda=C/A 

1470  Cal=l.-Ca 

1480  Rc=R-C 

1490  Ae=Rl«Pc<Ns) 

1500  Gca=Ca''Ka^Cal 

1510  Gca<Ll  )»Ca-'Ll/'Cal 

1520  Gcda<Ln*Cda‘'Ll/<l.-Cda) 

1530  FOR  Ks»Lll  TO  L2 

1540  Gca<Ks>«Ca*Gca<Ks-l > 

1550  Gcda<Ks>«Cda*Gcda<Ks-l ) 

1560  NEXT  Ks 

1570  FOR  Qs*l  TO  N 

1580  B«Ea<Qs> 

1590  R*«=A**Pc<Qs) 

1600  Ba«B*A 

1610  Bda^^B/R 

1620  Cb«C*B 

1630  Bal«l.-Ba 

1640  Cbl»l.-Cb 

1650  Gba«Ba^Ka/Bal 

1660  Rb«R-B 

1670  F=B*Rl/<flb*Bal) 
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1680  Sl»Cb''Ka/'Cbl*<fll+Cbn/'<fib*Rc) 

1690  Gcb<Ll  )»Cb''Ll/Cbl 

1700  Gbda<Ll>  =  Bda''Ll/<l.-Bda> 

1710  FOR  Ks=Lll  TO  L2 

1720  Gcb<Ks)*Cb*Gcb<Ks-l ) 

1730  Gbda<Ks>-Bda*Gbda<Ks-l  > 

1740  NEXT  Ks 

1750  Ki«0 

1760  FOR  KsIbKo  TO  Kd 

1770  Kl*l1IN<Ksl,Kb)  +  l 

1780  S2=Sl+Gcb<Kl)*F-Gba*Gcda<Kl> 

1790  S3*Gca(Kl >-Gca 

1800  E»Ree*E<Ns,Ksl> 

1810  FOR  Ks2«Ksl  TO  Kd 

1820  Ki-Ki+1 

1830  K2«MIN(Ks2,Kb>+l 


1840 

SBS2-fGbda<K2>*S3 

! 

1850 

Cs<Kl )=Cs<Kl >+E*E<Qs 

,Ks2 

I860 

NEXT  Ks2 

1870 

NEXT  Ksl 

1880 

NEXT  Qs 

1890 

NEXT  Ns 

1900 

NEXT  Js 

1910 

L»Kd-Kc+l 

1 

1920 

REDin  Cu<l:L, l:L>,Ca(l:L 

1930 

LI l«Kc-l 

1940 

R«0. 

1950 

FOR  1*0  TO  Nr 

1960 

K1°0 

1970 

IF  I»0  THEN  1990 

1980 

R*10.''<R<I)*.  1) 

! 

1990 

FOR  Ksl«Kc  TO  Kd 

2000 

WaW<Ksl> 

1 

2010 

FOR  Ks2*Ksl  TO  Kd 

2020 

IF  Ksl>«Ko  THEN  2050 

2030 

Cs®0. 

2040 

GOTO  2070 

2050 

Ki«Ki+l 

2060 

Cs=Cs<Ki ) 

2070 

Pr*W»W<Ks2)*<Cn<Ks2- 

Ksl> 

2080 

Ll*Ksl-Lll 

2090 

L2=Ks2-Lll 

2100 

Cw<Ll,L2)»Cu<L2,Ll )= 

Pr 

2110 

NEXT  Ks2 

2120 

NEXT  Ksl 

2130 

CALL  Swd<L,L,Cw<*>,Ca<*) 

2140 

MRT  SORT  D<*)  DES 

2150 

IF  D<L)>0.  THEN  2180 

2160 

PRINT  "PROBLEMi  SOME 

NON 

2170 

PAUSE 

2160 

PRINT  "I  «"|Ij"  CONDIT 

2190 

PRINT  D<*) 

2200 

PRINT 

2210 

FOR  Ks*l  TO  L 

2220 

Eig<r,Ks>»IKKs) 

! 

2230 

NEXT  Ks 

2240 

NEXT  I 

2250 

MASS  STORAGE  IS  "iCS80,7 

2260 

ASSIGN  «1  TO  "EIG" 

2270 

PRINT  #liNr,Kc,Kd,Eig<*) 

2280 

ASSIGN  ttl  TO  * 

2290 

END 

sun  S 
)*S 


TOTRL  WEIGHTED  COVARIANCE  MATRIX 
,  l;L),L<l:L),Eig<0sNr, 1:L) 

INPUT  POWER  SIGHAL-TO-NOISE  RATIO 
WEIGHTS  {w<k>> 


+R*Cs) 

!  EIGENVALUES 

-POSITIVE  EIGENVALUES” 
ION  NUMBER  *“{D<1)/D(L> 

STORE  EIGENVALUES 

M 
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Comparison  of  Two  Kernels  for  the 
Modified  Wigner  Distribution  Function 

Chintana  Griffin  and  Albert  H.  Nuttall 


ABSTRACT 

This  document  contains  the  lecture  presentation  of  the  paper 
entitled  "Comparison  of  Two  Kernels  for  the  Modified  Wigner 
Distribution  Function,"  given  at  the  Society  of  Photo-Optical 
Instrumentation  Engineers  International  Symposium  on  optical 
Applied  Science  and  Engineering,  Conference  1566  on  Advanced 
Signal  Processing  Algorithms,  Architectures,  and  Implementations, 
21  -  26  July  1991,  San  Diego,  California. 

We  compare  the  modified  Wigner  distribution  functions 
obtained  via  the  Choi-Williams  kernel  and  its  rotation,  as  well 
as  by  the  tilted  Gaussian  kernel.  Based  on  several  commonly  used 
examples,  we  demonstrate  that  the  modified  Wigner  distribution 
obtained  via  the  Gaussian  kernel  can  minimize  the  artifacts  more 
effectively  and  had  the  capability  of  selectively  filtering  out 
undesired  components. 
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Explicit  Solution  of  Difference  Equation  for  the 
Wavenumber  Response  of  Fluid-Loaded  Stiffened  Plate 

Albert  H.  Nuttall 

ABSTRACT 

A  method  for  solving  a  difference  equation  encountered  for 
excitation  of  a  line-driven,  fluid-loaded,  infinite  flat  plate 
with  nonperiodic  attached  rib  stiffeners  is  presented.  For  the 
case  of  excitation  by  Q  complex  exponentials,  a  linear  set  of  Q 
simultaneous  equations  must  be  solved  for  each  wavenumber  k.  For 
the  most  general  excitation,  a  linear  integral  equation  must  be 
solved  at  each  k.  A  possible  shortcut  for  obtaining  solutions  at 
certain  shifted  values  of  wavenumber  k  is  pointed  out. 


Approved  for  public  release;  distribution  is  unlimited. 
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L 

A 

Q 

D 

w(x) 

m 

Oi 

Pa(x,0) 

Pq(*) 

k 

w(k) 

F(k) 

y(k) 


LIST  OF  SYMBOLS 
periodic  inter  rib  spacing 

offset  of  one  set  of  rib  stiffeners  to  another  set 

number  of  sets  of  attached  rib  stiffeners,  (1) 

rigidity  of  plate,  (1) 

transverse  plate  displacement,  (1) 

mass  per  unit  area  of  plate,  (1) 

applied  excitation  frequency  { radians/second ) ,  (1) 
external  pressure  due  to  line-force,  (1) 
acoustic  pressure  on  upper  surface  of  plate,  (1) 
total  pressure  exerted  by  q-th  set  of  rib  stiffeners 
wavenumber ,  ( 2 ) 
wavenumber  response,  (2) 
auxiliary  function,  (2) 
auxiliary  function,  (2) 

wavenumber  defined  by  periodic  spacing,  (2) 

dynamic  structural  mass  of  q-th  rib  stiffener  set,  (2) 

q-th  offset  distance,  (2) 

magnitude  of  applied  line  force,  (3) 

point  of  application  of  line  force,  (3) 

auxiliary  function,  (4) 

free  in-vacuum  plate  wavenumber,  (4) 

mass  density  of  acoustic  fluid,  (4) 

acoustic  wavenumber  w/c^,  (4) 

mass  per  unit  length  of  q-th  set  of  rib  stiffeners 
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ro/n,P/q  integers 

e  real  nonzero  variable,  (5) 

{An}  given  sequence,  (5) 

Oq  q-th  exponential  factor,  (6) 

Vfq(k)  auxiliary  summation  function,  (8) 

Fq(k)  auxiliary  summation  function,  (13) 

Ypq(k)  auxiliary  summation  function,  (14) 

N{k)  numerator  term  for  Q  =  2,  (20) 

D(k)  denominator  term  for  Q  =  2,  (21) 

B(u)  Fourier  sum,  (22) 

W(u,k)  auxiliary  summation  function,  (24) 

F(u,k)  auxiliary  summation  function,  (29) 
Y(v-u,k)  auxiliary  summation  function,  (30) 
Wp(u,k)  p-th  order  approximation  to  W(u,k),  (33) 
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EXPLICIT  SOLUTION  OF  DIFFERENCE  EQUATION  FOR  THE 
WAVENUMBER  RESPONSE  OF  FLUID-LOADED  STIFFENED  PLATE 

INTRODUCTION* 

Acoustic  radiation  from  the  upper  surface  of  a  fluid-loaded 
stiffened  plate  has  been  examined  by  Cray  [1].  The  formulation 
developed  there  produces  an  implicit  algebraic  equation  for  the 
Fourier  transformed  plate  wavenumber  response.  This  response 
must  be  manipulated  into  an  explicit  form  in  order  to  obtain  a 
solution  for  the  plate's  structural  response  and  to  obtain  the 
near-  and  far-field  generated  acoustic  response.  The  following 
is  a  brief  synopsis  of  the  formulation  for  the  acoustic  radiation 
from  a  stiffened  plate. 

The  infinite  plate  investigated  in  [1]  was  configured  to  have 
two  infinite  sets  of  attached  rib  stiffeners.  The  stiffeners 
composing  a  given  set  were  identical  and  were  spaced  periodically 
with  distance  L.  One  set  of  stiffeners,  however,  was  shifted  by 
an  amount  A  from  the  other  set.  In  this  manner,  portions  of  the 
plate  were  configured  with  repeating  sections  having  nonperiodic 
rib  spacing. 

The  governing  equation  of  motion  for  the  surface  displacement 
of  the  fluid-loaded  isotropic  plate  for  an  applied  line-force, 
with  Q  sets  of  attached  rib  stiffeners,  is  given  by 

D  dlwixl  -  m  0,2  ^  p  _  p  (x,0)  -  ^  P  (x)  ,  (1) 

dx^  ®  ®  q=l 

*The  introduction  was  contributed  by  Dr.  Benjamin  A.  Cray. 
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where  D  is  the  rigidity  of  the  plate,  w(x)  is  the  transverse 
plate  displacement,  ra  is  the  mass  per  unit  area  of  the  plate, 
u  is  the  applied  excitation  frequency,  Pg(x)  is  the  external 
pressure  due  to  the  applied  line-force,  Pg^(x,0)  is  the  acoustic 
pressure  acting  on  the  upper  surface  of  the  plate,  and  {Pq(x) j 
are  the  total  pressures  exerted  by  each  set  of  attached  rib 
stiffeners. 

Rotary  inertia  and  shear  deformation  effects  within  the  plate 
and  rib  stiffeners  were  neglected.  The  stiffeners  exerted 
reactive  forces  upon  the  plate  but  applied  no  angular  moments. 

Equation  (1)  was  transformed,  term  by  term,  using  exponential 
Fourier  transforms.  The  spatial  transform  variable,  k,  has  the 
physical  significance  of  wavenumber.  It  was  assumed  that  the 
transforms  are  well  defined  and  exist  over  the  entire  domain  of 
integration. 

Upon  transforming  (1)  into  the  wavenumber  domain,  the 
implicit  form  of  the  wavenumber  response,  for  the  fluid-loaded 
stiffened  plate,  can  be  written  as 

00 

W(k)  =  F(k)  -  Y(k)  YIZ  W(k  +  nk  )  x 

n=-«> 

X  +  B2  exp|ink^Ajj  +  •  •  •  +  Bg  exp | inkj^Ag_ j  j  ,  (2) 


where  W(k)  is  the  (transformed)  wavenumber  response.  The 
quantities  on  the  right-hand  side  of  (2)  are  defined  as 


F(k) 


Fq  exp(-ikxQ) 
S(k) 


’'<>'1  -  sTkT  ' 


(3) 
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where 


S(k)  = 


o(k^  -  4) 

D(k«  -  4) 


2 

1  Po  “ 


3 

O 

Q. 

*^0 


for  |k|  <  k^ 

for  lk|  >  k 
'  '  o 


(4) 


2  3* 

where  kj^  =  (m  w  /D)  is  the  free  in- vacuum  plate  wavenumber, 
kj^  =  2n/L  is  the  wavenumber  defined  by  the  periodic  spacing,  and 
Bq  =  m^  0)  /L  IS  the  dynamic  structural  mass  of  the  q-th  rib 
stiffener  set.  Also,  is  the  q-th  offset  distance. 

Notice  in  (2)  that  the  wavenumber  or  spectral  response  W{k) 
appears  implicitly.  The  difficulty  now  lies  in  determining  an 
explicit  expression  for  the  plate's  wavenumber  response  W(k). 

That  is,  it  is  necessary  to  manipulate  (2)  such  that  the 
summation  which  contains  the  shifted  wavenumber  responses 
{W(k  +  nkj^)  }  may  be  rewritten  in  terms  of  known  quantities. 

In  [1],  Cray  obtained  an  explicit  expression  for  W(k)  for  the 
case  of  a  single  offset,  that  is,  Q  =  2  in  (2).  This  corresponds 
to  two  sets  of  rib  stiffeners,  where  one  set  is  offset  from  the 
other.  The  following  development  is  a  significant  extension  of 
the  configuration  of  two  sets  of  rib  stiffeners  to  the  case  of  an 
arbitrary  number  of  rib  stiffener  sets,  each  with  different 
offsets  (Aq},  and  to  arbitrary  excitation  functions. 
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DESCRIPTION  AND  SOLUTION  OF  DIFFERENCE  EQUATION 


In  the  following  mathematical  development,  k  and  £  are 
arbitrary  real  variables,  while  m,n,p,q  are  integers.  Also, 
summations  without  limits  are  from  -<»  to  +«».  We  are  interested 
in  finding  the  solution  W{k)  to  the  difference  equation 


W(k)  =  F(k)  -  Y(k)  Y1  \  W(k  +  en)  ,  (5) 

n 


where  F{k)  and  Y(k)  are  given  known  functions  of  k,  and  sequence 
{A^}  is  also  known.  For  e  =  0,  the  solution  tc  (5)  is  immediate; 
hence,  e  is  nonzero  and  fixed  in  the  following. 

In  fact,  we  are  interested  in  the  particular  case  where  A^  is 
a  finite  sum  of  Q  complex  exponentials  in  n  (compare  with  the 
second  line  of  (2)): 


A 


n 


exp(inag) 


for  all  n  , 


(6) 


where  lOg},  1  1  q  £  Q,  are  arbitrary  (complex)  distinct 
constants,  and  {8^}  are  arbitrary  complex  constants.  The  jBgj 
and  {Cq}  are  given.  Furthermore,  since 

exp(ina  )  =  exp(in[a  ~  p2ii])  for  all  p  ,  (7) 

Vi  'A 

there  is  no  loss  of  generality  in  assuming  that  |Re(a  )|  <  n  for 
all  1  1  q  i  Q.  If  Im(a  )  is  nonzero  for  any  q,  then  |a^|  cannot 
remain  bounded  at  both  limits  of  n  =  ±®.  The  earlier  case  solved 
in  [1]  corresponded  to  Q  =  2  and  the  special  value  of  Oj  =  0. 
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DEFINITION  AND  PROPERTIES  OF  AUXILIARY  FUNCTIONS 


Define  functions 


W  (Jc)  =  Y1  exp(ina  )  for  1  1  q  i  Q  . 

^  n  ^ 

(The  additional  dependence  of  Wq(k)  on  t  is  suppressed 
notationally . )  It  then  follows  that 


W  (k  +  Em)  =  Y1  +  Em  +  En)  exp(ina  )  = 

n 


XI  W(k  +  Ep)  exp(i(p-m)aq)  =  exp(-imag)  Wq(k)  , 


(8 


(9) 


where  we  let  p  =  m  +  n  and  used  (8).  This  is  the  key  relation 
regarding  the  functions  ;^{k)  defined  in  (8),  namely 

— q 

WL(k  +  Em)  =  exp(-ima  )  W_(k)  for  1  i  g  1  Q  .  (10) 

\l  SI 

with  the  aid  of  (6)  and  (8),  the  summation  on  n  in  (5)  can 
now  be  manipulated  into  the  form 


A^  W(k  +  En)  =  ^  W(k  +  En)  Bg  exp(inag)  =  X^  Wg(k) 

(11 


n 


n 


This  enables  us  to  express  (5)  in  the  alternative  form 


W(k)  *  F(k)  -  Y(k) 


Q 

III  w 


q=i 


q  -q 


(k) 


(12) 
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SOLUTION  OF  EQUATION  (12) 

At  this  point,  in  analogy  to  (8),  it  is  convenient  to  define 
two  additional  functions,  namely, 

jF  (k)  =  X]  F(k  +  en)  exp(ina  )  for  1  i  q  <  Q  ,  (13) 

^  n  ^ 

Xpq(J«)  =  E  Y(k  +  en)  exp[in(ap  -  Og)]  for  1  5  p,q  <  Q  .  (14) 


Now,  replace  k  by  k  +  em  in  (12)  and  use  (10),  obtaining 


W(k  +  em)  =  F(k  +  em)  -  Y(k 


+  em) 


Bg  exp(-imaq)  •  (15) 


When  this  equation  is  multiplied  by  exp(imap)  and  summed  over  all 
m,  there  follows,  by  use  of  (8),  (13),  and  (14), 

Wp(k)  «  Fp(k)  -  ^  Xpq^*^)  Bq  Wq(k)  for  1  <  p  S  Q  ,  (16) 

This  relation  constitutes  Q  linear  equations  (at  each  k)  in  the  Q 
unknown  functions  Wg(k),  1  £  q  i  Q.  The  remaining  quantities  in 
(16)  can  be  obtained  from  (6),  (13),  and  (14). 

When  (16)  is  solved  for  all  the  {W^(k)},  then  (12)  directly 
yields  the  original  quantity  of  interest,  namely  W(k)  in  (5),  for 
that  particular  value  of  k.  Although  this  procedure  appears  to 
require  the  solution  of  a  new  set  of  Q  simultaneous  linear 
equations  for  each  k  of  interest,  there  is  a  shortcut  that  might 
be  useful  in  some  cases.  Namely,  reference  to  (15)  reveals  that 
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W(k  +  em)  can  now  be  calculated  easily  for  nonzero  m,  tor  that  k, 
once  F(k  +  era)  and  y(k  +  sm)  have  been  computed,  without  the  need 

for  another  solution  set.  The  same  solutions  {W_{k)l  are  used  on 

" 

the  right-hand  side  of  (15),  regardless  of  the  value  of  m  under 
consideration;  only  the  finite  summation  in  (15)  need  be  redone. 
Thus,  the  solution  W  to  (5)  at  arguments  k,  k±E,  k±2E,... 
can  be  found  from  the  solution  of  one  set  of  Q  simultaneous 
equations,  (16). 

For  the  special  case  of  Q  =  1,  (16)  can  be  immediately  solved 
to  yield  [1] 


Wi(k)  - 


Il(k) 


F(k  +  en)  exp(inaj) 
n 


®1  -11^^^  1  +  Bi  H  Y(k  +  En) 

n 


(17) 


Then  (12)  yields  the  explicit  result  (for  Q  =  1) 


F(k  +  En)  exp(inaj^) 

W(k)  =  F(k)  -  B,  y(k)  — -  .  (18) 

1  + 


In  this  foirm,  it  is  possible  to  directly  evaluate  W(k)  at  any  k 
of  interest  merely  by  computing  the  terms  encountered  on  the 
right-hand  side  of  (18).  However,  shortcut  (15)  is  still  better 
for  the  particular  arguments  {k  +  Em}. 
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For  Q  =  2,  when  the  solutions  of  (16)  are  substituted  into 
(12),  the  function  W(k)  is  given  by  the  explicit  expression 


W(k)  =  F(k)  -  Y(k)  , 


(19) 


where 


N(k)  =  Bj  Fj(k)  +  F2(k)  +  Bj  B2  X 


(20) 


D(k)  =  1  +  Bj^  ®2  ^22<^> 

+  Bj  B2  [Y^i(k)  Y22(k)  -  Yj2(k)  X2j{k)]  . 


(21) 


A  program  for  the  evaluation  of  (19)  -  (21),  for  the  case  where 
Y(k)  is  real,  is  presented  in  the  appendix;  also,  B^^,  B2,  a^,  and 
02  are  real.  Then  D(k)  is  real,  but  N(k),  F(k),  and  W(k)  are 
complex.  Also,  Y22(k)  =  Xii(k)  is  real,  while  ^^(k),  F2(k),  and 
l2i(J^)  =  are  complex.  The  program  uses  these  properties. 

In  general,  for  any  Q,  if  (16)  is  solved  analytically  for  the 
set  {Wg(k)}  in  terms  of  (Bg),  {Fg(k)),  and  lXpq{k)l,  these 
results  can  be  substituted  or  utilized  in  (12)  to  get  an  explicit 
expression  for  W(k)  that  is  valid  for  all  k.  For  large  Q,  this 
will  be  impractical;  instead,  numerical  solution  of  the  Q  simul¬ 
taneous  equations,  (16),  will  be  required  at  each  k  of  interest. 
The  only  exception  is  to  use  (15)  for  the  particular  arguments 
{k  +  Em}.  (All  results  above  actually  hold  for  k  and  e  complex.) 
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SOLUTION  FOR  GENERAL  SEQUENCE  {A^} 

In  this  section,  we  no  longer  restrict  sequence  {A^j  to  have 
exponential  form  (6).  Rather,  for  bounded  given  sequence 
define  function 

B(u)  =  ^  exp(-inu)  for  |ul  <  n  ,  (22) 

where  u  is  real.  Then,  the  sequence  values  can  be  found  from 

n 

Aj^  =  J  du  B(u)  exp{inu)  for  all  n  .  (23) 

-n 

The  fastest  variation  with  n  that  (23)  allows  for  A^  is 

exp(±inn);  however,  this  is  no  loss  of  generality,  as  seen  by 

reference  to  (7).  The  case  considered  earlier  in  (6)  corresponds 

to  B(u)  being  composed  of  a  set  of  Q  impulses  of  area  B^  located 

at  u  =  a„,  with  la  I  i  ir,  when  is  real, 
q'  '  q'  q 

Now,  define  function 

W{u,k)  =  W(k  +  en)  exp{inu)  for  )u|  <  n  .  (24) 

n 

(Again,  the  notational  dependence  on  e  is  suppressed. )  The  key 
relation  that  W(u,k)  satisfies  is 

W(u,k  +  era)  =  X]  W(k  +  cm  +  en)  exp(inu)  = 

n 

=  H  W(k  +  ep)  exp(i(p-m)u)  =  exp(-imu)  W(u,k)  ,  (25) 

P 

where  we  let  p  =  m  +  n  and  used  (24).  This  relation. 


11 


TR  10015 


W(u,k  +  Em)  *  exp(-imu)  W(u,k)  ,  (26) 

is  the  analogue  of  (10)  earlier. 

The  summation  in  (5)  can  now  be  expressed  as 

n 

Yi  A  W(k  +  en)  =  ^  W(k  +  en)  f  du  B{u)  exp(inu)  = 

•iK  M. 

-n 

n 

*JduB(u)W(u,k),  (27) 

-n 

where  we  used  (23)  and  (24).  Therefore,  the  equation  of 
interest,  (5),  now  takes  the  form 

n 

W(k)  =  F(k)  -  Y(k)  J  du  B(u)  W(u,k)  .  (28) 

-n 

We  now  define,  in  analogy  to  (13)  and  (14),  the  two  functions 

F(u,k)  =  YL  exp(inu)  for  |u|  1  n  ,  (29) 

n 

Y(v-u,k)  =  YL  exp(in(v-u))  for  {u|,|v|  <.  n  .  (30) 

n 

When  we  replace  k  by  k  +  em  in  (28),  and  use  (26),  there 
follows 

n 

W(k  +  Em)  =  F(k  +  Em)  -  Y(k  +  Em)  J  du  B(u)  W(u,k)  exp(-imu)  . 

■"  (31) 

We  now  multiply  (31)  by  exp(imv),  v  real,  and  sum  over  all  m,  to 
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W(v,k)  =  F(v,k)  -  J  du  Y(v-U/k)  B(u)  W(u,k)  for  |vj  1  n  ,  (32) 

-n 

where  we  used  (24)/  (29),  and  (30).  This  is  a  linear  integral 
equation,  with  kernel  Y(v-u,k)  B(u),  for  unknown  W(u,k);  that  is, 
for  each  k  of  interest,  a  new  linear  integral  equation  must  be 
solved.  Then,  W(u,k)  will  be  known  for  |uj  i  n  at  that 
particular  k. 

Once  W(u,k)  is  known,  (28)  gives  desired  solution  W(k)  at 
that  particular  k  value,  since  F(k),  Y(k),  and  B(u)  are  known 
functions.  If  a  large  number  of  k  values  are  of  interest,  (32) 
can  involve  a  great  deal  of  computational  effort;  however, 
arbitrary  bounded  sequence  is  now  allowed  in  (5). 

Furthermore,  (31)  then  yields  the  solution  for  W  at  arguments 
k,  k  ±  t,  k  ±  2e,...  without  the  need  to  solve  another  integral 
equation. 

The  linear  integral  equation  in  (32)  could  be  solved  by 
recursion;  for  example,  the  p-th  order  approximation  is  given  by 

n 

W  (v,k)  £  F(v,k)  -  r  du  y(v-u,k)  B(u)  W  j(u,k)  for  |v|  <  ji  . 

(33) 

A  possible  starting  value  for  this  recursion  is  V^(u,k)  =  F(u,k). 
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SUMMARY 

When  the  governing  differential  equation  of  motion  for  the 
surface  displacement  of  the  fluid-loaded  isotropic  plate  for  an 
applied  line-force,  with  Q  sets  of  attached  rib  stiffeners,  is 
transformed  into  the  wavenumber  domain,  a  difference  equation  is 
encountered.  Solution  of  this  latter  equation  for  exponential 
excitation,  for  a  particular  value  of  wavenumber  k,  is 
accomplished  through  the  definition  of  auxiliary  functions 
involving  sums  of  displaced  wavenumber  responses  with  exponential 
factors.  Finally,  solution  of  a  simultaneous  set  of  Q  linear 
equations  completes  the  required  calculations.  For  the  most 
general  excitation,  the  set  of  equations  becomes  infinite,  that 
is,  a  linear  integral  equation  must  be  solved. 
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APPENDIX.  PROGRAM  FOR  (19)  -  (21) 


In  the  following  program  for  solution  W(k)  given  by 
(19)  -  (21),  specified  function  Y(k)  is  presumed  real;  however, 
F(k)  is  allowed  to  be  complex.  The  following  example  corresponds 
to 

P(k)  =  exp(-.71  k^)  +  i  exp(-.91  k^  -  k)  , 

Y(k)  =  exp(-.63  k^  +  k)  . 


le 

K=.7  !  uai,<enumber 

20 

E=.  4  !  eps  i  1  ori 

30 

Ll  =  . 1  !  at  phal 

40 

L2=.2  !  alpha2 

50 

Bl  =  l .  1 

60 

B2=1.3 

?0 

CALL  Fqk<K,E,Ll,L2,Flr,Fli ,F2r,F2i) 

!  <13) 

80 

CALL  Ypqk<K,E,Ll,L2, Yll,Y12r,Y12T> 

!  <  1 4  > 

90 

B*B1*B2 

100 

Y=Y1 1-Y12r 

110 

D=Y1 1*Y1 l-Y12r*Y12r-Y121*Y12i 

120 

D=1.+<B1+B2>*Y1 i+B*D 

!  <21 ) 

130 

Nr=<Flr+F2r)«Y-<Fl  t-F2U*Y12i 

140 

Nr=Bl*Flr+B2»F2r+B*Nr 

!  <20) 

150 

Ni =<Fli +F2i )*Y+<Flr-F2r)*Y12i 

160 

Ni=Bl*Fl i+B2*F2i+B*Ni 

!  <20) 

170 

PRINT 

180 

PRINT  "DENOMINATOR  =  "jD 

190 

Y=FNY<K>/D 

200 

CALL  F<K,Fr,Fi ) 

210 

Wr=Fr-Y*Nr 

220 

Wi =Fi -Y*Ni 

!  <  19) 

230 

PRINT  Wr,Wi 

240 

END 

250 

j 
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260 

SUB  Fqk<K,E,Ll, 

L2,Flr,Fli ,F2r,F2i  ) 

270 

DOUBLE  N 

!  INTEGER 

280 

Flr=Fli=F2r=F2i 

-0. 

290 

FOR  N=-40  TO  40 

300 

CfiLL  F<K+E*N,Fr 

.Fi) 

310 

IF  fiBS<N>=40  THEN  PRINT  fiBStFrO+FlBSCFi  ) 

320 

C=C0S<N*L1 ) 

330 

S=SIN<N*L1 ) 

340 

Flr=Flr+Fr*C-Fi 

*S 

350 

Fli»Fli+Fr*S+Fi 

*C 

360 

C=C0S<N*L2) 

370 

S=SIN<N*L2) 

380 

F2r=F2r+Fr*C-Fi 

*S 

390 

F2i=F2i+Fr*S+F1 

*c 

400 

NEXT  N 

410 

SUBEND 

420 

t 

430 

SUB  Ypqk<K,E,Ll 

,L2,Yll,Y12r,Y12i) 

440 

DOUBLE  N 

!  INTEGER 

450 

Yll=Y12r=Y12i=0 

• 

460 

FOR  N=-40  TO  40 

470 

T=FNY<K+E*N) 

480 

IF  flBS<:N)=40  THEN  PRINT  T; 

490 

fl=N*<Ll-L2) 

500 

Yll=Yll-i-T 

510 

Y12r*Y12r+T*C0S<fl> 

520 

Y12i*Y12i+T*SIN 

<fl) 

530 

NEXT  N 

540 

SUBEND 

550 

! 

560 

SUB  F<K,Fr,Fi) 

570 

Fr=F i =0. 

580 

fi=. 71»K*K 

590 

IF  fl>100.  THEN 

610 

600 

Fr=EXP<-fi> 

610 

fl».91*K*K+K 

620 

IF  fl>100.  THEN 

640 

630 

Fi=EXP<-H) 

640 

SUBEND 

650 

! 

660 

DEF  FNYCK) 

670 

fl*.63*K*K-K 

680 

IF  fl>100.  THEN 

RETURN  0. 

690 

RETURN  EXP<-fl) 

700 

FNEND 

!  <  1 3  > 


!  (14) 


!  F<k) 


!  real  Y  <  k ) 
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ABSTRACT 

The  transmitted  signal  consists  of  K  pulses  separated  in 
time, frequency  space  so  as  to  be  nonoverlapping.  In  passing 
through  the  medium  to  the  receiver,  each  signal  pulse  is 
subjected  to  fading.  In  particular,  pulse  pairs  which  are 
closely  spaced  in  time, frequency  space  can  fade  in  a  highly 
dependent  fashion,  while  those  more  widely  separated  can  have 
relatively  independent  fading  behavior;  that  is,  the  transmitted 
frequency-shift-keyed  signal  pulses  undergo  partially-correlated 
fading  of  a  very  general  character  that  contains  both 
deterministic  components  as  well  as  random  components.  The 
amplitude- fading  statistics  are  not  limited  to  be  Rayleigh. 

Additive  zero-mean  Gaussian  noise,  which  is  stationary  over 
the  total  signal  transmission  time  and  which  has  a  flat  spectrum 
over  the  total  signal  bandwidth,  is  present  at  the  input  to  the 
receiver,  in  addition  to  the  fluctuating  signal  pulses  (when 
present) . 

Receiver  processing  consists  of  matched  filtering  of  each  of 
the  K  time-delayed,  frequency-shifted  pulse  locations,  followed 
by  squared-envelope  detection,  sampling,  summation,  and 
comparison  of  this  decision  variable  with  a  fixed  threshold  for  a 
statement  on  signal  presence  or  absence. 

The  characteristic  function  of  the  decision  variable  is 
derived  in  closed  form  for  a  very  general  model  of  partially- 
correlated  fading  that  subsumes  Rayleigh,  Rician,  and  noncentral 
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Chi  probability  densities  for  the  amplitude  variate  as  special 
cases.  This  characteristic  function  depends  on  the  number  K  of 
signal  pulses,  the  number  M  of  fading  components,  the 
deterministic  received  signal  energy  in  each  fading  component, 
the  average  random  received  signal  energy  in  each  fading 
component,  as  well  as  the  received  noise  spectral  density  level. 
Numerous  special  cases  are  pointed  out  and  specific  results  are 
given  in  detail. 

An  efficient  expansion  for  the  exceedance  distribution,  for 
one  of  the  cases,  is  listed  and  exercised  for  a  representative 
numerical  example.  Comparisons  with  earlier  approximations 
reveal  them  to  have  been  pessimistic  by  several  dB  in  ranges 
considered  typical  for  practical  applications.  Also,  the  effects 
of  correlated  fading  of  the  signal  pulses  are  found  to  be  not 
overly  detrimental  until  the  normalized  covariance  coefficient  of 
adjacent  pulses  gets  larger  than  approximately  .5. 
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Exact  Detection  Performance  of  Multiple-Pulse  Frequency-Shift 
Signals  in  a  Partially-Correlated  Fading  Medium  with 
Generalized  Noncentral  Chi-Squared  Statistics 

INTRODUCTION 

The  transmission  of  a  succession  of  time-delayed  and/or 
frequency-shifted  signal  pulses  through  a  fading  medium  leads  to 
received  waveforms  which  vary  in  amplitude  and  phase  in  a  random 
fashion  and  with  possibly  complicated  statistical  dependencies. 
The  evaluation  of  the  detection  capability  of  matched  filter 
processing  and  incoherent  combination  in  such  fading  situations 
and  noise  has  been  the  subject  of  many  studies  over  the  years 
[1  -  15].  Some  of  these  efforts  have  been  aimed  at  obtaining 
approximations  to  the  performance  of  the  systems  of  interest/ 
while  others  have  yielded  exact  results  in  selected  special 
cases . 

Results  for  partially-correlated  fading  have  been  obtained  in 
[3;4;6;7;9;10;11;12;14;15] .  In  particular,  in  [ 4 ; 6; 10 ; 1 1 ; 12 ; 14 ] , 
the  characteristic  functions  of  the  decision  variables  have  been 
obtained  in  closed  form  for  the  case  of  partially  correlated 
fading  of  the  received  signal  pulses  with  Rayleigh  amplitude 
statistics  and  additive  Gaussian  noise.  The  results  in  [12]  are 
approximate;  however,  the  signal  amplitude  fading  is  not  limited 
to  Rayleigh  statistics  there,  but  rather  can  have  a  Chi 
distribution  of  an  arbitrary  number  of  degrees  of  freedom. 

The  case  of  independent  signal  fading  in  noise,  but  allowing 
correlated  clutter,  was  addressed  in  [IJ].  An  extension  of  [12] 
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to  partially  correlated  signal  fading  in  a  system  with 
normalization  was  solved  in  an  approximate  fashion  in  [14]. 
Finally,  a  case  of  partially  correlated  signal  fading  with 
Kayleigh  amplitude  statistics  in  the  presence  of  noise  and 
K-distributed  clutter  was  solved  exactly  in  [15], 

Here,  we  will  give  exact  results  for  a  fading  medium  which 
has  both  deterministic  components  as  well  as  random  components 
with  arbitrary  covariance  coefficients  and  additive  Gaussian 
noise.  Also,  frequency  shift  keyed  (FSK)  signals  will  be 
allowed,  with  arbitrary  (non-overlapping)  occupancy  in  time, 
frequency  space.  In  addition,  the  signal  amplitude  statistics 
will  not  be  limited  to  Rayleigh,  but  will  include  the  range  of 
possibilities  inherent  in  the  noncentral  Chi  distribution  of  an 
arbitrary  number  of  degrees  of  freedom.  The  end  result  is  a 
closed  form  for  the  characteristic  function  of  the  decision 
variable  that,  although  complicated  in  appearance,  is  amenable  to 
efficient  computer  evaluation  of  the  detection  characteristics  by 
means  of  a  single  fast  Fourier  transform  (FFT).  No  matrix 
inverses  are  required.  However,  a  novel  expansion  technique  for 
the  detection  probability  is  derived  which  is  efficient  and 
accurate;  a  program  incorporating  this  expansion  is  listed  and 
exercised  for  several  examples. 

Extensions  to  a  more  general  form  of  processor  will  also  be 
solved  but  not  evaluated.  In  particular,  the  characteristic 
function  of  the  most  general  complex  second-order  form  of 
arbitrarily-correlated  complex  Gaussian  random  variables  with 
arbitrary  means  will  be  obtained  in  closed  form. 
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RECEIVER  PROCESSING  FOR  A  SINGLE  PULSE 

In  this  section,  we  will  describe  the  basic  model  of  the 
single-pulse  transmitted  signal,  the  received  signal  with  fading, 
the  received  noise,  and  the  receiver  processing.  The  extension 
to  multiple  signal  pulses  will  be  undertaken  in  the  next  section. 

We  presume  that  the  transmitted  real  signal  s(t)  is 
narrowband  with  low-frequency  complex  envelope  £(t)  superposed 
on  carrier  frequency  f^: 

s{t)  =  Re{s(t)  exp(i2nf^t)}  .  (1) 

The  transmitted  signal  energy  is  then 

E  s  J  dt  [s(t)]^  “  M  ls(t)l^  ,  (2) 

where  integrals  without  limits  are  over  (-®,+®).  The  time- 
bandwidth  product  of  the  single  pulse  complex  envelope  £(t)  is 
arbitrary;  thus,  for  example,  s{t)  could  contain  linear  frequency 
modulation  along  with  rectangular  or  Gaussian  amplitude 
modulation. 

The  received  signal  waveform  is 

Re{r  s(t-t^)  exp[i2n(f^+f^)t  +  i0]l  ,  (3) 

where  r  is  a  (dimensionless)  amplitude  scaling,  t^  is  a  time 
delay,  f^  is  a  frequency  shift,  and  0  is  a  phase  shift.  Real 
random  unknowns  r  and  0  do  not  vary  with  time  over  the  duration 
of  pulsed  signal  s{t).  Delay  t^  and  shift  f^  are  presumed  known 
at  the  receiver.  The  average  received  signal  energy  is,  using 
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( 3 )  and  ( 2 ) , 

I  J  dt  1s(t)|^  =  E  .  (4) 

The  received  zero-mean  additive  noise  waveform  n(t)  is 

n(t)  =  Re{n(t)  exp( i2rtf^t )  {  ,  (5) 

which  is  presumed  stationary  over  the  duration  of  the  signal. 

The  spectrum  of  received  noise  n(t)  in  the  neighborhood  of 
frequency  f^  is  flat,  with  one-sided  spectral  level  watts/Hz. 

The  reference  waveform  employed  at  the  receiver  corresponds 
to  the  matched  filter  to  the  transmitted  signal,  namely 

A  Re{s(t-t^)  exp[i2it(fQ+f^)t  +  i^])  ,  (6) 

which  utilizes  knowledge  of  t^  and  The  local  reference  level 

A  and  local  phase  shift  ^  in  (6)  are  irrelevant  to  the  processing 
employed  here;  that  is,  the  performance  in  terms  of  the  receiver 
operating  characteristics  (detection  probability  versus  false 
alarm  probability  Pp)  is  independent  of  A  and  4»,  at  least  for 
this  case  of  one  signal  pulse. 

We  now  define  the  two  analytic  functions 

a(t)  =  r  s(t-t^)  exp[i2n( f^+f^)t+i0]  +  n(t)  exp(i2nf^t)  , 

P(t)  =  A  s(t-t^)  exp(i2n{f^+f^)t+i(}.]  ,  (7) 

which  are  recognized  as  corresponding  to  the  received  waveform 
and  the  local  reference,  respectively.  The  total  output  of  the 
matched- filter  squared-e.ivelope  detector  to  the  received  signal 
and  noise  waveform  is  then  given  by 
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Y  =  |J  dt  a{t)  p*{t) = 

=  r  exp(i0)  A  Jdt  +  A  Jdt  n{t)  s*(t-t^)  exp(-i2nf^t) 

I  ~  .  1 2  I  .2 

=  2rAE  +  n^+inj^  s  p  +  n^+in^^  ,  (8 

where  we  used  (2)  and  defined  the  zero-mean  processor  output 
complex  noise  variate 

n^  +  i  n^  =  exp{-ie)  A  J  dt  n(t)  £*{t-t^)  exp(-i2nf^t)  .  (9 

The  two  covariances  of  the  received  noise  complex  envelope 
n(t)  are  derived  in  appendix  A;  they  are  given  by  (A-8)  and 
(A-11)  as 


^^(tj)  Ji(t2)  *■  0  ^  H  ^^2^  ~  ^  ^o 


(10) 


Use  of  these  relations  with  ( 9 )  enables  us  to  determine  the  two 


averages 


(n^  +  i  n^)^  =  nj  -  n?  +  i  2  n^  n^^  =  0  , 


(11) 


i  n.l^  =  nj  +  n?  =  2  Nq  A^  J  dt  |s(t-t^)l^  =  4  A^  E  , 


where  we  also  used  (2).  Combining  the  information  in  the  two 
lines  of  (11),  there  follows,  for  the  two  zero-mean  real  variates 
n^.  and  n^^. 


nj  =  n?  =  2  No  A^  E  s  ,  n^  n^  =  0  . 


(12) 


These  results  are  independent  of  the  parameters  0,  t^,  and 
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Since  noise  input  n{t)  is  Gaussian  and  operation  (9)  is 
linear,  real  variates  n^  and  are  Gaussian  with  joint 
probability  density  function 


P(nj.,n^) 


(13) 


From  this  result,  we  can  derive  the  conditional  exceedance 

distribution  function  of  matched  filter  output  y  in  (8),  for  a 

given  value  of  random  variable  r.  In  terms  of  the  two  auxiliary 

2 

parameters  fj  and  a  defined  in  (8)  and  (12)  respectively,  we 
have,  for  u  >  0,  exceedance  probability 

Prob{Y  >  u)  =  Prob|(/u  +  n^.)^  +  n?  >  uj  = 


=  JJ  dx  dy  exp 


^  2 

.  liL--. . Ml  .±. 


2nc 


2a' 


2na' 


09 

f  dr' 

j 

/u 


n 

r'  J  dG'  exp 


-n 


-  2ur'cos6'  + 


2a* 


dr'  r' 


exp  I 


(14) 


where  C  is  the  region  exterior  to  a  circle  of  radius  /u  centered 
at  the  origin  of  the  x,y  plane,  and  Q  is  Marcum's  function  [1]. 

The  conditional  probability  density  function  of  y,  for  the 
same  given  value  of  amplitude  scaling  r,  is 


P(u)  =  -  Prob(y  >  u)  ==  exp 

2  a 


u  +  p‘ 


2a* 


Vu 


(15) 
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for  u  >  0.  Therefore,  the  conditional  characteristic  function  of 
the  squared-envelope  detector  output  ^or  given  r,  is 


r  du  exp(i?;u)  p(u)  =  — f  du  exp 

f  ^  2] 

itu  - 

u  /u 
2 

J  2a^  J 

20* 

1  o 

1  -  i^2a^ 


exp 


ILiL 


[1  -  i£;20^J 


(16) 


where  we  used  [16;  6.631  4].  The  two  important  parameters  here 
were  defined  in  (8)  and  (12)  according  to 

p  =  2  r  A  E  ,  =  2  E  .  (17) 

Notice  that,  in  this  case  of  matched  filtering,  the  detailed 
behavior  of  complex  envelope  £(t)  is  not  relevant;  only  the 
total  transmitted  signal  energy  E  is  of  consequence  to  the 
conditional  characteristic  function  (16)  of  output  y  in  (8).  The 
results  in  (16)  and  (17)  are  independent  of  the  particular  value 
of  the  medium  phase  shift  0  encountered  in  (3)  or  (7);  this  is 
due  to  the  processing  method  adopted  at  the  receiver,  namely 
envelope  detection  of  the  matched  filter  output. 

The  cumulants  of  random  variable  y,  for  given  fixed  amplitude 
scaling  r,  are  available  by  developing  the  logarithm  of  (16)  in  a 
power  series  in  i?: 

In  f  (5)  =  -  ln(l  -  i£;2a^)  +  (l  -  il2a^] 

-  ZZ  ■  (18) 
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There  follows  immediately  the  j-th  (conditional)  cumulant  of  y  as 

2 

X(j)  =  (j-1)!  (2o2)3  [l  +  j  for  j  2;  1  .  (19) 

2a 

In  particular,  the  first  two  cumulant s  are 

2 

X(l)  =  2a'’  +  i?  ,  x(2)  =  40^*  (l  +  ^)  •  (20) 

It  is  convenient  to  define  a  conditional  deflection  criterion 
at  the  squared-envelope  detector  output  y  as  the  ratio  of  the 
difference  of  means,  with  and  without  signal,  to  the  noise-alone 
standard  deviation.  That  is. 


.  _  _  i?" 

d  =  - j- -  = 

Xn(2)  2a^ 


-2  E_ 
N. 


(21) 


where  we  used  (20)  and  (17).  This  conditional  deflection  depends 
on  amplitude  scaling  value  r,  of  course.  However,  it  is 
independent  of  local  reference  values  A  and  ^  in  ( 6 ) ,  as 
expected,  since  performance  measures  should  not  depend  on 
receiver  processor  absolute  levels  or  phase  shifts,  at  least  for 
the  case  of  a  single  pulse. 
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RECEIVER  PROCESSING  FOR  MULTIPLE  SIGNAL  PULSES 

In  this  section  we  will  generalize  to  the  case  where  K  signal 
pulses  are  transmitted,  all  of  which  are  nonoverlapping  in  time, 
frequency  space;  the  results  derived  in  the  previous  section  will 
be  used  freely  in  the  sequel.  The  transmitted  energy  in  the  k-th 
pulse  is  Ej^,  where  1  i  k  1  K.  The  k-th  signal  pulse  undergoes 
(dimensionless)  amplitude  scaling  rj^  and  phase  shift  0j^  in 
transmission  through  the  medium  to  the  receiver.  For  each  k, 
random  variables  rj^  and  0j^  do  not  vary  with  time  over  the 
duration  of  the  k-th  individual  signal  pulse;  this  is  a  general¬ 
ization  of  (3).  The  k-th  local  reference  waveform  employed  at 
the  receiver  utilizes  constant  amplitude  scaling  Aj^  and  phase 
shift  which  can  be  chosen  for  best  performance;  compare  (6). 

It  is  now  necessary  to  generalize  the  definitions  in  (7)  to  K 
pairs  of  analytic  functions,  namely 

^k^^"^d^  exp[i2n(f^+f^)t+i0j^]  +  n(t)  exp(i2iif^t)  , 
^k^^^  *  \  -k<^"^d^  exp[i2n(f^+f^)t+itj^]  ,  (22) 

which  correspond  to  the  k-th  received  waveform  and  local 
reference,  respectively.  A  block  diagram  of  the  signal 
processing  employed  at  the  receiver  is  depicted  in  figure  1.  The 
k-th  signal  complex  envelope  £j^(t)  in  (22)  includes  the  time 
delay  tj^  and  the  frequency  shift  fj^  associated  with  the  k-th 
pulse,  in  accordance  with  the  FSK  pattern  employed  at  the 
transmitter  and  known  to  the  receiver.  The  K  matched  filter 
outputs  are  envelope  detected,  squared,  and  then  summed  to  yield 
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Figure  1.  Block  Diagram  of  Receiver  Processing 


output  Y/  which  is  compared  with  a  threshold  for  purposes  of 
declaring  signal  presence  or  absence.  Observe  that  the  matched 
filter  Pjj(t)  incorporates  the  local  reference  scaling  Aj^  and 
phase  shift  and  therefore  accounts  for  (complex)  weighting 
prior  to  the  summation  indicated  in  figure  1.  The  absolute  level 
of  weights  {Aj^}  does  not  matter  and  can  be  chosen  freely; 
however,  their  values  relative  to  each  other  will  affect  the 
detection  capability  of  the  processor  in  figure  1. 

The  energy  in  the  k-th  (real)  reference  waveform  is,  from 
(22)  and  (2), 

i  J  dt  |p,^(t)|^  *  ^k  ®k  ' 

where  is  the  transmitted  energy  in  the  k-th  signal  pulse.  In 
analogy  to  (17),  we  define  the  K  parameters 

/^k  =  2  rk  Ek  ,  ^  **o  ^k  ®k  for  1  1  k  1  K  .  (24) 
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The  noise  density  level  is  a  common  constant  applicable  to  all 
K  pulses  because  the  received  noise  is  stationary  over  the  total 
time  extent,  and  it  is  white  over  the  entire  frequency  band  of 
the  K  received  signals. 

The  K  signals  {Sj^(t)}  are  nonoverlapping  in  time,  frequency 
space,  (t,f).  Also,  the  received  noise  is  Gaussian.  Therefore, 
the  K  output  noise  variables  from  the  matched  filters  in  figure  1 
are  statistically  independent  of  each  other;  mathematically,  we 
are  using  orthogonality  relation 

J  ®  k  ^  j  .  (25) 

This  is  due  to  nonoverlapping,  in  time  or  frequency  or  both,  of 
all  the  component  FSK  pulses  {Sj^(t)l,  each  with  their  individual 
delay, shift  tj^,fj^.  These  observations,  plus  relations  (8)  and 
(16),  allow  us  to  determine  the  conditional  characteristic 
function  of  output  y  from  figure  1  in  the  compact  form 


'  rT(l  -  2o^]  exp 

k~  1 


K 


2 

^k 


k=l  1  -  ii;  2a" 


(26) 


It  should  be  noticed  that  this  result  is  independent  of  the 
set  of  phase  shifts  {Gj^}  encountered  in  transmission;  see  (22) 
and  (24).  The  reason  for  this  development  is  the  method  of 
receiver  processing  adopted  in  figure  1,  namely  envelope 
detection  of  each  of  the  matched  filter  outputs  prior  to 
summation.  However,  (26)  depends  significantly  on  the  amplitude 
scalings  {rj^}  through  parameters  in  (24);  explicitly,  the 

alternative  form  of  (26)  is 
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'c'^) 


■n(l  - 

k*l  ^ 


^  "o  '‘k  ^k’ 


-1 


exp 


K 


il 


2  2  ~2 
rf  A.  Ef 
k  k  k 


k=l  1  -  iC  4 


”o  *k  h 


(27) 


Also,  characteristic  function  (27)  is  independent  of  the  receiver 
set  of  phase  shifts  {^j^}  used  in  local  references  (22),  again  due 
to  the  method  of  processing  employed  in  figure  1.  However,  (27) 
depends  upon  the  receiver  weights  {Aj^l  in  a  complicated  fashion. 
In  order  to  determine  a  reasonable  method  of  selecting  this  sec 
of  weights,  we  consider  the  following  development. 

The  (conditional)  cumulants  of  system  output  random  variable 
Y/  for  a  given  fixed  set  of  amplitude  scalings  are 

available  by  developing  the  logarithm  of  (26)  or  (27)  in  a  power 
series  in  iC.  Reference  to  (18)  and  (19)  immediately  yields  the 
j-th  (conditional)  cumulant  of  y  as 


X(j)  =  (j-i)i 


1  +  j 


2 

^k 


2a 


for  j  i  1 


(28) 


In  particular,  the  first  two  cumulants  of  y  are 

X(l)  =  ^  (20^  *  ,i]  .  X(2)  =  4  IZ  K  -  <7^  ■  (29, 

We  can  now  define  a  (conditional)  deflection  criterion  dj^  for 
the  output  of  the  processor  in  figure  1,  exactly  as  was  done  in 
(21)  earlier  for  the  single  pulse  case.  Substitution  of  (29)  and 
(24)  then  yields 
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K  , 

n 

k=l  ^ 


.  ^  2  2  ~2 
i _ _  A,.  E, 


k=l 


k  "k  "^k 


■  K 

-q  - 

K 

2 

”o 

[k=l 

ik=l 

e2 


^  • 


(30) 


The  absolute  level  of  receiver  weights  {Aj^}  cancels  out  of  (30); 
however,  the  relative  sizes  of  these  weights  does  affect  the 
value  of  deflection  d^^  attainable. 

~2 

If  the  average  power  scaling  of  the  k-th  pulse,  rj^,  is  the 
same  for  all  k,  that  is, 


r^  =  r^  for  2  1  k  i  K  , 


(31) 


then  the  average  deflection  of  output  y  in  figure  1  is,  from 
(30), 


Pi 


N, 


K  >1  T 
U=1  ^  ^ 


(32) 


with  equality  only  if  all  the  weights  Aj^  are  equal.  This  result 

is  not  surprising,  since  there  is  already  a  built-in  dependence 

of  matched  filter  Pk^^^  transmitted  signal  energy  Ej^; 

2  ~ 

namely,  (23)  gives  this  energy  as  Aj^  Ej^.  Thus,  we  have  the 
conclusion  that  the  "best"  set  of  weights  for  the  case  of 

equal  power  scalings  (31)  in  the  medium,  is  uniform  when  local 
reference  Pk^^^  chosen  according  to  (22). 

More  generally,  the  average  deflection  follows  from  (30)  as 
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IZ  eJ 

)C"  1 


(33) 


with  equality  if  and  only  if  the  receiver  weights  satisfy 


~2  ^ 

Ar  =  A  r^  for  1  S  k  i  K  . 


(34) 


Scale  factor  A  is  arbitrary#  reflecting  the  fact  that  the 
absolute  level  of  set  {Aj^}  is  irrelevant.  It  should  be  noted 
that  the  "best"  receiver  weights  in  (34)  are  independent  of  the 
transmitted  signal  energies  This  is  again  due  to  the  fact 

that  matched  filter  Pj^(t)  in  figure  1  and  (22)  already  has  an 
energy  proportional  to  Ej^;  see  (23). 

Result  (34)  for  the  weights  (Aj^(  requires  knowledge  of  the 

~~2 

average  power  scaling  rj^  applied  to  the  k-th  pulse  in 
transmission  through  the  medium.  But  these  average  power 
scalings  may  be  unknown  or  they  may  be  independent  of  k,  the 
particular  pulse  number.  In  this  case,  a  reasonable  choice  of 
receiver  weights  is  simply  to  take  Aj^  =  A  for  1  1  k  S  K.  Then 
the  conditional  characteristic  function  in  (27)  of  processor 
output  Y  reduces  to 

'  TZ(l  -  i£  « 

(35) 


■1  -  K 

exp  ii;4A^  ^  ’  — 

k=l  1 


2  =2 
^k  ^k 

iK  4  a" 


In  the  (usual)  case  where  all  the  transmitted  signal  energies 
in  the  K  pulses  are  equal,  that  is,  Ej^  *=  E  for  1  k  i  K,  then 
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the  conditional  characteristic  function  in  (35)  reduces  to 


=  (l  -  iS  4  e]  ^  exp 


•  T-  /L  .2  2;2  K  ~ 

- AE  . ^  ^  2  _ 

1  -  i£  4  A''  E  k=l  '"I 


It  is  now  very  important  to  notice  that  the  only  way  that  the 
amplitude  scaling  factors  {rj^l  enter  this  characteristic  function 
is  through  the  single  quantity  (sufficient  statistic) 


s  =  C  <  . 


(37) 


which  is  the  sum  of  all  the  power-fading  variates  r^  on  the  K 
transmitted  pulses.  This  simplified  result  in  (36)  holds  when 
the  following  two  reasonable  conditions  are  satisfied; 


=  E  ,  ^  1  i  k  i  K  . 


(38) 


That  iS/  the  transmitted  signal  pulse  energies  are  all  equal  and 
the  receiver  scalings  {Aj^}  in  (22)  are  all  taken  equal.  This 
particular  case  will  receive  most  of  our  attention. 

Since  the  receiver  absolute  scaling  A  in  (38)  is  under  our 
control  and  does  not  affect  detectability  performance,  we  take. 


for  notational  convenience  and  without  loss  of  generality. 


a2  = 


(39) 


2  N  E 
o 


Then  the  conditional  characteristic  function  in  (36)  of  processor 
output  Y  in  figure  1  simplifies  to 


f^(5)  =  (1  -  i2?;) 


'll  -  i2l  ' 


(40) 
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where  we  used  (37). 

Another  important  observation  must  be  made  at  this  point. 
Suppose  the  characteristic  function  of  random  variable  S,  defined 
by  (37),  is  known;  that  is, 

fg(^)  *  exp(ij;S)  (41) 

is  known.  Then  the  unconditional  characteristic  function  f^(l) 
of  processor  output  y  in  figure  1  is  obtained  by  averaging  (40) 
over  S  and  using  (41);  there  follows 

£^(U  =  (I  -  WE)-"  i^)  •  («) 

This  compact  form  for  the  unconditional  characteristic  function 
of  processor  output  y  depends  critically  upon  being  able  to 
obtain  the  characteristic  function  f5(C)  in  (41)  of  the  power¬ 
fading  summation  S  defined  in  (37).  Therefore,  effort  can  be 
concentrated  on  attempting  to  determine  (41),  either  exactly  or 
by  use  of  several  low-order  moments  of  S;  see  [17]  for  example. 

Of  course,  in  the  process,  the  amount  of  partial  correlation 

2 

between  individual  pairs  of  pulse  power-fading  variates  [rj^l  in 
sum  S  will  come  into  consideration.  In  any  event,  the 
characteristic  function  of  sum  S  in  (37)  is  the  major  item  of 
interest;  given  this  quantity,  the  processor  output  y  in  figure  1 
is  completely  characterized  in  terms  of  its  characteristic 
function  (42),  at  least  when  conditions  (38)  are  satisfied. 

The  more  general  conditional  characteristic  function  in  (27), 
with  arbitrary  [Ej^j  and  will  be  treated  later,  after  wa 

have  introduced  a  detailed  model  of  the  amplitude  fadings  [Tj^}. 
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CHARACPERIZATION  OF  FADING 

We  are  interested  in  obtaining  characteristic  function 

2 

of  sum  S  of  power-fading  variates  {rj^)  in  (37);  its  use  in  (42) 
will  then  yield  the  desired  characteristic  function  f^il)  of 
receiver  output  y  in  figure  1.  However,  we  must  first  concen¬ 
trate  on  characterizing  the  fading  which  gives  rise  to  sum  S. 

COVARIANCE  COEFFICIENTS  OF  POWER-FADING  VARIATES  {Qj^) 

Define  the  k-th  power-fading  variate  qj^  as  the  square  of  the 
amplitude- fading  variate  rj^  in  (22): 

*  ^k  1  1  k  S  K  .  (43) 

The  model  of  fading  that  we  consider  here  is  that  power  scaling 
qj^  is  a  sample  of  a  continuous  fading  process  q(t,f),  namely 

Qk  “  ^(^k'^k^  1  1  k  i  K  ,  (44) 

where  two-dimensional  function  of  time  t  and  frequency  f. 


Sampling  time  tj^  and  frequency  fj^  correspond  to  the  time-delay 
location  and  frequency-shift  location,  respectively,  of  the  k-th 
FSK  complex  envelope  signal  ^j^(t)  employed  in  (22). 

The  number  of  fading  components  in  model  (45)  is  M.  Each 
component  contains  a  deterministic  part  c^(t,f)  and  a  stationary 
zero-mean  Gaussian  part  gjjj(t,f).  Without  loss  of  generality,  the 
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nonrandom  part  satisfies 

Cj^(t,f)  1  0  for  all  m,  t,  f  .  (46) 

Random  parts  |gjjj(t,f)}  of  the  joint  Gaussian  processes  are 
stationary  in  both  t  and  f,  with  covariances 


gm(t'f)  ^  ^mn^^'^^  for  1  i  m,  n  1  M  .  (47) 

(It  is  possible  to  generalize  to  nonstationary  Gaussian 
processes  {gjj^(t,f)};  however,  each  covariance  R^^^^  would  then 
be  a  function  of  the  four  variables  T,v,t/f  instead  of  just 
differences  t,v.)  From  (47),  we  have  property 


R„_(-t,-v)  = 
nm  ' 


mn 


(48) 


Fading  model  (44)  -  (45)  does  not  constitute  a  multipath 
medium  but  does  mimic  its  net  effect.  Every  transmitted  pulse 
_Sj^{t)  undergoes  just  one  common  time  delay  t^^  and  frequency  shift 
f^,  as  indicated  in  (22),  which  are  known  and  utilized  by  the 
receiver.  Rather,  each  signal  pulse  simply  undergoes  a  different 
phase  shift  0j^  and  amplitude  scaling  rj^  in  (22),  the  latter  of 
which  is  characterized  through  power  scaling  qj^  in  (43)  -  (45). 

The  latter  random  variable,  qj^,  is  more  general  than  non¬ 
central  Chi-squared  because  the  random  components  {gjjj(t,f)}  in 
(45)  can  have  unequal  variances  correlated 

with  each  other;  that  is,  we  allow  R„„(t,v)  /  0  for  m  n. 

The  mean  of  power-fading  variate  qj^  is  given  by 

—  M  r  9  1 

q,  =  5  '  c  (t,  ,f.  )  +  R  (0,0)  for  1  1  k  1  K  ,  (49) 

^k  ^ — r  I  m'  k'  k'  mm'  'l 

m*i 
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where  we  used  (44),  (45),  and  (47).  This  quantity  is  independent 
of  pulse  number  k  if  all  M  deterministic  components  are  zero,  or 
if  they  do  not  depend  on  t  or  f;  that  is,  if  Cj^(t,f)  is 
independent  of  t  and  fforlimiM.  Since  Ej^  is  the 
transmitted  signal  energy  in  the  k-th  pulse,  then 


Ek  ^In^^k'^k^  “  ^km  “  deterministic  received  signal  energy 

in  m-th  component  of  k-th  pulse, 


_  M  2  M 

\  HZ  ^m^^k'^k^  HZ  \  ^  deterministic  received  signal 

energy  in  k-th  pulse  ,  (51) 


Ek  0 » 0 )  =  Ei,„  =  average  random  received  signal  energy 


in  m-th  component  of  k-th  pulse. 


(52) 


M  M 

)  '  Ejjj^(0,0)  =  y  '  Ej^  ®  ®k  ”  average  random  received  signal 

energy  in  k-th  pulse  .  (53) 


The  alternating  (zero-mean)  component  of  power  scaling  qj^  is 
then  given  by  (44),  (45),  and  (49)  as 


'^k  *  ^k  "  '^k 


[2  c„(V£k'  +  9i(Vfk)  -  ■  (54) 


The  covariance  between  a  pair  of  power-fading  variates  is 


®kj  *  5k  5j  ' 


(55) 


while  the  covariance  coefficient  between  qj^  and  q^  is 


19 


TR  10041 


R 


PRj 


7Z — r — yr  • 
,^kk  *^jj) 


(56) 


Thus,  the  fundamental  calculation  required  for  determination  of 
covariance  coefficient  pj^j  is  Rj^j  as  defined  by  (55)  in 
conjunction  with  ( 54 ) . 

When  we  substitute  (54)  in  (55)  and  use  the  fact  that 
{gm(t,f)}  are  zero-mean  joint  Gaussian  processes,  the  first-order 
and  third-order  moments  involving  {gj^(t,f)}  are  zero,  while  the 
fourth-order  moment  can  be  broken  down  into  a  sum  of  products  of 
second-order  moments,  leading  to  covariance 


M 


m,n=l 


M 


ro,n*=i 


In  particular,  the  variance  of  power- fading  variate  qj^  is 


(57) 


5kk  =  5^  =  2  z:  C(0.0,  . 

ra,n=l 


M 


M 


+  4 


m,n=l 


^mn<°'°>  ^m^^k'^k^  S^^k'^k^ 


(58) 


The  covariance  coefficient  pj^j  between  qj^  and  qj  is  obtained  upon 
substitution  of  general  results  (57)  and  (58)  into  (56). 
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A  large  number  of  special  cases  can  be  obtained  from  the 
general  formulation  of  fading  in  (45)  and  (47).  Below,  we  list 
seven  special  cases  that  will  occupy  most  of  our  attention  in  the 
remainder  of  this  report,  and  which  will  consistently  be  referred 
to  according  to  their  number  in  the  sequel. 


SPECIAL  CASE  1:  Zero  means  (Cjjj(t,f)} 


Cm{t,f)  =  0  for  1  1  m  1  M  . 


M 

2  IZI  R 

m,n=l 


M 

2  IZ 

m,n=l 


(0,0) 


(59) 


(60) 


SPECIAL  CASE  2:  Uncorrelated  components 


1  i  m,  n  1  M 

mn  mm  mn 


(61) 


+  4 


M 


m=l 


5kk  '  2  C  rL(O-O)  +  4  ZZ  <=m<'^k'‘kl 

m=l  m=i 


(62) 


It  is  very  important  to  note  that  correlated  fading  still  exists 
between  the  received  signal  pulses;  that  is,  covariance  Rj^j  in 
(62)  is  not  zero,  despite  uncorrelated  property  (61)  in  case  2. 
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SPECIAL  CASE  3 ;  Zero  means  and  uncorrelated  components 


2  LZ  rL(o,o)  , 


M  , 

rz  R  (0/0) 

^—r  mm'  '  ' 


(63) 


SPECIAL  CASE  4 :  Uncorrelated  components  with  identical 

covariances  {R„„(T/V)) 

*  mn'  ' ’ 


*  Rn(T,v)  for  all  m,  n  . 


(64) 


"kj  =  Rii<Vtj'*k-‘j)  * 


^  '^m**^k'*k*  ' 

m=l  •'  ■* 


«kk  =  2M  r2j(0,0)  +  4  Rji(0,0)  EZ  . 

m=l 


(65) 
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SPECIAL  CASE  5:  Zero  means  and  uncorrelated  components  with 
identical  covariances 


«kj  “  2M  , 


«  2M  R;i(0,0)  , 


11' 


Pkj 


4l^^k  ^JLlfk^ii 


Rjj(0,0) 


(66 


In  this  special  case,  the  covariance  coefficient  between  power - 
fading  variates  qj^  =  ^^^k'^k^  the  square  of 

the  covariance  coefficient  between  the  amplitude- fading  variates 
gjjj(tk/fk)  and  (47).  Due  to  the  identical 

covariances,  (64),  this  latter  covariance  coefficient  is  the  same 
for  every  m  in  the  range  1  i  m  l  M. 


SPECIAL  CASE  6:  Uncorrelated  components  with  proportional 
covariances 

This  is  a  generalization  of  special  case  4;  it  allows  the 
random  components  {gjjj(t,f))  in  (45)  to  have  different  strengths, 
as  might  be  encountered  in  a  fading  medium.  (Note:  In  the 
following,  the  constant  r^*"^  is  the  average  relative  power 
measure  of  the  m-th  random  fading  component;  it  must  not  be 
confused  with  the  random  variable  which  is  the  amplitude¬ 
scaling  on  the  k-th  signal  pulse  in  (22).) 
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■  "'ill'''”  ‘mn  '  ^  • 

+  4  Rii(Vtj<V*j)  c  S<V‘k)  ' 


2  r2  (0,0)  ^  r*'"'^  4  R..(0,0)  IZ  T*”'  c2(t^,f  )  .  (68) 
ni=l  m«l  m  K  K 


SPECIAL  CASE  7:  Zero  means  and  uncorrelated  components  with 
proportional  covariances 


Setting  the  means  {Cjj|{t/f)l  in  (68)  to  zero, 
^kj  “  ^  ^ll^^k"^j'^k"^j  ^  ^  ' 


o  M  .  .2 

Rkk  *  2  Rii(0,0)  ^  r^"*>  , 

m*! 


^j(0,0) 


(69) 


Notice,  in  this  special  case,  that  (pj^jl  are  independent  of  the 
values  of  fr^"*^},  the  relative  power  measures  of  the  M  random 
fading  components. 
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CHARACTERISTIC  FUNCTION  OF  POWER-FADING  VARIATE  q(t,f) 

The  instantaneous  power-fading  process  is,  from  (45), 


q(t,f ) 


”  r 
m=l  ‘ 


where  Mxl  Gaussian  random  column  vector 


X  .  [cj(t,£)  +  gi(t,£)  .  .  .  c„(t,£)  +  g„(t,f)]  .  (71) 

We  now  appeal  directly  to  the  very  general  result  derived  in 
appendix  B,  for  the  characteristic  function  of  a  quadratic  form 
and  linear  form,  and  identify  the  quantities  there  according  to 

T 

N=M,  B=I,  A=0,  E=  [c^(t,f)  .  .  .  C„(t,f)]  , 

M  M 

C  =  Cov(X)  =  [g^(t,f)  gn(t,f)]^  = 

It  is  important  to  note  that  Mxm  symmetric  covariance  matrix  C  is 
not  a  function  of  t,f,  under  the  stationarity  assumption  (47)  for 
all  M  random  processes  {gjjj(t,f){. 

According  to  (B-10),  we  must  solve  the  standard 
characteristic-value  matrix  equation 

C  Q  =  Q  A  ,  (73) 

for  MXM  eigenvalue  matrix  A  and  normalized  modal  matrix  Q,  where 

T 

A  *  diagJXj^  ...  ,  Q  =  [v^  . . .  ...  v^^^]  , 

(74) 

and  Mxl  column  vector  is  the  m-th  eigenvector  with  components 
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{Vjjjnl/  1  1  n  5  M.  Then  (B-18)  with  (74)  and  (72)  yields 


deterministic  parameters 


T 

E  »  V  E 
m  m 


M 

5 


c„{t,f)  S  E„(t,f)  ,  *  0  , 


(75) 


for  1  1  m  <;  M.  We  can  now  use  (B-20)  to  obtain  the 
characteristic  function  of  power- fading  variate  q(t,f)  as 


=  [rrli  - 


exp  il 


fcr  1 


(76) 


The  eigenvectors  and  nonzero  means  ICjj,(t,f)l  enter  this 

result  through  the  terms  {Ejij{t/f)}  defined  in  (75).  This  general 
result  will  be  simplified,  below,  to  the  seven  special  cases  that 
were  presented  earlier  in  (59)  -  (69). 

By  expanding  the  logarithm  of  general  result  (76)  in  a  power 
series  in  il,  the  cumulants  of  q(t,f)  are  found  to  be 


M 

X.(P)  =  2P-1  (p-1)!  IZ  +  P  for  p  2  1  .  (77 

^  m=l  ' 


For  p  =  1  and  p  =  2,  these  may  be  verified  to  equal  the  results 
in  (49)  and  (58);  the  pertinent  matrix  manipulations  are 
indicated  in  appendix  B  for  the  more  general  case  where  linear 
form  A  0.  The  quantities  are  the  eigenvalues  of 

covariance  matrix  C  in  (72),  while  parameters  lEjj,(t,f)}  are  given 
by  (75)  in  terms  of  eigenvectors  of  matrix  C  and  mean  vector 

E  =  E(t,f )  in  (72) . 
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SPECIAL  CASE  1:  Zero  means;  see  (59) 


Since  c„(t,f)  =  0,  then  =  0  from  (75),  and  the 

m'  m'  \  I • 

characteristic  function  in  (76)  reduces  to 


[  “  I 

=  TT  1  -  i2a, 

lm=l 


SPECIAL  CASE  2:  Uncorrelated  components;  see  (61) 


Here,  from  (72),  we  have 


C  =  diag[R,, (0,0)  .  .  . 


(79) 


Then,  the  eigenvalue  matrix  A  in  (73)  mi  st  be  identical  to  C,  in 
which  case  (73)  becomes  C  Q  =  Q  C,  where  C  is  diagonal.  This 
forces  Q  to  be  diagonal  also;  finally,  normalization  of  Q  yields 
Q  =  I.  There  follows,  from  (74)  -  (76), 


V  =6  ,  E  =c(t,f), 

mn  mn  '  m  m '  '  '  ' 


(80) 


and  characteristic  function 


*q(5l 


■  lni-‘ 


i2ER^(0,0) 


exp  il 


i=T 


(81) 


SPECIAL  CASE  3;  Zero  means  and  uncorrelated  components 


Here,  we  simply  set  the  constants  in  (81)  equal  to  zero: 


r  M  l"^ 

fg(£)  -  TT(i  -  i2E  R,™(0,0))  . 

^  im*l ' 


(82) 
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SPECIAL  CASE  4 ;  Uncorrelated  components  with  identical 
covariances;  see  (64) 

Now  we  use  (64)  on  result  (81)  to  get 

“M/2  M 

fq(^)  =  [l-i2tR^^(0,0)|  ®*P[l-i2^R^^(0,0) 

It  is  important  to  observe  in  this  case  that  only  the  sum  of  the 
squares  of  the  means,  (Cjjj(t,f)},  matters  in  so  far  as  the 
characteristic  function  of  power  scaling  q(t,f)  is  concerned. 


SPECIAL  CASE  5:  Zero  means  and  uncorrelated  components  with 
identical  covariances 

Upon  setting  the  means  in  (83)  equal  to  zero,  there  follows 

x-M/2 

1  -  i2^  Rj^(0,0)J  .  (84) 

This  special  case  is  equivalent  to  [12;  (A-21)]  when  we  take  the 
parameter  m  there  equal  to  M/2. 
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SPECIAL  CASE  6:  Uncorrelated  components  with  proportional 
covariances;  see  (67) 


From  (67),  there  follows 

“  Rii(0/0)  r^*"^  ,  r<^^  =  1  .  (85) 

mn '  ’  '  11''  mn  '  ' 

Use  of  this  relation  on  (81)  yields  characteristic  function 


^(l-i25R^^(0,0)r<"‘)) 


-H 


exp 


M 


it 


c;(t,£) 


m=l  l-i2^R^^(0,0)r 


(m) 


(86) 


The  cumulants  of  power  scaling  q(t,f)  can  be  obtained  by 
expanding  the  logarithm  of  characteristic  function  (86)  in  a 
power  series  in  i5;  there  follows 


Xq(P) 

(p-l)I  2P-^ 


P  M  (rn)P  P-1 

Ril(0/0)  YU  +  P  Rii(0,0) 

m=l 


m=l 


(t,f ) 


for  p  i  1  .  (87) 


SPECIAL  CASE  7 :  Zero  means  and  uncorrelated  components  with 
proportional  covariances 

Setting  the  means  in  (86)  to  zero,  we  have 


fgCt)  =  l^(l  -  i2S:  Rii(0,0)  rl"'>] 


-H 


(88) 
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Actual  numerical  examples  displaying  typical  probability 
density  functions  of  power- scaling  random  variable  q,  for  a 
variety  of  different  parameter  values,  will  be  presented  in  a 
later  section. 
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CHARACTERISTIC  FUNCTION  OF  POWER- SUM  VARIATE  S 

The  power-sum  variate  S  is  given  in  (37)  and  (43)  as  the  sum 
of  the  power  scalings  qj^  =  total  of  K  pulses 

transmitted  and  received: 


where  we  used  (44)  and  (45).  This  double  sum  can  be  recognized 
as  a  quadratic  foirm  in  KM  correlated  nonzero-mean  Gaussian  random 
variables.  Therefore,  the  general  approach  in  appendix  B  can  be 
used  directly  to  find  the  characteristic  function  of  S  for  any 
statistical  dependencies  between  the  M  zero-mean  Gaussian 
processes  {gjjj(t,f)|  and  any  layout  of  the  K  points  {tj^,fj^}  in  the 
time, frequency  plane.  In  order  to  realize  form  (89),  we  identify 
variate  q  *  S,  constant  N  =  KM,  and  matrices  B  =  I,  A  *  0  ii 
appendix  B.  Mean  column  vector  E  in  (B-1)  is  KMxl,  while 
symmetric  covariance  matrix  C  is  KMxkm.  Then  (B-10)  becomes  the 
standard  characteristic-value  matrix  equation  [18;  section  1.13] 

c  Q  »  Q  A  ,  C  .  K(V£k)  (50| 

where  KMxkm  modal  matrix  Q  *  [Vj  .  .  .  from  (B-11).  Also, 

there  follows  from  (B-18), 

E  -  q'*’  E  ,  *  '^n  ^  1  i  n  1  KM  ;  =  0  .  (91) 

The  characteristic  function  of  sum  S  in  (89)  then  follows  from 
(B-20)  as 
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t.il)  = 


KM  ,  . 

T^(i  -  i2tg 


exp 


KM 


il 


n 


1  -  i2U„ 

n=l  n 


(92) 


This  general  result  will  now  be  specialized  to  the  seven  cases  of 
particular  interest  here. 


SPECIAL  CASE  1:  Zero  means;  see  (59) 

When  c  (t.f)  -  0  for  1  i  m  1  M,  then  mean  vector  E  is  zero, 
m'  ' 

meaning  that  its  components  (EjjJ  in  (91)  are  zero.  The  result  in 
(92)  then  reduces  to 

£s(£)  =  [tt(i  -  i2a 

Only  the  KM  eigenvalues  of  KMxKM  covariance  matrix  C  of  the  KM 
random  variables  need  to  be  evaluated  in  this  case. 


n) 


-*5 


(93) 


SPECIAL  CASE  2:  Uncorrelated  components;  see  (61) 

From  this  point  on,  we  shall  be  interested  in  the  more 
restricted  case  where  component  Gaussian  process  gjjj(t,f)  is 
uncorrelated  with  (independent  of)  process  g^(t',f')  for  m  ^  n, 
regardless  of  the  values  of  t,f  and  t',f';  this  case  was  also 
considered  earlier  in  (61).  This  will  probably  encompass  most 
situations  of  practical  interest;  furthermore,  it  still  allows 
for  correlated  fading  between  the  K  received  signal  pulses.  That 
is,  covariance  Rjj^  in  (62),  between  power  scalings  qj^  and  q ^ , 
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need  not  be  zero,  despite  uncorrelated  property  (61)  between 
components  {gjj|(t/f)}  in  this  special  case  2. 

In  this  case,  a  simpler  and  more  direct  approach  is  possible 
and  is  adopted.  We  begin  by  expressing  (89)  as 

S  “  C  ,  (94) 

ra=l 

where  we  have  defined  the  M  random  variables 


s(nv) 


for  1  i  m  1  M  . 


(95) 


This  superscript  m  notation  is  adopted  in  order  to  readily 
distinguish  the  fading  component  numbers,  1  1  m  S  M,  from  the 
time,  frequency  signal  pulse  number's,  1  £  k  S  K;  see  (45)  versus 
figure  1. 

Now,  it  is  important  to  observe,  for  this  special  case  2, 
that  these  latter  M  random  variables  are  statistically 

independent  of  each  other,  allowing  us  to  develop  the  character¬ 
istic  function  of  sum  S  in  (94)  in  the  finite  product  form 

fc(«:)  =  TT  ,  (96) 

^  m=l 

where  the  m-th  characteristic  function  is  given  by  average 

=  expliES^"*))  ,  (97) 

in  terms  of  quadratic  sum  in  (96). 

In  order  to  ascertain  the  characteristic  function  of  sum 
we  define  Kxl  Gaussian  column  vector  according  to 
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T 

Then,  S^"*^  in  (95)  can  be  written  in  the  quadratic  form 

T 

g(^)  —  y(^)  y(^)  ^  J J 

We  now  appeal  to  the  general  results  in  appendix  B  and  identify 
the  quantities  there  according  to  q  =  N  =  K,  and 


B  =  I  ,  A  =  0  ,  E  =  £<“>  =  y""!  =  k(tj,f,)  .  .  .  C„(4,£^)]  , 


K  K 

C  =  C<""=  covlyf"')  =  [vv*k' 

(100) 

The  K  diagonal  elements  of  matrix  are  all  equal  to 

According  to  (B~10),  we  must  now  solve,  for  each  value  of  m 
in  the  range  1  1  m  i  M,  the  KxK  characteristic-value  equation 


c(">)  gtro)  ^  Q(m)  ^(m) 


(101) 


for  KXK  eigenvalue  matrix  A'  '  and  corresponding  Kxk  normalized 
modal  matrix  ,  where 


=  diaglXj 


]  ,  =  [vj"')  . 


''k 


(102) 


and  Kxl  vector  is  the  k-th  eigenvector  with  components 

1  1  j  <  K.  Then,  (B-18)  with  (102)  and  (100)  yields 


,(m)  ^  ^(m)  g(m)  ^  ^  ^(m)  c^(t.,f.)  ,  =  0  .  (103) 
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We  can  now  use  (B-20)  to  obtain  the  characteristic  function 
of  variate  in  (99)  as 

i 


exp 


il 


K 

rz 

k*l 


(m) 


1  -  i2i;x 


(m) 


(104) 


The  desired  characteristic  function  of  power-sum  variate  S  in 
(89)  is  then  given  by  (96),  applied  to  (104): 


fgC?:) 


exp 


i^ 


m=l  k*l 


]  -  i25Xj^"‘^ 


(105) 


This  characteristic  function  of  sum  S  is  a  very  general 
result,  applicable  to  the  case  of  uncorrelated  components 
{gm{t,f)};  however,  it  does  require  the  solution  of  M  matrix 
equations  of  the  form  of  (101),  each  matrix  being  of  size  Kxk. 
Nevertheless,  this  approach  is  significantly  simpler  than  solving 
the  one  large  KMXKM  matrix  equation  ( 90 ) . 


SPECIAL  CASE  3:  Zero  means  and  uncorrelated  components 


When  the  means  {Cjjj(t,f)}  are  zero,  (103)  yields  =  0  and 

the  characteristic  function  in  (105)  reduces  to  just  the  product 


fs(M  = 


( 106) 
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Eigenvalues  found  from  Kxk  covariance  matrix 

in  (100);  this  solution  must  be  repeated  for  1  i  m  S  M. 


SPECIAL  CASE  4 :  Uncorrelated  components  with  identical 
covariances;  see  (64) 


Here,  covariance  matrix  C*  '  in  (100)  is  independent  of  m;  in 
particular,  we  now  have  the  single  Kxk  covariance  matrix 


(107) 


This  leads  to  solution  matrices  and  in  (101)  which  are 

also  independent  of  m;  that  is,  (101)  becomes  the  single  Kxk 
characteristic-value  matrix  equation 


C  Q  *  Q  A  . 


(108) 


Thus,  the  eigenvalues  and  eigenvectors  in  (102)  are  independent 
of  m.  However,  the  constants  in  (103)  still  depend  on  m 
through  their  dependencies  on  means  {Cjj|(t,f)};  that  is,  from 


(103) 


-(n»)  _  yT  ^(m)  _  r  (ii  f  \ 


(109) 


The  collection  of  all  these  conclusions  enables  us  to  reduce 
the  characteristic  function  (105)  of  S  to  the  compact  closed  form 


fe(^) 


r  K  r  K  h  1 

In'll  -  i2U^)j  expjit  c  r-  ' 


(110) 
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where  we  defined  the  K  constants 


M  2 

hj^  *  XII  for  1  i  k  i  K  .  (Ill) 

m=l 

If  the  nxunber,  M,  of  components  in  fading  model  (45)  happens  to 
be  even,  the  calculation  of  (110)  does  not  involve  a  square  root, 
thereby  further  simplifying  its  numerical  evaluation.  The 
collapsing  of  the  KM  constants  into  a  smaller  set  of  K 

constants,  by  means  of  the  sums  of  squares  in  (111),  is  the 
analog  of  the  result  in  (83)  for  an  individual  fading  variate 
q(t,f)  in  special  case  4. 

As  a  special  subcase  here,  suppose  that  the  M  deterministic 
components  {Cjjj(t,f)}  in  (45)  are  independent  of  t  and  f;  that  is, 

Cm(tj^ffj^)  *  for  1  1  k  i  K  .  (112) 

This  means  that  the  constants  are  independent  of  the  locations 
{tk^fkJ  signal  pulses  in  the  t,f  plane,  although  they  can 

still  depend  on  the  component  number  m.  Then,  there  follows  from 
(109)  and  (111), 


That  is,  the  characteristic  function  of  sum  S  in  (110)  depends  on 
the  constants  only  through  their  sum  of  squares.  This 

latter  property  holds  true  only  when  special  subcase  (112)  is 
valid. 
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SPECIAL  CASE  5;  Zero  means  and  uncorrelated  components  with 
identical  covariances 


Upon  setting  the  means  {Cjjj(t,£)l  to  zero,  it  is  seen  from 
(109)  and  (111)  that  characteristic  function  (110)  reduces  to 


fs(5) 


-M/2 


(114) 


Now,  only  the  K  eigenvalues  of  Kxk  covariance  matrix  C  in 

(107)  need  to  be  evaluated.  This  result  in  (114)  is  essentially 
identical  with  (10;  (D-14)].  For  the  special  case  of  M  =  2,  this 
same  result  for  the  characteristic  function  of  S  can  be  shown  to 
follow  from  [11;  (20)]. 


SPECIAL  CASE  6:  Uncorrelated  components  with  proportional 
covariances;  see  (67) 

From  (67)  and  (100),  we  find  that  KXK  covariance  matrix 

.  j.(m)  ^  ^  ^  ^  j 

and  r^^^  =  1.  Then  (101)  yields 

qC"*)  =  Q  ,  a(”‘)  «  A  ,  (116) 

where  Q  and  A  are  the  solutions  to  the  single  Kxk  characteristic- 
value  matrix  equation 

C  Q  =  Q  A  .  (117) 
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SPECIAL  CASE  7:  Zero  means  and  uncorrelated  components  with 
proportional  covariances 

Set  the  means  {Cjj|(t,f)l  to  zero  in  (118),  at  which  point 
the  characteristic  function  for  S  in  (120)  simplifies  to 
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fs(0  - 


(121) 


Eigenvalues  {Xj^}  are  the  diagonal  elements  of  eigenvalue  matrix  A 
in  KxK  matrix  equation  (117),  where  covariance  matrix  C  is  given 
by  (115). 


CUMULANTS  OF  SUM  S 

For  some  purposes,  such  as  approximating  the  probability 
density  function  or  exceedance  distribution  function  of  S,  the 
cumulants  are  useful;  see,  for  example,  [17].  By  expanding  the 
natural  logarithm  of  the  general  characteristic  function  in  (92) 
in  a  power  series  in  iZ.,  the  cumulants  of  S  are  readily  found; 

Xs(P)  =  {p-l)l  ZZ  P^n)  p  1  1  ,  (122) 


The  cumulants  for  the  seven  special  cases  considered  above 
could  also  be  derived.  However,  we  will  only  present  the  results 
for  special  case  6,  namely  uncorrelated  components  with  propor¬ 
tional  covariances;  see  (67).  Again,  expanding  the  logarithm  of 
characteristic  function  (120)  in  a  series  in  i£;,  there  follows  a 
slight  simplification  of  (122)  for  the  cumulants  of  S; 


X<,(P)  -  (p-D!  2P-'  C  xP  + 


m=l 


k=l 


+  p!  2 


P-1 


M  K 


Tzrz  (\  r'"») 

m=l  k-1  ^  ^ 


P-1 


(m) 


for  p  1  1 


(123) 
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CHARACTERISTIC  FUNCTION  OF  PROCESSOR  OUTPUT  y 


With  the  characteristic  function  of  sum  S  in  hand,  we  can  now 
return  to  the  desired  result  (42)  for  the  characteristic  function 
fy(^)  of  processor  output  y,  when  conditions  (38)  are  satisfied. 
Substitution  of  general  result  (92)  into  (42)  yields 


f  (£)  =  (1  -  WE)*"**”-!’  TT  1  -  i2£(l  +  ^ 

Y  n=l I  ^  ”o  ' 


X  exp  iJ; 


2E  P- 


°  1  -  i2t(i  +  |i  xj 


(124) 


By  expanding  the  logarithm  of  (124)  in  a  power  series  in  il,  the 
cumulants  Xy(P)  of  processor  output  y  are  found  to  be  given  by 


Xy(P) 
(P-I)l  2P* 


^  f.  .  2E,  .  2E  _  f,  .  2E  ]P"^-2  .  - 

■  ir  I'  ^  St  I' 


for  p  i  1  . 


(125) 


SPECIAL  CASE  1:  Zero  means;  see  (59) 


Upon  setting  means  lCjjj(t,f)j  to  zero  in  (124),  the  constants 
{e^J  defined  in  (91)  become  zero  and  (124)  reduces  to 


f  (t)  =  (1  -  TT  1  - 

'  n*ll  ^  o 


Only  the  eigenvalues  (X^J  of  KMxkm  covariance  matrix  C  of  the  KM 
random  variables  need  to  be  evaluated  in  this  case. 
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SPECIAL  CASE  2:  Uncorrelated  components;  see  (61) 


The  comments  in  the  bottom  paragraph  of  page  32  and  the 
sequel  are  relevant  at  this  point  and  should  be  reviewed.  For 
convenience,  we  will  utilize  a  normalized  version  of  covariance 
matrix  C^™^  defined  in  (100): 


(127) 


The  corresponding  eigenvalue  matrix  of  normalized  kxk 

covariance  matrix  C^"'^  is  then  given  by 

(m)  ^  »  diaafA^"")  •  •  • 

^  R_(0,0)  -  <liag[X^  J 


(128) 


in  terms  of  eigenvalue  matrix  '  in  (101),  which  now  becomes 


q("‘)  *  q(”‘)  a("») 

Normalized  modal  matrix  is  unchanged  from  (101).  The 

relationship  between  the  eigenvalues  in  (102)  and  (128)  is 

^(m)  ^  ^(m)  R  (0,0)  . 

k  — k  mm 

When  we  employ  special  case  2  result  (105)  in  (42),  the 
characteristic  function  of  processor  output  y  is  given  by 


(129) 


(130) 


fy(i)  =  ( 


1  -  [TTfrll  -  i2«(l  +  S®  ^k"’) 

m«l  k=li  '  o  ’ 


X  exp  iC 


~  M  K 
2E 


^o  m=l  k-1  1  _  i2^|l  +  |i 


(131) 
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However,  a  combination  of  (130)  and  (52)  yields 


2E  .(m) 
N 

o 


-k 


^^Im  » (ra) 

N  -k  ' 
o 


(132) 


where  we  have  taken  note  that  the  same  signal  energy  E  was 
transmitted  on  all  K  pulses;  see  (38).  That  is,  is  the 

average  random  received  signal  energy  in  the  m-th  component  of 
any  one  of  the  pulses.  The  quantity  is  a  measure  of  the 

average  random  received  "signal-to-noise  ratio"  in  the  m-th 
component  of  one  pulse.  At  the  same  time,  from  (103), 


2l 


(133) 


But  since  Cjj^(t,f)  1  0  without  loss  of  generality  (see  (46)),  we 
have 


(134) 


where  is  the  deterministic  received  signal  energy  in  the  m-th 
component  of  the  j-th  pulse,  as  defined  in  (50).  Then  (133)  can 
be  expressed  as 


2E  (m)2 

N  *^k 
o 


^  ''M 


(135) 


The  quantity  is  a  measure  of  the  received  deterministic 

signal-to-noise  ratio  in  the  m-th  component  of  the  j-th  pulse. 
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Upon  combining  these  definitions,  (131)  is  modified  to 

£  (£)  =  (1  -  [-n  "nfl  -  i2£fl  +  ^  £^’1 

^  lm=l  k=li  ^  o  M 


X  exp  ij; 


M  K 


m=l  k=l 


p{in) 

-k 


1  -  i2^  1  + 


U  ^k  J 


(136) 


Here,  eigenvalues  /  •  •  •  those  of  the  kxk  normalized 

covariance  matrix  defined  in  (127).  The  constants  are 

given,  according  to  (135),  by 


g(n») 

-k 


(137) 


The  cumulants  of  processor  output  y  in  this  case  are  given  by 


-1) !  2^  ^  m=l  k=l''  ^o  ^ 


M  K 


(P-1) 


M  K 


O  y^fl  +  ^ 


-  K(M-2)  for  p  i  1  .  (138) 


SPECIAL  CASE  3:  Zero  means  and  uncorrelated  components 


When  means  {Cjj^(t,f)}  are  zero,  then  (50)  and  (137)  yield 
Dj^  =  0  and  1^*"^  =  0,  thereby  causing  (136)  to  reduce  to 


£  (£)  .  (1  -  ■nfl  -  i2E(l  +  ^  ii"" 

'  lm=l  k=l (  o 


. (139) 
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SPECIAL  CASE  4:  Uncorrelated  components  with  identical 
covariances;  see  (64) 

Now,  normalized  covariance  matrix  C^"'^  in  (127)  is 
independent  of  m;  in  particular,  we  have  the  single  Kxk 
covariance  matrix 


Rll(0,0) 


4l(tk 


4l(0,0) 


K 


(140) 


This  leads  to  solution  matrices  and  in  (129)  which  are 

also  independent  of  m;  that  is,  (129)  becomes  the  single  Kxk 
characteristic-value  matrix  equation 


C  Q  =  Q  A  ;  A  =  A/Rj^j^(0,0)  =  diag[  , . . . ,  . 


(141) 


Thus,  the  eigenvalues  in  (128)  and  the  eigenvectors  in  (102)  are 
independent  of  m.  However,  the  constants  in  (137)  still 

depend  on  m  through  their  dependence  on  deterministic  received 
signal  energies  (Djjjj);  that  is,  from  (137),  now 


-k 


K 


(142) 


Also,  from  (52),  (38),  and  (64),  we  now  have 


"mn.f®''”  *  ^  =  ®11  ' 


(143) 


which  is  the  average  random  received  signal  energy  in  one 
component  of  one  pulse.  (In  this  special  case  4,  we  have  the 
alternative  result  E^^  =  from  (53).) 
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The  collection  of  these  conclusions  enables  us  to  express  the 
characteristic  function  (136)  of  processor  output  y  the  closed 
compact  form 


(1 


i25,K(i,M-l) 


X 


X  exp 


il 


K 

rz 

k=l 


(144) 


where  we  defined  the  K  constants 


for  1  i  k  i  K 


(145) 


Use  of  (142)  was  made  here.  The  cumulants  of  output  y  are  now 


Xy(P) 

(p-1)!  2P-^ 


+ 


+ 


+  P  C  M  for  p  i  1  . 


(146) 


As  a  special  subcase,  suppose  that  the  M  deterministic 
components  lCjjj(t,f)}  in  fading  model  (45)  are  independent  of  t 
and  f;  see  (112).  Then,  from  (50)  and  (38), 


*^km  ^k 


D 


Im 


(147) 


where  D^jjj  is  the  received  deterministic  signal  energy  in  the  m-th 
component  of  any  one  of  the  pulses.  This  result  allows  the 
constants  in  (145)  to  be  simplified  to 
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(148) 


Thus,  in  this  special  subcase,  the  constants  (hj^)  depend  only  on 
the  sura  of  the  received  deterministic  signal  energies  on  all  the 
components . 


SPECIAL  CASE  5:  Zero  means  and  uncorrelated  components  with 
identical  covariances 

Upon  setting  the  means  {Cjjj(t,f))  to  zero,  it  follows  from 
(50),  (145),  and  (144)  that  the  characteristic  function  of 
processor  output  y  is 


,{l)  »  (1  -  [t^[i  -  i2l[l  +  4)] 

[k=ll  ^  ”0 


(149) 


Eigenvalues  correspond  to  Kxk  normalized  covariance 

matrix  C  given  by  (140),  while  E^^  is  the  average  random  received 
signal  energy  in  one  component  of  one  pulse.  This  exact  result 
replaces  the  approximation  in  (12;  (8)]. 

In  the  special  case  of  M  =  2,  that  is,  two  components  in 
fading  model  (45),  the  result  in  (149)  reduces  to 


r  K  f  .  2E  ,  V 

fy(M  =  TT  1  -  1251  +  4 

Y  lk=ll  ^  "^o 


(150) 


This  expression  agrees  with  (11;  (24)],  except  for  a  scaling  of 
output  Y  by  a  factor  of  2.  There  was  no  need  here  to  evaluate 
multiple  integrals  as  encountered  in  (11;  (21)  -  (22)]. 
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SPECIAL  CASE  6:  Uncorrelated  components  with  proportional 
covariances?  see  (67) 


If  we  combine  the  general  relation  in  (42),  for  the 
characteristic  function  of  processor  output  y,  with  the 
characteristic  function  in  (120)  for  the  sum  S  in  this  special 
case  6,  we  obtain  the  form 


fy(^)  -  (1  -  12?;)^^**” 


M  K 

TT  TT 

m=l  k=l 


X  exp 


if;  2|  ^  ^ 

_ 4  1 _ « 


1  -  i2l 


(l.lix,  r<"») 


o  in=l  k=l  J  _  .  rl”"l 

ink 


(151) 


Now,  from  (67)  and  (100),  we  find  that  KxK  covariance  matrix 

K 

c(m)  ,  C  ,  where  C  *  [*^ii  j  >  1  ^ 

and  r^^^  -  1.  Then  (101)  yields 


*  Q  / 


A(n.)  ^  ^(m)  ^ 


(153) 


where  Q  and  A  are  the  solutions  to  the  single  KxK  matrix  equation 

C  Q  =  Q  A  .  (154) 

Now,  define  normalized  covariance  matrix  C  as  in  (140),  with 
corresponding  matrix  equation  and  eigenvalue  matrix  A  as  in 
(141).  Then  the  eigenvalues  are  related  according  to 

Ar  =  Ak  Rii(0/0)  ,  (155) 

leading  to  result 
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It  KiiO'O)  4 


j.(m) 


nT^Ak  ^  (156) 


upon  use  of  (38),  (52),  and  (67).  The  quantity  ^im  is  the 
average  random  received  signal  energy  in  the  m-th  component  of 
any  one  pulse.  Also,  from  (135)  and  (137), 


2l  (m)2 

N 

o 


r(®)  = 

-k 


K 


kj 


2D 


N. 


m 


(157) 


since  normalized  modal  matrix  Q  is  independent  of  component 
number  m;  see  (153).  Use  of  (156)  and  (157)  in  (151)  yields  the 
characteristic  function  of  processor  output  y  i^  the  desired  form 


^yil) 


=  (1  - 


M  K 

TT  TT, 

m=i  k=il 


X  exp 


1  -  i2E(l  ^  4) 
2 


M  K 


,{m)' 


m= 


1  ^”1  1  -  i2?;( 


2E 


1  + 


Im 


(1581 


This  result  is  a  slight  simplification  of  (136)  which  allowed 
uncorrelated  components  of  arbitrary  covariances;  thus, 
eigenvalues  and  eigenvectors  {Vj^j  are  independent  of  m  here. 

Furthermore,  (158)  simplifies  to  the  result  in  (144)  when  the 
covariances  of  the  random  fading  components  {gj^(t,f))  in  (45)  are 
identical;  see  (64). 

The  cumulants  {Xy(P) 1  processor  output  y  are  found  by 
expanding  the  logarithm  of  (158)  in  a  power  series  in  ii;: 
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Xy(P)  _ 
(P-1)!  2P"^ 

M  K  ,  2E.  . 

+  p  rz  EZ  1  +  -il^ 

in=l  k=l^  “o 


M  K  ,  2E-  vp 

rzEZ  1  +  -5^aJ  + 

k=l'  ”o 


,(m)^ 

-k 


K(M-2)  for  p  i  1 


(159) 


SPECIAL  CASE  7:  Zero  means  and  uncorrelated  components  with 
proportional  covariances 


When  we  set  means  {Cj^(t,£)l  to  zero,  the  characteristic 


function  in  (158)  simplifies  to 


f  (1)  =  (1  -  i2j;)*'‘^”-^J  TT  TT  1  *  i2£;  1  +  Xj,  .  (leo 

^  lm=l  k=l  '  o  J , 


For  purposes  of  review,  the  quantity  Ej^  is  the  average 
random  received  signal  energy  in  the  m-th  component  of  the  k-th 
pulse,  while  Dj^  is  the  received  deterministic  signal  energy  in 
the  m-th  component  of  the  k-th  pulse;  see  (50)  and  (52)  as  well 
as  fading  model  (45)  -  (47).  Eigenvalues  {Xj^l  correspond  to 
normalized  covariance  matrix  C  in  (140),  while  coefficients  } 

used  in  (157)  are  the  corresponding  eigenvectors'  components;  see 
the  KXK  matrix  equation  in  (141),  which  yields  eigenvalue  matrix 
A  and  normalized  modal  matrix  Q. 


50 


TR  10041 


In  the  sequel  to  (42)#  it  was  noted  that  the  more  general 
conditional  characteristic  function  of  y  (27)  would  be  treated 
once  the  fading  model  had  been  described.  This  latter  situation 
with  general  receiver  weights  {Aj^l  and  transmitted  signal 
energies  (Ej^l  is  considered  in  appendix  C.  In  particular,  the 
unconditional  characteristic  function  of  processor  output  y  is 
derived  for  general  correlated  fading  components  {gj^(t,f)}  and 
then  specialized  to  the  case  of  uncorrelated  fading  components. 
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EXAMPLES  OF  PROBABILITY  DENSITY  OF  POWER-SCALING  q(t,f) 


In  an  earlier  section,  the  characteristic  function  of 
power-scaling  variate  q  =  q(t,f)  was  derived  for  fading  model 
(45),  yielding  general  result  (76).  This  result  was  then 
simplified  for  the  seven  special  cases  noted  there.  In  this 
section,  we  will  present  some  numerical  examples  of  typical 
probability  density  functions  of  q  and  thereby  illustrate  the 
generality  and  variety  of  fading  model  (45). 

The  only  case  we  will  consider  in  this  section  is  where  the  M 
random  components  {gjjj(t,f)|  in  (45)  are  uncorrelated  with  each 
other  and  have  proportional  covariances.  This  is  special  case  6; 
see  (67).  Also,  for  notational  convenience,  we  consider  the 
normalized  (power)  random  variable 


♦  = 


q . 

Rll(0,0) 


(161) 


where 


%  -  “  Rll(0,0)  r<"*J  for  1  1  m  1  M  .  (162) 

Here,  we  used  (47)  and  (67).  Then,  from  (86),  the  characteristic 
function  of  random  variable  ^  is 


-is 


exp 


M 


r""' 

'm 


m=l  l-i2?;r 


(m) 


r 


(163) 


where  we  defined  (dimensionless)  normalization  constants 
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h  *  — 
•m  a 


c„(t,£) 


for  1  ^  m  i  M  . 


m  '<^(0,0) 


(164) 


For  M  ®  1,  the  general  result  in  (163)  simplifies  to 


f.(i;)  «  (1  -  i2ir^  exp 


15  hi  ' 
1  -  i2l: 


(165) 


for  which  the  corresponding  PDF  (probability  density  function)  is 
p^(u)  “  (2nu)'"**  exp|-  +  ^i)  ]  cosh{^ij^/u)  for  u  >  0  .  (166) 

it 

The  amplitude-scaling  variate,  rj^  =  from  (43),  has  the 
corresponding  PDF  for  normalized  version 


®  “  [r^  Jo, 0)1  “  ' 


(167) 


namely 


Pq(u)  =  2  u  P^(u^)  »  exp[-  ^[u^  +  cosh(h2U)  for  u  >  0  . 


(168) 


This  PDF  is  displayed  in  figure  2  for  *  0(.5)3.  At  the  origin 

it  2 

this  PDF  is  finite  and  nonzero,  with  value  (2/n)  exp(-h2/2), 

indicating  the  possibility  of  occasional  deep  fades  (unless  is 
large).  As  parameter  gets  large,  this  PDF  approaches 
Gaussian;  in  fact,  directly  from  (168)  and  figure  2,  we  obtain 


Pq(u)  ~  (2n)~**  exp[-  ^(u  -  for  >  3  .  (169) 
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The  corresponding  PDF  for  normalized  power-scaling  variate 

2 

^  *  q/Rj^j^(0,0)  =  q/cr^  given  in  (166)  and  is  plotted  in  figure 

3.  It  is  seen  to  possess  a  substantial  cusp  at  the  origin,  which 

-k  2 

behaves  as  (2nu)  exp( -t)  j^/2 ) .  This  is  the  mosc  severe  case  of 
deep  fading  that  model  (45)  can  yield,  namely  for  M  =  1. 

When  M  =  2,  that  is,  two  components  in  fading  model  (45),  the 
characteristic  function  in  (163)  reduces  to 


-C'  ( 


1  -  i2?;  r 


(2) 


-*5 


exp 


it  n- 


i^  r 


>2 


(2) 


1  -  i2?; 


1  -  i2i;  r 


(2) 


(170) 


However,  instead  of  Fourier  transforming  this  result,  the  PDF 

of  +  is  best  found  by  reverting  to  definition  (45),  namely 
2  2 

q  =*  (Cj  +  gj^)  +  (C2  +  g2)  »  and  performing  the  probability 
integrals  directly  in  the  9i>92  P^ane.  The  result  is 

n 

"  — nTrr¥  J  for  u  >  o  ,  (i7i) 


where  auxiliary  functions 

u 

C  s  u  cos(t)  “  hj  '  2  ® 

( 2  i 

As  a  special  subcase  here,  for  M  =  2,  let  r'  '  =  1;  that  is, 
let  both  random  components  {gjjj(t,f)J  have  equal  power.  Then 
(170)  yields  characteristic  function 


sin(t)  -  h2 


(172) 
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2 

f^(5)  =  (1  -  i2l)~'^  ®*p[r^-^]  ' 

where  constant 

•  •'l  *  ^>2  '  RTItOrfy  «  -  2  •  (174) 

The  corresponding  probability  density  function  for  ^  is 

p^(u)  =  ^  lQ(h‘^u)  exp[-  ^[u  +  h^)]  for  u  >  0  .  (175) 

That  for  0  *  follows  immediately  as 

Pq(u)  =  u  iQ(hu)  exp[-  '1^)1  for  u  >  0  .  (176) 

The  PDF  in  (175)  is  displayed  in  figure  4.  Now,  the  origin  value 
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2 

is  finite,  namely  .5  exp(-^i  /2),  in  contrast  with  figure  3  for 
M  =  1.  The  cusps  that  were  in  figure  3  are  now  absent  for  M  =  2. 

When  M  =  2  but  r^^^  ^  1,  a  closed  form  like  (175)  is  not 
available  for  the  PDF  of  4*  Instead,  we  must  revert  to  the 
general  relation  in  (171)  -  (172)  and  perform  the  numerical 
integration  for  each  set  of  parameter  values  of  interest.  An 
example  for  r'  '  -  1/2  and  ®  is  given  in  figure  5,  and  a 
second  example  for  r^^^  =  1/2  and  1)2  ~  is  given  in  figure  6. 

A  common  feature  of  all  these  densities  is  the  finite  nonzero 
values  at  the  origin.  That  is,  deep  fades  are  still  common  for 
fading  model  (45)  when  M  =  2. 

For  larger  M  and  completely  arbitrary  parameters,  it  is 
necessary  to  numerically  Fourier  transform  general  characteristic 
function  (163)  in  order  to  determine  the  PDF  of  4>.  However,  for 
the  special  case  where 

M  is  even  and  =  1  for  1  £  m  i  M  ,  (177) 

then  (163)  reduces  to 

2 

f^(£)  -  (I  -  exp[y^5-?^]  > 

where  constant 

,  M  - 

*1  -  ZZ  •  (179) 

m=l 

The  corresponding  PDF  of  +  is  then 

\  (‘^1  ®*p[-  *  ''^11  “  >  0  '  (1®°) 
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Figure  6.  PDF  of  q/a^  for  M  =  2,  r^^^  *  1/2,  i]2  ~ 
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where  N  =  M/2  -  1.  This  reduces  to  {175)  for  M  =  2. 

The  PDF  for  6  =  follows  as  given  by  the  rule  given  in 
(168),  namely 

N 

Pq(u)  =  u  (^]  Ijj(Vlu)  exp[-  -llu^  for  u  >  0  .  (181) 

This  reduces  to  (176)  for  M  =  2. 

Two  examples  of  PDF  (180)  for  random  variable  ^  are  displayed 

in  figure  7  for  M  =  4  and  in  figure  8  for  M  =  6,  respectively. 

The  former  PDF  is  zero  at  the  origin,  while  the  latter  is  zero 

and  has  zero  first  derivative  at  the  origin.  Thus,  deep  fades 

are  less  likely  for  the  larger  values  of  M  in  fading  model  (45). 

A  general  procedure  for  determining  the  probability  density 

function  Px(u)  of  random  variable  ^  from  characteristic  function 
9 

f^il)  in  (163),  for  arbitrary  M,  presented  at 

the  end  of  appendix  D.  It  employs  some  efficient  recursions  for 
fast  and  accurate  numerical  evaluation  of  p^(u). 
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PROBABILITY  DISTRIBUTION  OF  PROCESSOR  OUTPUT  y 

The  characteristic  functions  of  processor  output  y, 

under  a  variety  of  special  cases,  were  derived  in  an  earlier 
section;  in  particular,  see  (124)  -  (160).  Although  these  are 
compact  closed  forms,  they  can  encounter  computational  problems 
if  we  attempt  to  directly  utilize  Fourier  transforms  to  determine 
the  corresponding  probability  density  functions  and  exceedance 
distribution  functions.  In  particular,  since  the  characteristic 
functions  decay  only  as  J;  as  I  ^  °=>,  truncation  error  can  become 
a  significant  problem,  especially  for  small  K,  the  number  of 
signal  pulses. 


EXPA.';SJ0N  FOR  DISTRIBUTION  FUNC'^ION 


In  appendix  D,  series  expansions  for  fY(^^)  and  the 
corresponding  probability  density  function  Py(u)  are  derived  in  a 
form  which  involves  only  positive  expansion  coefficients  and 
terms.  Furthermore,  efficient  and  accurate  recursions  are 
developed  for  the  evaluation  of  the  coefficients,  the  probability 
density  function,  and  the  exceedance  distribution  function. 

As  an  example  of  the  general  procedure,  the  results  for 
general  characteristic  functions  (136)  and  (158)  are  summarized 
here.  Define  respectively,  for  l<miM,  liklK, 


T 


mk 


9F 

Im  .(m) 

N  -k 
o 


or 


mk 


(136) 


(158) 


j.{ni)^ 

■^k 


(182) 
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Then,  the  exceedance  distribution  function  of  processor  output  y 
is  given  by  (D-16)  as 

<»  .  ^ 

Prob(Y  >  u)  »  F  YU.  gp  **K+p-llt)  u  >  0  ,  (183) 

ps®  0 

where  the  quantities  required  are  found  in  the  following  fashion. 


(184) 


H  (X)  =  exp(-x)  ?T  for  n  i  0  ,  X  i  0  .  (187) 

“  k=0 

Since  the  eigenvalues  of  a  covariance  matrix  can  never  be 
negative,  it  is  seen  from  (185)  that  all  the  lOp)  are 
nonnegative,  with  the  exception  of  a^.  However,  is  used  only 
once  in  (186)  to  generate  a  positive  g^,  while  the  recursion  in 
(186)  for  {gp}  utilizes  only  nonnegative  quantities.  Thus,  all 
the  coefficients  {gp}  and  scale  factor  F  in  (183)  are 
nonnegative.  The  function  H^(x)  in  (187)  is  obviously  positive 
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for  X  2  0,  thereby  guaranteeing  that  no  negative  terns  will 
appear  in  expansion  (183).  Furthermore/  there  is  a  very 
efficient  recursion  for  the  {H^(x));  see  (D-18).  A  sample 
program  for  the  evaluation  of  a  modified  form  of  (183)  is  given 
in  appendix  D. 

In  the  absence  of  signal/  all  the  and  in  (182) 

are  zero.  Then/  all  the  {Op}  and  {gp}  become  zero  except  for  g^ 
which  is  1.  Expansion  (183)  tor  the  exceedance  distribution 
function  of  processor  output  y  then  reduces  to  simply  the  one 
term  j^(u/2)/  which  is  consistent  with  the  noise-only 
characteristic  function  (1  -  i2K)  for  processor  output  y;  see 
(42),  for  example.  That  is,  the  false  alarm  probability  is 

'■f  *  «K-l(f)  • 

An  error  bound  for  sum  (183),  terminated  at  the  p  =  N  term, 
is  given  in  (D-20).  Also,  the  modifications  required  to  treat 
the  slightly  different  forms  of  characteristic  functions 
encountered  in  (124)  and  (144)  are  presented  in  (D-23)  -  (D-26). 
Finally,  a  refinement  of  the  expansion  procedure  in  (183),  which 
is  more  rapidly  convergent  and  useful  for  larger  signal-to-noise 
ratios,  is  given  in  (D-27)  -  (D-36). 
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FUNDAMENTAL  INPUTS  AND  COMPUTATIONAL  PROCEDURE 

In  the  remainder  of  this  section,  we  will  restrict  attention 
to  characteristic  function  (158)  which  pertains  to  special  case 
6,  namely  uncorrelated  components  with  proportional  covariances; 
see  (67).  However,  before  we  list  the  fundamental  inputs  that 
are  required  to  conduct  the  numerical  evaluation  of  the 
exceedance  distribution  function  of  processor  output  y  in  this 
case,  we  make  an  additional  modification  for  later  convenience  in 
plotting  and  comparison. 

From  (52),  (38),  and  (67),  we  have 


The  quantities  represent  the  fractional  strengths  of  each  of 

the  M  random  components  {gjjj(t,f))  in  fading  model  (45). 

The  fundamental  inputs  required  to  evaluate  the  exceedance 
distribution  function  of  processor  output  y 
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K,  number  of  signal  pulses  in  figure  1, 

M,  number  of  fading  components  in  (45), 

signal  energy  to  noise  density  ratio, 

|r("*)  j  for  1  i  m  <  M;  see  (67), 

IDkjjj/No)  for  ISkiK,  limlM;  see  (50), 
R^j(t,v)/R^^(0,0);  see  (47), 

{tj^l  and  {fj^}  for  1  1  k  S  K;  see  (44).  (152) 

The  quantity  is  a  measure  of  the  receiver  input  average 

random  signal-to-noise  ratio  for  one  signal  pulse,  while  is 

the  relative  strength  of  the  m-th  fading  component.  Ratio 
is  a  measure  of  the  receiver  input  deterministic  signal-to-noise 
ratio  for  the  k-th  signal  pulse  and  m-th  component.  The  function 
Rlj^(r,v)/Rii(0,0)  is  the  normalized  fading  covariance  function 
for  the  medium  at  time  separation  t  and  frequency  separation  v. 
Parameters  tj^  and  fj^  are  the  time  and  frequency  locations, 
respectively,  of  the  k-th  signal  pulse  in  time, frequency  space. 

The  first  quantity  that  must  be  computed  is  the  normalized 
KXK  covariance  matrix  C  given  by  (140).  Then,  its  eigenvalue 
matrix  A  and  normalized  modal  matrix  Q  are  found  by  solving 
characteristic-value  matrix  equation  (141).  This  yields 
eigenvalues  and  eigenvectors  (Vj^)  for  1  <  k  <  K.  The 

components  of  column  vector  Vj^  are  Vj^j,  •  •  •  see  (102).  We 

then  compute  1^"*^  from  (142)  or  (157)  for  l<k<K,  l<m<M. 

At  this  point,  the  parameters  and  in  (182)  can  be 

computed  for  llklK,  limlM,  and  the  procedure  in  (183)  - 
(187)  can  be  employed.  In  particular,  (182)  and  (191)  yield 
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2E, 

^rak  “  T  '*'ra  -k  1  i  tn  i  M  ,  1  1  k  i  K  .  (193) 

o 

NUMERICAL  PERFORMANCE  RESULTS 

The  first  set  of  examples  are  selected  to  enable  a  comparison 

with  the  approximate  procedure  and  results  in  [12].  In  figure  9, 

below,  we  plot  the  required  per-pulse  input  SNR  ( signal-to-noise 

ratio)  measure  E^/Nq  (in  dB)  versus  the  number  of  signal  pulses 

K,  for  values  of  the  adjacent-pulse  normalized  (amplitude) 

covariance,  Covj^,  equal  to  0,  .5,  /.S,  and  1.  In  particular,  the 

covariance  Rj^j^(t,v)  was  taken  as  exponential  in  t,  and  the  signal 

pulses  have  no  frequency  shifts  {fj^}  and  are  equally  spaced  in 

time  locations  [tj^l;  that  is,  Cov^  =  R|^j(tj^^j^-tj^,0)/R^j(0,0)  for 

all  k.  Also,  the  KM  deterministic  signal-to-noise  ratios 

[Dj^/N^j  are  all  zero,  and  the  M  strengths  are  all  equal 

to  1;  this  duplicates  the  situation  in  [12].  The  particular  case 

in  figure  9  pertains  to  false  alarm  probability  Pp  =  lE-6, 

detection  probability  P^  =  .5,  and  M  =  1  fading  component;  this 

last  choice  corresponds  to  parameter  m  =  1/2  in  [12].  The 

results  here  in  figure  9  for  Covj^  =  0  and  Cov^  =  1  agree 

precisely  with  p  =  0  and  p  =  1  in  [12;  figure  11],  as  expected, 

while  the  results  for  Covj^  =  /.5  are  in  rather  good  agreement 

with  those  for  p  =  .5.  This  selection  of  parameters  reflects  the 

2 

property  that  p  in  [12]  is  Cov^  here;  see  the  section  entitled 
Main  Program  in  appendix  D  for  additional  details. 

The  only  change  in  figure  10  is  to  require  a  larger  detection 
probability,  namely  Pp  =  .9.  Although  the  Covj  =  0  and  1  results 
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(  %  3  ^  S  „  6  -I  1  t  10 


Figure  9.  Required  SNR  for  Pp  =  lE-6,  ^  ^ 
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agree  with  [12;  figure  12],  the  exact  results  here  for  Cov^  =  /.5 

are  markedly  different  from  the  approximate  results  for  p  =  .5  in 

the  earlier  work.  For  example,  2.6  dB  less  is  required  for  K  *  2 

and  K  =  3,  while  2.3  dB  less  is  required  for  K  =  4.  That  is,  the 

earlier  approximation  in  [12]  was  somewhat  pessimistic  in  its 
performance  predictions. 

We  must  observe  from  figure  10  that  the  effect  of  correlated 
fading  is  not  overly  significant  until  the  normalized  covariance 
approaches  1.  For  example,  for  K  =  2,  the  cost  of  Cov^^ 
increasing  from  0  to  /.S  is  1.4  dB,  while  the  cost  of  Cov^  going 
from  /.5  to  1  is  an  additional  6.7  dB.  The  distinction  is  even 
greater  for  K  =  10,  with  the  same  comparison  requiring  1.6  dB 
versus  an  additional  12.9  dB. 

The  example  in  figure  11  pertains  to  M  =  2  fading  components, 
(which  corresponds  to  m  =  1  in  [12]);  all  other  parameters  are 
the  same  as  figure  9  above.  These  results  can  be  compared 
directly  with  [12;  figure  7];  they  reveal  identical  performance 
for  Covj^  =  0  and  1,  and  rather  good  agreement  for  Cov^  =  /.5 
(versus  p  =  . 5 ) . 

When  the  detection  probability  is  increased  to  .9  in 
figure  12,  these  exact  results  reveal  that  lower  values  of 
are  required  than  the  approximation  in  [12;  figure  8]  predicted, 
at  least  for  Cov^^  =  /.5  (p  =  .5).  Also,  as  was  seen  in  figure 
10,  the  cost  of  normalized  covariance  Covj^  approaching  1  is  very 
significant  in  terms  of  increased  signal  level;  that  is,  the 
CoVj^  *  /.5  curves  are  well  below  the  Covj^  =  1  curves  in  figures 
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10  and  12,  especially  for  the  larger  K  values. 

The  detrimental  effect  of  highly  correlated  fading  pulses  is 
studied  quantitatively  in  figure  13,  where  normalized  covariance 
Covj^  is  varied  from  0  to  1  as  the  other  various  parameters  are 
kept  fixed.  The  number  K  of  signal  pulses  is  kept  at  2.  These 
plots  reveal  that  for  detection  probability  Pp  =  .5,  increased 
Covj^  does  not  lead  to  a  significantly  large  increase  in  required 
input  signal  level.  However,  for  the  better  detection 
probability  of  Pp  =  .9,  higher  covariances  can  be  very  damaging, 
requiring  additional  signal  strength  to  maintain  the  desired 
level  of  performance.  For  example,  as  Covj^  increases  from  .9  to 
1  in  the  uppermost  example  in  figure  13,  the  signal  must  be 
increased  by  4.9  dB.  (The  kinks  in  the  curves  are  due  to 
discretization  of  the  abscissa  at  increment  . 1  for  Covj . ) 

When  K  is  increased  to  6,  the  results  in  figure  14  reveal 
this  effect  in  a  more  pronounced  fashion.  An  additional  9  dB  is 
now  required  when  Cov^^  is  increased  from  .9  to  1  for  the  upper 
curve. 

All  of  the  above  results  have  had  deterministic  signal-to- 
noise  ratio  measures  equal  to  zero.  The  program  listed 

in  appendix  D  has  the  capability  of  incorporating  arbitrary 
values  for  these  parameters  as  well  as  others,  such  as 
An  example  where  all  the  potential  is  exercised,  and  all 
parameters  have  nonzero  values,  is  displayed  in  figure  15.  Here, 
the  detection  probability  Pp  is  varied  from  .5  to  .999  and  the 
required  Ej/N^  is  calculated  (in  dB).  It  is  seen  that  a  sharp 
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increase  is  observed  as  increases  above  .9,  eventually  tending 
to  <»  as  1.  The  particular  parameter  values  are  listed 

below: 

Pj.  =  lE-6,  K  =  4,  M  =  2, 
r(*n)  =  I  for  1  <  m  1  M, 

Dj^/Nq  =  1  for  l<k<K,  l<m<M, 

{tj^l  =  1,2, 3, 4,  =  1,4, 2, 3, 

Cov(T,v)  -  R^^(0,0)  “  exp[-  XT  ■  To)  • 


K  =  4 

1 

1 

1 

i' 

M  =  2 

- —  -  j 

1 

i 

/ 

_ _ ' 

1 

1 

\ 

1 

t 

\ 

1 

\ 

\ 

\ 

S  ,c  n  ( 


Figure  15.  Required  SNR  versus  Pj^ 
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SUMMARY 

The  characteristic  function  of  processor  output  y  in  figure  1 
has  been  derived  in  closed  form  for  a  wide  variety  of  fading 
conditions  and  signal  formats.  The  corresponding  probability 
density  functions  and  exceedance  distribution  functions  of  y  have 
then  been  expanded  in  convergent  series,  by  means  of  a  novel 
expansion  technique  which  make  efficient  use  of  recursions  for 
rapid  and  accurate  evaluation.  These  series  typically  require  on 
the  order  of  30  to  60  terms  for  ten  decimal  accuracy.  A  program 
is  given  which  incorporates  all  these  features,  including 
allowance  for  both  deterministic  and  random  components  of 
arbitrary  strengths  in  the  fading  medium. 

One  of  the  most  useful  results  pointed  out  by  this  study  is 
that  the  degree  of  correlation  between  the  fading  signal  pulses 
can  be  fairly  significant  without  suffering  great  degradations. 
That  is,  when  the  normalized  covariance  approaches  1,  meaning 
that  all  signal  pulses  tend  to  fade  together,  the  performance 
losses  are  potentially  large;  however,  for  coefficients  below  .5, 
the  losses  are  not  too  significant. 

Comparison  of  these  exact  results  with  an  earlier  approximate 
procedure  [12]  reveals  that  the  earlier  approach  generally  gives 
pessimistic  predictions  of  performance  when  the  normalized 
covariance  of  the  fading  is  intermediate  between  0  and  1.  In 
some  cases,  the  discrepancy  can  be  several  dB.  This  result 
indicates  and  emphasizes  the  need  for  accurate  treatment  of 
systems  which  must  perform  well,  that  is,  yield  high  detection 


75 


TR  10041 


probabilities  in  fading  media.  An  extension  of  this  work  to  a 
fading  medium  in  which  the  background  noise  level  is  unknown  and 
must  be  estimated  from  a  finite  sample  in  a  noise-only  region  of 
time, frequency  space,  is  currently  underway  by  this  author  and 
will  be  reported  on  shortly. 

The  major  result  utilized  here  is  the  characteristic  function 
of  a  quadratic  form  in  correlated  nonzero-mean  Gaussian  random 
variables;  this  result  is  presented  in  appendix  B.  It  relies  on 
the  ability  to  solve  the  generalized  eigenvalue  problem;  this 
latter  procedure  and  solution  is  presented  in  appendix  E.  A 
related  problem  involving  a  slightly  more  general  bilinear  form 
is  treated  in  appendix  F.  Finally,  the  characteristic  function 
of  the  most  general  complex  form  with  both  first-order  and 
second-order  terms  is  solved  in  appendix  G.  These  results  are 
not  utilized  in  this  technical  report  but  are  presented  for 
completeness  and  for  possible  future  use  and  reference. 
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APPENDIX  A.  ANALYTIC  AND  COMPLEX  ENVELOPE  PROCESSES 

Let  n{t)  be  a  stationary  zero-mean  real  random  process  with 
covariance  and  double-sided  spectrum  G^(f): 

Rn(^^  *  n(t)  n{t-T)  ,  “  I  exp(-i2nfT}  R^(t)  .  (A-1) 

The  analytic  process  n_^{t)  is  generated  by  eliminating  the 
negative  frequencies  in  n(t)  and  by  doubling  its  positive 
frequency  contributions;  that  is,  n(t)  is  passed  through  a  filter 
with  transfer  function  2  U(f),  where  U  is  the  unit  step  function. 


Figure  A-1.  Generation  of  Analytic  Process 

The  analytic  process  can  be  expressed  in  terms  of  its  real 
and  imaginary  parts  according  to 

n^(t)  =  n{t)  +  i  njj(t)  ,  (A-2) 

where  n^^^t)  is  the  Hilbert  transform  of  n(t).  The  complex 
envelope  process  n(t)  is  obtained  by  frequency  down-shifting 
analytic  process  n^(t),  in  order  to  center  its  one-sided  spectrum 
about  f  =  0.  Thus,  if  f^  is  a  representative  center  frequency  of 
n^.{t),  then 

n(t)  =  n^(t)  exp(-i2nf^t)  .  (A-3) 
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The  original  real  process  n(t)  then  follows  from  {A-2)  and  (A-3): 

n(t)  *  He|n^{t)|  =  Re|n{t)  exp(i2nf^t)|  .  (A-4) 

The  spectrum  of  n_^(t)  follows  from  figure  A-1  as 

G^^(f)  =  4  U{f)  G^[f)  ,  {A-5) 

while  the  spectrum  of  n(t)  is  obtained  from  (A-3)  according  to 

Gn{f)  =  G^^Cf+f^)  -  4  U(f+f^)  G^{f+f^)  .  (A-6) 

The  covariances  corresponding  to  (A-5)  and  (A-6)  are 

n^(t)  n*(t-T)  and  n(t)  n*(t-T)  ,  (A-7) 

respectively.  The  two  complementary  covariances  are  zero;  that 
is, 

n^(t)  n^(t-T)  *  0  ,  n( t )  n( t-T )  =  0  .  (A-8) 

These  results  follow  from  the  fact  that  transfer  function  2  U(f) 
in  figure  A-1  is  single-sided;  that  is,  U(f)  =  0  for  f  <  0. 

A  situation  that  frequently  arises  in  practice  is  where  n(t) 
is  a  noise  process  with  a  spectrum  G^(f)  that  is  flat  in  a  broad 
band  of  width  W  in  the  neighborhood  of  f^,  which  essentially 
covers  the  signals  and  filters  of  interest.  The  spectra  of  the 
various  processes  are  illustrated  in  figure  A-2,  where  is  the 
double-sided  noise  spectral  density  level  of  n(t)  in  the 
neighborhood  of  The  spectrum  G^{t)  of  the  complex  envelope 

n(t)  is  flat  in  the  neighborhood  of  f  =  0  and  has  level  4 
watts/Hz.  Therefore,  its  covariance 
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Figure  A-‘2.  Spectra  of  Analytic  and  Complex  Envelope  Processes 
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=  J  df  exp(i2nfT)  G^(f)  (A-9) 

is  (relative  to  the  signal  and  filter  time  functions)  a  sharp 
pulse  centered  at  t  =0,  with  area  Gj^(O)  =  4  N^.  Then,  a  good 
approximation  for  many  purposes  is  to  say  that 

Rn(^)  =  ^ 

There  is  no  need  to  let  W  and  f^  tend  to  infinity  in  order  to 
utilize  this  result;  it  only  requires  that  W  be  somewhat  larger 
than  the  bandwidths  of  the  signals  and  filters  of  interest. 

In  terms  of  the  one-sided  noise  spectral  density  level  of 
n(t),  that  is,  =  2  N^,  approximation  (A- 10)  becomes 

Rn(T)  =  2  Nq  6(t)  .  (A-11) 

This  result  may  be  compared  with  [19;  page  48,  (3.10)  -  (3.1.' 
and  page  72,  (6.21)  -  (6.22)],  where  his  N  is  our  N^. 

It  should  be  noted  that  original  covariance  Rj^(t)  in  (A-1) 
cannot  be  recovered  from  this  approximation.  That  is,  via  (A-4), 

Rn(T)  =  I  Re(R^(T)  exp(i2nf^T))  =  (A-12) 

S  ^  Re[4  6(t)  exp(  i2iif^T )  ]  =  2  6(t)  ,  (A-13) 

which  is  incorrect.  The  flaw  is  that  the  use  of  6(t),  which  is 
tantamount  to  W  ->  ®,  must  be  accompanied  by  having  let  fQ  in 

addition.  That  is,  exp(i2rtf^T)  in  (A-12)  must  vary  as  fast  as 
Rj^(t)  in  order  for  the  narrowband  representation  to  be  valid. 

The  correct  end  result  for  f^  *  W/2  is  Rj^(t)  6(t)  as  W  -> 
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APPENDIX  B.  CHARACTERISTIC  FUNCTION  OF  QUADRATIC  AND  LINEAR 
FORM  IN  CORRELATED  NONZERO-MEAN  GAUSSIAN  RANDOM  VARIABLES 

The  Nxl  real  vector  X  is  composed  of  correlated  Gaussian 
components  with  mean  vector  E  and  covariance  matrix  C;  that  is, 

X  =  E  ,  COV(X)  =  (X  -  E)(X  -  E)^  *  C  .  (B-1) 

Covariance  matrix  C  is  NxN,  real,  symmetric,  and  nonnegative 
definite.  Real  Nxl  vector  E  is  completely  arbitrary. 

We  shall  be  interested  in  obtaining  the  characteristic 
function  of  the  quadratic  and  linear  real  form  in  X  given  by 

q  =  q(X)  =  X*^  B  X  +  2  A^  X  ,  (B-2) 

where  NxN  matrix  B  is  real,  symmetric,  and  positive  definite, 
while  real  Nxl  vector  A  is  completely  arbitrary.  By  completing 
the  square,  (B-2)  can  be  written  in  the  alternative  form 

q  =  (X  +  B"^  A)"^  B  (X  +  B”^  A)  -  A*^  B"^  A  .  (B-3) 

T  - 1 

Therefore,  the  minimum  possible  value  of  q  is  -  A  B  A.  The 
case  of  an  indefinite  matrix  B  is  undertaken  below  {B-42). 

Random  vector  X  is  composed  of  correlated  Gaussian  random 
variables;  its  probability  density  function  is  [20;  section  8-3] 

p(X)  »  {2n)"”^^  (det  exp[-  |(X  -  E)'^  C"^  (X  -  E)].  (B-4) 

The  characteristic  function  of  interest  is  then  given  by 

fg(^)  *  expjjlqj  =  J  dX  p{X)  exp[i5q(X)]  .  (B-5) 
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For  convenience,  we  introduce  variable 


z  =  i2^  . 


Substitution  of  (B-2)  and  (B-4)  in  (B-5)  yields 


f^{l)  »  (2ii)  X 


{B-6) 


X  J  dX  exp[-  j(X  -  E)*^  C"^  (X  -  E)  +  |z 


IT  T 

X^  B  X  +  Z  A  XI  = 


X  J  dX  exp[- 


=  {2n)~^^^  (det  X 

1  T  -1  -1  T  1  T  -1 


-  ZB)X  +  (C  E  +  zA)*X  -  ■fE  C  "  E  .  (B-7) 


Now  we  have  the  result  [20;  section  8-3] 

J  dX  exp[-  ^X^  U  X  +  x]  =  (2n)**^^  (det  expl^v*^  U”^  v]  . 

(B-8) 

This  enables  the  reduction  of  the  integral  in  (B-7)  to 

fq(5)  =  (det  (det(C"^  -  zB))~^^^  x 

X  exp[^(C~^  E  +  zA)’'(C"^  -  zB)*^(C"^  E  +  zA)  -  C"^  e]  .  (B-9) 

Although  closed  form,  (B-9)  is  not  too  useful  numerically  because 
it  requires  an  inverse  of  matrix  C~^  -  zB  for  each  new  value  of  z 
(=  i2J;)  of  interest. 

A  much  more  compact  and  useful  form  of  (B-9)  can  be  obtained 
by  means  of  the  following  procedure.  For  the  given  covariance 
matrix  C  and  quadratic- form  matrix  B,  solve  the  generalized 
characteristic-value  equation 
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C  Q  *  Q  A  (B-10) 

for  NXN  eigenvalue  matrix  A  and  normalized  modal  matrix  Q,  where 

A  =  diag[Xj  ...  Ajj]  ,  Q  =  [V^  ...  Vj,]  ,  ...  , 

(B-11) 

and  Nxl  column  vector  is  the  n-th  eigenvector  with  scalar 
components  A  procedure  for  obtaining  the  solutions  A  and 

Q  to  (B-IO)  is  given  in  appendix  E,  when  matrix  B  is  positive 
definite. 

(It  should  be  noted  that  (B-10)  does  not  have  exactly  the 
same  solutions  as  the  equation  B  C  Q'  =  Q'  A';  in  fact,  B  C  is 
not  generally  symmetric,  even  if  B  is  diagonal  (18;  page  79, 
(253)].  The  connection  is  A'  *  A,  Q'  *=  Q  D,  with  D  diagonal.) 

Then,  we  have  the  two  very  important  properties  [18;  pages 
74  -  77]  of  solutions  Q  and  A: 

B"^  Q=I,  Q^CQ=A.  (B-12) 

By  means  of  these  two  relations,  a  number  of  simplifications  of 
(B-9)  are  possible.  We  begin  by  observing  that 


-1  -T  -1  T  -T  -1  -1  -1 

B*QQ  ,B=QQ^  ,C=Q^AQ^  ,C^=QA^ 

(Notice  that  Q  I.)  We  now  employ  (B-13)  in  (B-9) 

_1  -1  T  -1  -1  -T  -1 

C  -  zB  =  Q  (A  ^  -  zl)  Q-"  ,  (C  -  zB)  =  Q  (A  ^  - 

At  the  same  time,  using  (B-13), 


Q*^.  (B-13) 
to  get 

zl)“^  Q’^. 
(B-14) 
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det(C)  det{C"^  -  z  B)  «  det(I  -  z  B  C)  »  det{I  -  z  Q  A  = 


=  det(I  -  z 


(B-151 


Meanwhile,  if  we  denote  twice  the  argument  of  the  exponential 
in  (B-9)  by  t,  we  have,  by  means  of  (B-14),  the  alternative 
expression 

-1  T  -T  -1  -1  -1  -1  T  -1 

t  =  (C  ^  E  +  ZA)^  Q  ^  (A  ^  -  Zl)  Q  (C  ^  E  +  zA)  -  C  ^  E  . 

(B-16) 

Now,  by  means  of  (B-13),  develop  the  term 


-1  -1  -1  -1  -1  -IT  T  -1 

Q  Me  ^  E  +  ZA)  =  Q  ^  C  ^  E  +  zQ  ^  A  *  A  ^  Q-"  E  +  zQ^  B  ^  A  = 


A"^  E  +  zA  , 


(B-17) 


where  we  have  defined  Nxl  vectors 


E  s  E  =  [E^  . 


T  T 

•  '  ^n  '  ^n  ^  ' 


A  s  q'T  b"M  =  [a^  ...  B"^  A  .  (B-18) 

Then  t  in  {B-16)  becomes,  again  using  (B-13), 

t  =  (A“^  E  +  zA)**^  (A~^  -  zl)“^  (A"^  E  +  zA)  -  E*^  Q  A"^  E  = 

-1  T  -1  -1  -1  T  -1 

=  (A  ^  E  +  zA)  (A  -  zl)  (A  ^  E  +  zA)  -  E  A  E  * 


N  f  +  z  N  e^ 

r-^  {  n  n  _ n)  —51  - 

TTx  ~  My 

n*=l  n  n*l  n 


=  z 


N  f  e_  +  a_l  N  j 

— '  l_n - nL.  -  z  T— 

r — 7*  n 


n=l  n=l 


(B-19) 
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By  collecting  all  these  results  together,  we  can  express 
the  characteristic  function  in  (B-9)  in  the  compact  form 


-Is 

N  fE„  +  a]^  N  ,1 

Ini-”".!! 

exp 

(B-20) 


The  last  constant  in  (B-20)  has  the  alternative  representation 

-  YU  “n  =  -  A  =  -  B“^  Q  B"^  a  =  -  B"^  a  ,  (B-21) 

n=l  ” 

where  we  used  (B-18)  and  (B-13);  this  is  just  the  residual 
constant  encountered  in  (B-3).  Thus,  the  characteristic  function 
of  the  leading  (nonnegative)  quadratic  form  in  (B-3)  is  just 
(B-20)  without  the  second  summation  inside  the  exponential. 
Additional  relations  available  from  (B-18)  and  (B-13)  are 

IZ:  -  e’’  E  =  e’’  Q  q’'  E  -  e’'  B  E  , 

n=l 

1=  a„  =  e"  A  -  E^  Q  q"  B-l  A  =  E^  A  =  E  .  ,B-22, 

n*i 

However,  we  need  the  constants  and  JEj^)  individually  for 

characteristic  function  ''—20).  The  quantities  and 

2 

{ ( En  +  01^)  }  should  be  computed  once  and  stored  in  arrays  prior 
to  the  computation  of  £„(?!)  in  (B-20)  at  the  numerous  I  values 
required. 

Strictly,  the  leading  product  in  (B-20)  is  a  product  of  N 
principal-value  square  roots.  However,  it  can  be  evaluated 
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numerically  as  a  single  square  root  of  a  product  of  the  N  terms 
{l-i25Xj^}/  provided  that  the  location  of  this  product  is  tracked 
in  the  complex  plane  from  the  point  1  when  ?;  =  0.  See,  for 
example,  [21;  page  B-5,  lines  220  -  270]. 

If  the  linear  form  in  {B-2)  is  absent,  then  vector  A  =  0, 

A  =  0,  and  -  0  for  all  n.  However,  we  still  need  quantities 

En  =  E  for  1  1  n  1  N  ,  (B-23) 

for  the  exponent  in  (B-20),  thereby  necessitating  calculation  of 
eigenvectors  {V^}.  Only  when  mean  vector  E  is  also  zero  (in 
addition  to  A)  do  just  the  eigenvalues  of  (B-10)  suffice  for 

calculation  of  characteristic  function  fq{Jl)  in  (B-20). 

In  this  latter  case,  the  matrix  B  C  can  be  considered 
instead,  since  it  has  the  same  eigenvalues  This  follows 

from  the  following  manipulations:  (B-10)  and  (B-11)  can  be 
written  as 

C  [Vj  .  .  .  V^]  =  B"^  [Vj  .  .  .  Vj^]  diag[Xj  .  .  .  A^^]  ,  (B-24) 
or 

C  V„  =  B"^  V„  for  1  i  n  S  N  .  (B-25) 

n  n  n 

Therefore 

0  =  (C  -  B"^  A^)  =  B’^  (B  C  -  A^  I)  (B-26) 

or,  since  B  is  positive  definite, 

det(B  C  -  A^  I)  =0  for  1  S  n  £  N  .  (B-27) 

Thus,  {A^l  are  the  eigenvalues  of  matrix  B  C  as  well  as  (B-10). 
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CUMULANTS  OF  q 

Before  determining  the  cumulants  of  q,  we  present  a  few 
relations  which  will  enable  easier  manipulations  of  various 
matrices  encountered  below.  From  (B-13),  there  follows 

B  C  =  Q  A  Q"^  ,  B  C  B  =  Q  A  , 

B  C  B  C  =  Q  A^  Q"^  ,  BCBCB=QA^Q^.  (B-28) 

Therefore 

-1  N 

tr(B  C)  =  tr(A  Q  ^  Q)  -  tr(A)  =  y~'  k  , 

n=l  ^ 


tr((B  C)^)  =  trCA^  Q"^  Q)  =  tr(A^)  »  .  (B-29) 

n=l 

Now,  if  we  expand  the  natural  logarithm  of  the  general 
characteristic  function  fq(5)  in  (B-20)  in  a  power  series  in  il, 
we  can  easily  pick  off  the  cumulants  as 

Xq(l)  -  /i,  =  *  tl*  =  tr(B  C )  +  B  E  .  2  e  , 

N 

Xq(P)  =  2^"^  (p-1)!  ^  P<^n  “n^^)  P  ^  2.  {B-30) 

Here,  we  used  (B-29)  and  (B-22).  In  particular,  the  variance  of 
q  is 

N 

X„(2)  =0^-2  ^  {kl  +  2X„{e„  +  a  )^1  = 

Q  Q  ir^  '  n '  n  n '  J 

=  2  tr((B  C)^]  +4  (B  E  +  A)*^  C  (B  E  +  A)  .  (B-31) 
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This  latter  relation  follows  from  these  manipulations 


Xn(En  “n^^  =  d  +  A  (E  +  A)  = 


(E  +  B  Q  A  (E  +  B”^A)  =  (E  +  B  ^A)"^  B  C  B  (E  +  B‘^A)  = 


=  (B  E  +  A)  C  (B  E  +  A) 


{B-32) 


Here,  we  used  (B-18)  and  {B-28). 


ALTERNATIVE  DERIVATION  OF  CHARACTERISTIC  FUNCTION  (B-20) 

We  start  again  with  conditions  (B-l)  and  (B-2).  Then,  solve 
(B-10)  for  Q  and  A,  as  before.  Now,  consider  the  linear 
transformation  of  Gaussian  random  vector  X  according  to 


Y  =  q’’  (X  -  E)  -  tYi  *  •  •  • 


(B-33) 


Then  Nxl  Gaussian  vector  Y  has  mean  Y  =  0  and  covariance  matrix 

Y  y'^  =  (X  -  E)(X  -  E)*^  Q  =  q’’  C  Q  =  A  ,  (B-34) 

where  we  used  (B-l)  and  (B-12).  This  diagonal  matrix  means  that 


v=0,  yy*X6  ; 
^n  '  ^n  ^m  n  nm  ' 


(B-35) 


that  is,  {y  }  are  zero-mean  uncorrelated  (and  therefore 
f  I  j  n ' 

independent )  Gaussian  random  variables.  This  is  the  key  to  this 
development. 
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At  the  same  time,  solving  (B-33)  for  X,  we  have,  with  (B-12), 


X=E+Q^Y=  E+  B~^  Q  y 


{B-36) 


Then  quadratic  form  (B-2)  can  be  expressed  as 

q  =  (E  +  B~^  Q  Y)^  B  (E  +  B"^  Q  Y)  +  2  a"^  (E  +  B"^  Q  Y)  = 

=  Y^  y  +  2  (E^  Q  +  A*^  B”^  Q)  Y  +  E^BE  +  2a'^E  = 

m  T'  *r  *P  T 

*  y  y  +  2  (E  +A)  y+EBE+2AE= 

=  5  '  fv^  +  2{e  +  cx  )y  +  +  2e  a  1  ,  (B-37) 

l^n  ^  n  n'^n  n  n  nj  '  '  ’ 

where  we  used  (B-12),  (B-18),  and  (B-22).  Therefore,  using 
the  independence  property  derived  in  (B-34)  and  (B-35),  the 
characteristic  function  of  q  is 


t  (1)  =  expCitq)  = 

^  n=l 


(2"^n) 


X  exp[iF,(y2  +  2(e^  -i-  a^)y„  +  eJ  +  2E^a^ 


N  (/  \  (  Ey.  CC-«)  2  ] 

=  |(l  -  i2FxJ  expjiF  1  _ 


which  is  equal  to  (B-20). 
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PROPERTIES  OF  EIGENVECTORS  (V^l 


Consider  the  representation  of  modal  matrix  Q  in  terms  of 
eigenvectors  {V^}  in  (B-ll).  Then  the  first  relation  in  {B-12) 
and  the  second  relation  in  (B-13)  yield,  respectively. 


T  -1 

V  B  V  =6  , 

n  m  nm  ' 


N 


n=l 


V"  *  B 
n  n 


{B-39) 


Similarly,  the  second  relation  in  {B-12)  and  the  fourth  relation 
in  (B-13)  yield,  respectively. 


C  V. 


m 


n=l 


n 


(B-40) 


Thus,  there  are  two  orthogonality  relations  satisfied  by  the 
eigenvectors  {V^},  namely  the  leading  relations  in  (B-39)  and 
(B-40).  If,  in  addition,  matrix  B  or  C  is  diagonal,  then  the 
trailing  relations  in  (B-39)  and  (B-40)  yield  an  additional 
orthogonality  property. 

In  terms  of  the  components  (B-ll),  the  relations  above  become 


N 

n: 

k,D=l 


nk 


N 


kj  '^mj 


=  6. 


nm 


a=l 


^nk  ’^nj 


-  Hkj ' 


(B-41) 


and 


N 

n: 

k,  j  =  l 


'nk 


w 


N 


kj  raj 


=  X 


n  nm 


n=l 


i. 

X. 


n 


nk  nj 


=  (< 


.-r 


kj 


(B-42) 
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GENERAL  SYMMETRIC  MATRIX  B 

All  the  results  above  are  based  on  the  premise  that  matrix  B 
in  the  quadratic  form  in  {B-2)  is  positive  definite.  However, 
there  are  examples  where  this  is  not  the  situation,  in  which  case 
the  corresponding  procedure  for  solution  of  (B-10)  in  appendix  E 
(that  was  mentioned  under  (B-11))  is  not  applicable.  We  now  give 
an  alternative  procedure  for  obtaining  the  characteristic 
function  of  q  in  {B-2)  for  any  real  matrix  B,  whether  definite  or 
not.  Matrix  B  can  be  taken  symmetric  without  loss  of  generality, 
since  only  the  symmetric  part  of  B  is  active  in  iB-2). 

We  first  observe  that  the  Nxn  covariance  matrix  C  in  (B-1)  is 
always  nonnegative  definite  because 

C  V  =  (X  -  E){X  -  E)*^  V  =  rv'^(X  -  E))^  i  0  (B-43) 

for  any  Nxl  real  vector  V.  We  shall  presume  that  C  is  positive 
definite.  Instead  of  solving  (B-IO),  we  solve  the  alternative 
generalized  real  characteristic-value  matrix  equation 

B  Q  =  C~^  Q  A  (B-44) 

for  NXN  normalized  modal  matrix  Q  and  diagonal  eigenvalue  matrix 
A.  A  procedure  for  this  solution  is  given  in  appendix  E;  see 
{E-14)  and  sequel. 

Then,  these  solutions  satisfy  {18;  pages  74  -  77] 

Q  =  I  ,  {B-4  5) 

B  Q  *  A  s  diag[A^  .  .  .  A^j]  .  (B-46) 


91 


TR  10041 

Now  let  linearly  transformed  Nxl  random  vector 

Z  =  Q"^  (X  -  E)  s  [2^  .  .  .  .  (B-47) 

Then  mean  Z  =  0  and  covariance  matrix 

Z  z"^  =  Q“^  (X  -  E)(X  -  E)"^  Q"^  =  Q~^  C  Q"^  =  I  ,  (B-48) 

upon  use  of  (B-1)  and  (B-45).  Solve  (B-47)  for  X,  obtaining 

X  =  Q  Z  +  E  .  (B-49) 

Now,  substitute  (B-49)  into  quadratic  and  linear  form  (B-2); 

q  =  (Q  Z  +  E)*^  B  (Q  Z  +  E)  +  2  (Q  Z  +  E)  = 

*  (Z  +  Q"^  E)'^  B  Q  (Z  +  Q”^  E)  +  2  Q  (Z  +  Q~^  E)  « 

=  (Z  +  E)^  A  (Z  +  B)  +  2  A^  (Z  +  E)  ,  (B-50) 

where  we  used  (B-46)  and  defined  two  auxiliary  Nxl  vectors 

E  =  Q"^  E  H  [E^  .  .  .  (B-51) 

and 

A  =  A  s  [ttj  .  .  .  Ojj]^  .  (B-52) 

Therefore,  (B-50)  can  now  be  expressed  as 


N 


The  characteristic  function  of  q  can  now  be  readily  found, 
with  the  assistance  of  covariance  property  (B-48),  in  its  most 
compact  form 
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fq(^)  =  exp(if;q)  * 


N 

■  n  (J  5^n  *  «(Vn*^nV2%)(-n"'n)|) 


[■ritf  ll 

-% 

TT(i-i2U„) 

exp 

N  +  2ta  +  illal 

Ug----  n  n _ n  n _ n 

I — .  1  -  i2EX 

n=l  ^  n 


(8-54) 


In  sununary,  the  following  computations  must  be  performed: 
solve  (B-44)  for  NxN  matrices  Q  and  A;  compute  Nxl  vectors  E  and 
A  by  means  of  (B-51)  and  (B-52),  respectively;  and  evaluate  fq(^) 
at  desired  K  values  by  use  of  (B-54)-  The  only  inverse  matrix 
required  is  that  of  modal  matrix  Q;  the  solution  of  (B-44)  does 
not  actually  require  calculation  of  as  will  be  seen  in 

appendix  E,  (E-14)  and  sequel. 

If  mean  vector  E  in  (B-1)  is  zero  and/or  if  linear  form 
vector  A  in  (B-2)  is  zero,  the  corresponding  calculations  in 
(B-51)  and  (B-52)  can  be  circumvented.  If  both  E  and  A  are  zero, 
the  exp  term  in  (B-54)  is  absent  altogether. 

In  this  latter  case,  only  the  eigenvalues  of  (B-44)  need 

be  determined.  If  we  let  be  the  n-th  eigenvector  (column)  of 
Q,  equation  (B-44)  takes  the  form 

B  =  C~^  V„  X„  for  1  1  n  S  N  .  (B-55) 

n  n  n 

This  can  be  manipulated  into 

(B  -  X^  *  0  ,  (B-56) 

meaning  that 
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det{B  -  C"^)  -=  0  (B-57) 

or,  since  det(C)  0,  that 

det(B  C  -  I)  =0  .  (B-58) 

That  is,  {X^}  are  the  eigenvalues  of  matrix  B  C.  This  is  a  much 
simpler  numerical  task  than  solving  (B-44)  for  both  Q  and  A. 

If  none  of  the  eigenvalues  IX^^)  are  zero  or  near  zero,  then 

.  -1  -1  T 

(B-46)  furnishes  inverse  matrix  Q  =  A  Q  B  and  an  alternative 

to  (B-51),  namely 

-1  T 

E  *  A  ^  Q  B  E  , 

£  «  Y-  B  E  for  1  i  n  i  N  .  {B-59) 

n  X^  n 
n 

Also,  from  (B-52),  regardless  of  the  sizes  of  the  eigenvalues, 

A  for  1  1  n  i  N  .  (B-60) 

The  interrelationships  between  Q  and  A  in  {B-44)  and  the 
corresponding  matrices  Q  and  A  in  (B-IO)  are  derived  in  appendix 
E,  (E-24)  and  sequel.  The  identity  of  characteristic  functions 
(B-20)  and  (B-54)  is  also  verified  there. 
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PROPERTIES  OF  EIGENVECTORS  (V  j 

‘  n  ’ 

Relations  (B-45)  and  (B-46)  yield  the  following  orthogonality 
properties  between  the  eigenvectors: 


T  -1 

n  m  nm 


B  =  k 
n  m  n  nm 


(B-61 ) 


Also,  since  (B-45)  and  (B-46)  can  be  alternatively  expressed  as 
C  =  Q  and  b“^  =  Q  we  have 


T  I  1  rp  ^  n 

v;:  =  C  ,  J~Z  T-  =  B  .  (B-62) 

n=i  n 

T 

As  a  special  case  of  (B-61),  it  can  be  seen  that  X  =  V  B  V  ; 
therefore,  if  matrix  B  is  nonnegative  definite,  then  X^  1  0  for 
all  n.  The  following  example  demonstrates  that  indefinite 
symmetric  B  matrices  can  lead  to  negative  eigenvalues,  even  when 
matrix  C  is  symmetric  and  positive  definite; 


B  = 


(B-63) 


the  eigenvalue  and  eigenvector  solutions  to  (B-44)  are 


(B-64  ) 


95 


TR  10041 


CUMULANTS  OF  q 


By  taking  the  logarithm  of  characteristic  function  fq(J^)  in 
(B-54)  and  expanding  in  a  power  series  in  ij;,  the  cumulants  of 
quadratic  and  linear  form  q  are  found  to  be 


N  r  ( 

SM 


1  +  €„  +  2E^a  for  m  =  1 

nj  n  nj 


XqC")  = 


. (B-65) 


,-l)!  2"-l  ^  m  2  2 
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APPENDIX  C.  CHARACTERISTIC  FUNCTION  OF  OUTPUT  y  FOR  GENERAL 
TRANSMITTED  SIGNAL  ENERGIES  {Ej^}  AND  RECEIVER  WEIGHTS  {Aj^} 

The  conditional  characteristic  function  of  processor  output 
y,  for  arbitrary  transmitted  signal  energies  {Ej^}  and  receiver 
weights  {Aj^},  was  given  in  (27)  as 

K  ”1  K 


where 


2 


2  No  Aj 


''k  ' 


2  ~2 
4  ^k  ^k 


1  -  ii:  4  N^  a2  Ej^ 


{C-2) 


It  is  important  to  notice  that  the  coefficients  (Wj^)  in  the 
summation  in  (C-1)  are  complex  and  are  functions  of  argument  I,, 
Now,  we  want  to  find  the  unconditional  characteristic 
function  of  y,  after  averaging  over  the  statistics  of  amplitude 
scalings  From  (43)  -  (45), 


where  Gaussian  random  variables 


*mk  “  ^m^^k'^k^  ^m^^k^^k^  for  1  i  m  i  M  , 


1  1  k  £  K  .  (C-4) 


Therefore,  the  exponential  term  in  (C-1)  becomes 


(C-5) 
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=  Cov{X}  =  (X  -  X)  (X  -  X)^  (C-8) 

which  is  known. 

The  unconditional  characteristic  function  of  y  is  available 
from  (C-1)  and  (C-5)  in  the  form 

£^(5)  =  -  FTIi  -  U  2olj  exp[ij  x'^  w  x]  = 

}C'“  1 

=  ^(l  -  i^  2o^)  ^  J  dX  (2n)"”^^^  [det  K^]  ^  x 

X  exp[-  |(X  -  X)*^  k"^  (X  -  X)  +  il  X*^  W  x]  = 

K  “*  1  — ^ 

=  rT(l-i£24)  (det(l  -  U2  w  kJ]  X 

X  exp[|  X^  (I  -  i^2  W  X  -  j  X*^  K~^  x]  .  (C-9} 


The  matrix  W  depends  on  I  through  coefficients  fWj^}  in  {C-2). 
Therefore,  in  order  to  compute  (C-9),  it  is  necessary  to  invert  a 
complex  MKxmk  matrix  for  each  I,  of  interest.  However,  if  mean  X 
is  zero,  only  the  determinant  in  (C-9)  need  be  evaluated. 
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UNCORRELATED  FADING  COMPOITENTS  {gjjj(t,f)} 


In  this  subsection,  we  presume  that  the  fading  components  in 
model  (45)  are  uncorrelated  and  therefore  independent.  This 


means  that,  in  (C-4),  random  variables 
dent  of  X 


,XmK  are  indepen- 


^nl- 


,XnK  for  m  ^  n.  Reference  to  (C-1)  and  (C-3)  then 


yields  the  characteristic  function  of  output  y  in  the  form 


fyCU  =  fc(^) 


(C-10) 


where 


K  ,] 

K 

M  2 

E(j;)  H  exp 

if;  >  ;  w,  rf 

[  fcl  ’^1 

=  exp 

HZ 

k=l 

"k  ^  *mk 
m=l 

M 

=  TT  exp 
m®l 


K 

i^  HZ 

k=l  ^ 


(C-ll) 


Now,  let  Kxl  real  random  vector  and  Kxk  complex  diagonal 
matrix  W  be  defined  according  to 

'  l*nil  •  •  •  "  “  diagCWj  •  •  •  w^)  .  (C-12) 


Also,  let  the  covariance  matrix  of  be  denoted  by  which  is 
a  KXK  real  matrix,  for  1  1  m  i  M,  Then,  the  m-th  term  in  (C-ll) 
becomes 


exp 


K 


if;  IZZ  w.  X 


k=l 


k  mk 


=  exp[i£  W  X^]  =  Jdx^  (2a] 


-K/2 


X  (det  K^)  exp[-  I  (x^  -  xj  (x^  -  X^j  +  it;  x^  W  X^ 
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(det(l-i£2WK„)]  exp[i  (l  -  i£2  W  K'l  -  i  X^] 

{C-13) 


Finally,  the  desired  unconditional  characteristic  function  of 
processor  output  y  follows  from  a  combination  of  tC-lO),  (C-11), 
and  (C-13)  as 


-1 


il  2at 


f^|( 

m=ll^ 


det 


iK2  W  K, 


J) 


-is 


(l  -  i£2  W  kJ-1 


2  ^m 


(C-14) 


The  major  computational  burden  here  consists  of  the  inverses 
of  M  complex  Kxk  matrices  for  each  1.  value  of  interest.  However, 
if  the  M  covariance  matrices  are  all  identical,  the  task  is 

considerably  simplified.  Alternatively,  if  all  the  means 
are  zero,  then  the  evaluation  is  limited  to  M  determinants  of  the 
complex  MXM  matrices  I  -  iJ;2  W  The  KXK  complex  matrix  W  is 

defined  by  (C-12)  and  (C-2). 
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APPENDIX  D.  DERIVATION  OF  PROBABILITY  DENSITY  AND 
EXCEEDANCE  DISTRIBUTION  FROM  CHARACTERISTIC  FUNCTION 


The  general  forms  in  (136)  and  (168)  of  the  characteristic 
function  of  processor  output  y  can  be  written  as 


=  (1  -  m)'''’’”-!' 


X  exp 


M  K 

zz  n: 

m=l  k=l 


M  K 

TTITT 

m=l  k=l 


'mk 


1  -  H- 


-is 


1  -  i25(l  +  T^,^; 


(D-1) 


where,  respectively 


"^mk 


^^Im  . (m) 

N  -k 
o 


or 


^mk 


(D-2) 


We  want  to  determine  the  corresponding  probability  density  func¬ 
tion  and  exceedance  distribution  function.  There  is  a  possible 
numerical  problem  using  Fourier  transforms  on  (D-1)  directly, 
since  its  asymptotic  decay  is  only  proportional  to  ^  as 
which  makes  accurate  results  difficult  to  achieve  for  small  K. 

We  will  expand  (D-1)  in  a  power  series  in  (1  -  i2J;)~^  and 
thereby  obtain  not  only  an  asymptotic  expansion  of  fY(?;),  but  in 
fact,  a  convergent  series  which  can  be  transformed  term-by-term 
to  yield  the  probability  density  function  of  y.  Integration  then 
yields  the  exceedance  distribution  function.  Furthermore,  it 
will  turn  out  that  all  the  series  coefficients  are  positive  and 
related  by  recursions  involving  only  positive  terms.  These 
properties  enable  very  accurate  and  efficient  evaluation. 
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We  begin  by  making  the  transformation 


^  1  -^i2J;  '  i2f;  -  -  ^  2  ^ 


(D-3: 


Substitution  in  (D-1)  yields,  after  manipulation. 


t^{l)  =  F  D(2)  E(z)  , 


(D-4) 


where 


M  K 


*•4.  X\  / 

=  TTTT 

[m«l  k=l^ 


M  K 


1  + 


D(^)  =  TT  rT(i  -  ^  ' 

m=l  k=l^ 


-  _  T-i  /  »  i  —  Z  r - - 

mk  1  +  T  '  E(2)  -  exp  -  2  Z_Z 


1  M  K  e  ./(1+T  ,  ) 

1  -  z  r — ■  r — •  mk  ‘  mk' 


2  1  -  z  r  , 

m=l  k=l  mk 


.  (D-5) 


To  develop  the  series  of  D(z)  in  powers  of  2,  expand 


M  K 


In  D(z)  =  -  5  m  YU  ”  z  r  .)  =  YU  P, 


m=l  k=l 


(D-6) 


where 


1  M  K  p 

^  5  5 


for  p  >  1  . 


(D-7) 


Notice  that  Pp  >  0  for  p  1  since  >  0;  this  latter  property 

follows  from  (D-2)  and  the  fact  that  eigenvalues  of  covariance 
matrices  can  never  be  negative. 

At  the  same  time,  the  expansion  of  In  E(z)  in  (D-5)  is 


In  E{ 2 )  =  - 


r,  V  \  K -  T-P  T’J 

4 1  4 *  1+T  ^ '^'mk  ^ 

m=l  k=l  ^  ^mk  p=0 


(D-8) 
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By  combining  the  results  in  (D-6)  -  (D-8),  there  follows,  after 
some  manipulations, 


Notice  that  Op  >  0  for  p  >  1. 

The  desired  product  for  use  in  (D-4)  is  then  [17;  page  93] 

’  m  ^  05 

D(z)  E(z)  =  exp  ^  a  z^  =  YU  9^  '  (D-H) 

lp=0  P  p=0  P 

where 

=  exp(a^|  ,  gp  *  ^  C  n  On  gp.„  for  p  2  1  .  (D-12| 

It  is  important  to  notice  that  gp  >  0  for  p  2  0;  that  is,  the 
recursion  in  (D-12)  involves  no  negative  quantities,  thereby 
avoiding  cancellation  error. 

Finally,  the  characteristic  function  in  (D-4)  can  be 
expressed  in  the  desired  power  series  in  z  (=  (1  -  i2i;)  as 

f  (^)  =  F  z^  XIZ  9n  •  (D-13) 

y  ^  p 
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Now,  we  know  the  following  Fourier  transform  pair  between  a 
characteristic  function  and  a  probability  density  function: 


n 

z  = 


n-1 


u 


(1  -  i2l) 


n 


..  expl-u/.2I  for  u  >  0  .  (D-14) 

.  I  i  • 


2“  (n-1) 


This  enables  us  to  write  the  probability  density  function  of  Yr 
directly  from  (D-13),  in  the  form 


Py(u)  =  r  iz:  gp  for  u  >  0  , 

^  p=0  P  2*^  P  (K+p-l)I 


(D-15) 


where  scale  factor  F  is  given  by  (D-5).  All  the  terms  in  this 
series  are  nonnegative. 

Integration  on  the  positive  tail  of  density  p^  gives  the 
exceedance  distribution  function  of  y: 


Prob(Y  >  u) 


-J 


dt  PY(t) 


u 


F  IZ  gp  for  u  >  0  ,  (D-16: 


where  F  is  given  by  (D-5)  and 


n  k 

H  (X)  s  exp(-x)  YIZ  VT  for  n  i  0  ,  X  ^  0 
”  k=0 


(D-17) 


This  latter  sequence  of  functions  is  easily  generated  by  use  of 
the  coupled  recurrences 

H^(x)  *  exp{-x)  ,  nil. 


Tq(x)  *=  exp(-x)  ,  =  ’^n-1^*^  n  nil,  (D-18) 
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The  two  recurrences  derived  above,  namely  {D-12)  and  (D-18), 
utilize  only  nonnegative  quantities.  The  single  negative  term, 

Oq  in  (D-10),  is  immediately  converted  to  positive  quantity  g^  in 
{D-12)  and  is  not  encountered  again. 

Since  processor  output  y  can  never  be  negative  (see  figure 
1),  we  have,  from  (D-16)  and  (D-17), 

1  =  Prob(Y  >  0)  =  F  g  .  {D-19) 

p*0  ^ 

This  relation  can  be  used  to  furnish  an  upper  bound  on  the  error 
incurred  by  using  up  to  the  p  *  N  term  in  series  (D-16)  for  the 
exceedance  distribution  function.  In  particular,  the  error  is 


"l 


fal 


{D-20) 


for  all  u  2  0.  The  upper  bound  of  1  on  Hj^(x)  follows  immediately 
from  definition  (D-17).  Since  scale  factor  F  and  coefficients 
{gp}  0  i  p  1  N  must  be  computed  anyway,  in  order  to  utilize 
(D-16),  error  bound  (D-20)  is  simple  to  compute.  It  says  that 
the  error  at  any  u  is  never  larger  than  the  error  at  the  origin. 

However,  (D-16)  converges  too  slowly  in  some  cases  of  large 
signal-to-noise  ratio;  only  sequence  |gp}  converges  to  zero. 
Result  (D-19)  allows  a  modification  to  sum  {D-16)  which  will 
converge  much  more  rapidly.  From  (D-17),  since  Hj^(x)  1  as 
n  -»  CD,  we  express  (D-16)  as 
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Prob(v  >  u)  '  FlZ  9p 

-  1  -  f'C  9p(l  -  .  (D-2I, 

Now,  both  factors  in  the  latter  sum  decay  to  zero  as  p  increases. 
In  fact, 

1  -  i  exp(-x)  ^  ^  {  1  -  for  n  >  X  .  (D-22) 


This  alternative  in  (D-21)  is  utilized  in  the  program  listed  at 
the  end  of  this  appendix.  Recursions  for  1  -  H^(x),  which  are 
obvious  modifications  of  (D-18),  are  also  used. 

As  noted  at  the  beginning  of  this  appendix,  form  (D-1) 
encompasses  (136)  and  (158)  in  the  main  text.  It  therefore  also 
covers  (139)  and  (160),  because  these  are  reductions  that  can  be 
obtained,  respectively,  by  setting  all  to  zero.  If  all  the 

{®nik^  zero,  then  all  fOp)  are  zero,  from  (D-10). 

Then,  all  |g  }  are  zero  except  g  =  1,  from  (D-12).  In  this  case 
of  noise-only,  series  (D-16)  has  just  the  one  term  Hj^_^(u/2). 

The  results  above,  for  the  expansions  of  the  characteristic 
function,  probability  density  function,  and  exceedance 
distribution  function,  also  apply  directly  to  forms  (124)  (and 
(126))  as  well  as  (144)  (and  (149))  in  the  main  text,  but  with 
the  following  changes.  For  (124),  define  instead 


T  =  p  /  e  =  ,  F  « 

n  N  n  '  n  N^  n  ' 
o  o 


KM  f 

TT  1  Tn 
n«l  ^ 


-»s 


,  (D-23) 
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along  with 


_  — •  n 

“o  "2  ^  1  +  T  ' 
n^l  n 


,  KM  -pP"^  fT  e.  1 

%‘\rz  — 2—5  -5  +  rrV  £0-^  p  ^  1 

P  n=l  (1  +  T  )P  I  P  nj 


(D-24) 


The  recurrence  (D-12)  involving  {gpj  is  unchanged. 
For  (144),  define  instead 


’’k  *  -N^  ^  = 

O 


K  f 

=  TT 

lk=l ' 


1  -t-  T, 


-M/2 


{D-25) 


along  with 


X  K 

"  "  2  '  1  +  T  ' 

)c®  X  K 


rz  — - — 

k=l  (1  +  T^) 


_  M 

p  p  ^k  1  +  T, 


for  p  i  1 


(D-26) 


Again,  the  recurrence  involving  |gp)  is  unchanged. 
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REFINEMENT 


In  some  cases,  a  refinement  of  the  above  procedure  may  be 
worthwhile,  especially  for  larger  signal-to-noise  ratios.  We 
illustrate  it  with  reference  to  (150),  which  applies  to  M  =  2, 
two  components  in  fading  model  (45).  In  this  case,  we  have 
characteristic  function 


-1 


(D-27) 


where 


Qk 


1  + 


for  1  1  k  i  K  . 


(D-28) 


These  quantities  {Q^.}  are  always  larger  than  1  for  nonzero 
signal-to-noise  ratio. 

Instead  of  making  transformation  (D-3),  we  modify  it  to  the 
more  general  form 


z 


(D-29) 


where  Q  can  be  chosen  larger  than  1  if  desired.  Then,  defining 


F 


K 

IT  Qj 

k«l 


Qk  -  Q 
Qk 


for  1  i  k  i  K  , 


(D-30) 


characteristic  function  (D-27)  can  be  developed  as 


-1 


K 

«  F  z  exp 


EZ 

P=i  P 


,  (D-31) 
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now  with 

K  K  fQ.  ~  Qlp 

P  %  '  EZ  t?  =IZ  A -  for  p  i  1  .  (D-32) 

P  k=l  ^  k*l  ^k 

If  we  take  the  constant  Q  to  have  value 

Q  «  min  Q-  ,  (D-33) 

likiK  ^ 

then  all  the  {t,,!  and  {a_}  are  nonnegative,  and  we  still  have 
all  the  desirable  properties  listed  above.  The  value  Q  is  always 
larger  than  1;  it  enables  (D-31)  to  furnish  a  better  fit  to 
{D-27)  with  fewer  terms  than  arbitrarily  forcing  Q  =  1.  Larger 
values  than  Q  can  yield  still  more- rapidly  convergent  series,  but 
at  the  expense  of  some  negative  {g^}.  There  follows,  from  (D-31) 

f  (1)  =  F  ^  g  zP  =  F  ^  g  (1  -  i25Q)"*'"P  (D-34) 

^  p=0  ^  p=0  ^ 

for  any  Q;  see  (D-11)  and  (D-12)  for  the  (g-j)*  Expansion  (D-34) 

hr 

should  be  compared  with  the  moment  procedure  in  [17;  (102)  and 
(105)],  where  a  different  basis  set,  namely  the  generalized 
Laguerre  functions,  is  used  for  the  series  expansion. 

The  corresponding  exceedance  distribution  function  is 

Prob(Y  >  u)  =  F  C  gp  “K+p-llsg]  tor  "  >  0  •  (“-351 

Alternatively,  we  have  the  more  rapidly  convergent  form 

Prob(Y  >  u)  *  1  -  F  C  gp  [l  '  “K-fp-llliil  for  “  >  0  •  (D-36) 
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PROBABILITY  DENSITY  FROM  CHARACTERISTIC  FUNCTION  (163) 


The  characteristic  function  of  normalized  random  variable 
^  =  q/Rj^^{0,0)  defined  in  (161)  was  presented  in  (163).  The 
corresponding  probability  density  function  p^(u)  was  then 
evaluated  for  a  few  special  cases  in  (166)/  (171)/  (175),  and 
(180).  More  generally/  if  we  apply  the  expansion  technique  above 
to  general  result  (163),  we  obtain  the  following  procedure  for 
P^(u)s  given  M,  {r^"‘^)/  and  threshold  u, 


F 


M 

m*l 


TT  r<”l 


a. 


2 


M 


m»l 


2 

m  ' 


(D-37) 


P 


1 


g_  =  exp(a  )  ,  -  z:  ) _ _  n  a  g„  ^  for  p  2  1  / 

^o  o'  ’p  p  n  ^p-n 


2  ""^  r(M/2) 


hpl")  -  Vl'“’  M  -  2  2p  tor  p  2  1  , 


P^(U)  *  f  gp  for  u  >  0  . 


(D-38) 


(D-39) 


(D-40) 

(D-41) 


A  function  subprogram  for  this  particular  procedure  is  listed  on 
the  next  page. 
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FUNCTION  SUBPROGRAM  FOR  {D-37)  -  (D-41) 


10  DEF  FNPdf<D0UBLE  M.REflL  U, Rs<* ) , Et asq< * ) ) 

20  DOUBLE  Ms,Ps  !  INTEGERS 

30  RLLOCflTE  Q< 1 : M) , R < 1 ; M) , S< 1 : M) , fi< 1 : 1 00 ) , G< 0: 1 00) 
40  «2=M/2. 

50  M21«M2-1. 

60  U2=U/'2. 

70  F»l. 

80  S«0. 

90  FOR  Ms=l  TO  M 

100  Rs=Rs<ris> 

110  T*l./'Rs 

120  E-Etasq(Ns> 

130  Qdls)^!. 

140  R<Ms)=l.-T 

150  S<Ms)=E*T 

160  F=F*Rs 

170  S=S+E 

180  NEXT  Ms 

190  G<0)*EXP<-.5*S) 

200  H*.5»U2^M21*EXP<-U2)/'<SQR<F)*FNGamma<M2>) 

210  Pdf=G<0)»H 

220  Q»l. 

230  FOR  Ps=l  TO  100 

240  S»0. 

250  FOR  Ms=l  TO  M 

260  R*R<Ms) 

270  IF  Ps=l  THEN  298 

280  Q<Ms)sQsQ<ns>*R 

290  S»S+Q*<R+Ps*S<Ms)) 

300  NEXT  Ms 

310  fl<Ps)=.5*S 

320  S=0. 

330  FOR  Ms=l  TO  Ps 

340  S*S+fl<Ms)*G<Ps-Ms) 

350  NEXT  Ms 

360  G<Ps)=G=S/Ps 

370  H»H*U2/'<M21+Ps) 

380  T=G*H 

390  Pdf=Pdf+T 

400  IF  T<Pdf*l.E-15  THEN  440 

410  NEXT  Ps 

420  PRINT  "100  TERMS  FIRE  INSUFICIENT" 

430  PAUSE 

440  RETURN  Pdf 

450  END 


111 


TR  10041 


MAIN  PROGRAM 


A  program  for  the  evaluation  of  (D-21),  by  means  of  (D-10) 
and  recursions  (D-12)  and  (D-18),  is  presented  below.  The 
desired  false  alarm  and  detection  probabilities,  and  P^ 
respectively,  of  the  processor  in  figure  1  are  specified  in  lines 
10  and  20.  Parameter  K  in  line  30  is  the  number  of  signal 
pulses,  while  M  in  line  40  is  the  number  of  components  in  fading 
model  (45).  The  M  power  ratios  {r^^^ )  are  inputted  in  line  50, 
while  the  MK  deterministic  input  signal-to-noise  ratio  measures 


{Dj^/NqI  are  entered  in  line  60.  The  K  time  locations  {tj^}  and 
frequency  locations  of  the  K  transmitted  signal  pulses  are 

entered  in  lines  70  and  80.  Guesses  at  the  required  average 
random  input  signal-to-noise  ratio  measure  are  required  in 

lines  90  and  100;  the  program  will  search  for  the  required 
threshold  u  and  required  input  signal-to-noise  ratio  E^^^o 
meet  the  specifications. 

The  normalized  covariance  function  of  the  medium  fading  is 
described  in  function  subprogram  DEF  FNCov{Tau,Nu) ;  currently,  it 
allows  for  exponential  decay  in  time  separation  t  and  frequency 
separation  v,  but  can  be  easily  modified.  It  must  be  noted  that 


covariance  defined  in  (47)  involves  a  product  of  the 

amplitude-fading  quantities  {gjjj(t,f)},  not  their  squares.  This 


distinction,  relative  to  covariance  Rj^j  in  (55)  and  normalized 

2 

covariance  in  (56)  between  power- fading  variates  (gj^(t,f)h 
must  be  carefully  observed  and  maintained;  furthermore,  it  is 


worthwhile  to  review  (66)  and  (69)  at  this  point,  which  pertain 
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only  to  special  cases  5  and  7. 

Quantities  that  need  be  computed  only  once  and  then  used 
repeatedly  for  different  signal-to-noise  ratios,  such  as  the 
eigenvalues  and  eigenvectors  and  some  auxiliary  arrays,  are 
evaluated  in  the  main  program  and  passed  in  common  to  function 
subprogram  DBF  FNPd  for  the  detection  probability.  Similarly, 
for  speed  and  storage  purposes,  we  have  identified,  for  use  in 
this  subprogram,  the  array  variables  A{p)  =  p  Op  for  p  i  1  and 
G(p)  =  F  Qp  for  p  i  0.  A  separate  listing  for  the  false  alarm 
probability  Pp  in  (188)  is  given  in  function  subprogram  DBF  FNPf. 

The  program  is  listed  in  BASIC  for  the  Hewlett-Packard  9000 
computer.  On  this  particular  device,  the  notation  DOUBLE  denotes 
INTBGER  variables,  not  double  precision.  As  a  numerical  check, 
the  values  printed  out  are  threshold  U  =  38.2583364  and  signal- 
to-noise  ratio  measure  dB  =  10  logjQ(E2/NQ)  =  13.4744256.  Since 
the  mean  of  processor  output  y  for  noise-only  is  y  =  2K  =  6,  the 
normalized  threshold  is  U/y  =  6.376,  for  this  example  of 
Pp  *  lB-6. 
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10 

Pf*l.E-6 

j 

FALSE  ALARM  PROBABILITY 

20 

Pd«.9 

1 

DETECTION  PROBABILITY 

30 

K»3 

1 

NUMBER  OF  SIGNAL  PULSES 

40 

M*2 

1 

NUMBER  OF  FADING  COMPONENTS 

50 

DATA  l.,l. 

1 

POWER  RATIOS  r<m)  FOR 

1 

<  = 

m 

<  = 

M 

60 

DATA  0,0, 0,0, 0,0 

1 

Dkm/No  FOR  1  <=  k  <=  K, 

1 

<  = 

m 

<* 

M 

70 

DATA  .1,.3,.5 

1 

TIMES  tk  (SEC)  FOR 

1 

<  = 

k 

<  = 

K 

80 

DATA  .2, .6, .4 

1 

FREQUENCIES  fk  (H2)  FOR 

1 

<  = 

k 

<  = 

K 

90 

Elno0=10. 

1 

El/No  STARTING  VALUE 

100 

Elnol-1 . 

1 

El/No  INCREMENT 

110 

Ef*l.E-l5 

1 

TOLERANCE  ON  Pf 

120 

Ed*l.E-10 

1 

TOLERANCE  ON  Pd 

130 

PRINT 

140 

PRINT  "Pf  =";Pf;" 

K  - 

“jK; "  M  *“;M 

150  OPTION  SPSE  1 

160  COM  DOUBLE  K,M  !  INTEGERS  (NOT  DOUBLE  PRECISION) 

170  DOUBLE  Ms,Ks,Js  !  INTEGERS 

180  DIM  Rs<5),Dn<10,5),T£<10),Fs<10>,Psi <5>,Cbar<10, 10) 

190  DIM  U<10, 10), V<10, 10),Eig<10),Sq<10,5) 

200  COM  U,Prod<5, 10),Es<5, 10), T<5, 10),Q<5, 10),S<5, 10),B<5, 10) 

210  COM  R<100>,G<0: 100) 

220  REDIM  Rs<l:M),Dn<l:K, 1 ;  h) , Ts< 1 : K) , Fs < 1 : K ) , Ps i < 1 : M> , Cbar< 1 : K , 1 sK) 
230  REDIM  U<l:K,l!K),V<l:K, l!K),Eig<l:K),Sq<l:K, 1;M) 

240  REDIM  Prod<:isM,l!K),Es<l:M,l:K),T<l!M,l;K> 

250  REDIM  Q<1:M, lsK),S<l8M, l:K>,B<lsM, IsK) 

260  REfiD  Rs<*),Dh<*),TsC*),Fs(*)  !  Dn<*)  WAS  FILLED  IN  THE  ORDER: 

270  S*0.  !  Dn<l , n,Dn<l,2),Dn(l,3), . , . ,Dn<k,m), . . . ,Dn<K,M) 

280  FOR  Ms=l  TO  M 

290  S*S+Rs<Ms) 

300  NEXT  Ms 

310  FOR  Ms»l  TO  M 

320  Psi  <Ms)=Rs<Ms)/'S 

330  NEXT  Ms 

340  FOR  Ks=l  TO  K 

350  FOR  Js*l  TO  K 

360  Cov*FNCou<Ts<Ks)-Ts(Js),Fs<Ks)-rs<Js)) 

370  Cbar<Ks, Js>=Cow  !  NORMALIZED  COVARIANCE  MATRIX 

380  NEXT  Js 

390  NEXT  Ks 

400  MAT  U«Cbar 

410  CALL  Svd<K,K,U<«),V<*),6ig<*>)  !  OUTPUTS:  LK* ) , V( * > , Ei g<*) 

420  PRINT  "EIGENVALUES:" 

430  PRINT  Eig<*) 
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440  FOR  Hs=l  TO  M 

450  T«2.*Psi<Ms) 

460  FOR  Ks=l  TO  K 

470  Prod<Ms,Ks)=T*Eig<Ks)  !  2  Psi  Eig 

480  NEXT  Ks 

490  NEXT  Ms 

500  FOR  Ks=l  TO  K 

510  FOR  Ms*l  TO  M 

520  Sq(Ks,Ms)=SQR<2.*Dn(Ks,tts)) 

530  NEXT  Ms 

540  NEXT  Ks 

550  FOR  Ks»*l  TO  K 

560  FOR  Ms*l  TO  M 

570  S*0. 

580  FOR  Js=l  TO  K 

590  S=S+V<Js,Ks>*Sq<Js,Ms) 

600  NEXT  Js 

610  Es(Ms,Ks)=S«S  !  sink 

620  NEXT  Ms 

630  NEXT  Ks 

640  Ul=l.  !  THRESHOLD  INCREMENT 

650  U0=-LOG<Pf )-Ul  !  THRESHOLD  STARTING  VALUE 

660  CALL  Inversf unct 1 onl <-PP, Ef , U0, U1 , U> 

670  PRINT  “THRESHOLD  U  =“jU 

680  CALL  Inwersf unc t » on2<Pd, Ed, Elno0, Elnol , E Ino) 

690  rb=10.*LGT<Elno) 

700  PRINT  “dB  =";Db 

710  END 

720  ! 

730  DEF  FNCov<Tau,Nu)  !  NORMALIZED  COVARIANCE 

740  R=L0G<2.)*.5  !  R1 1 <Tau, Nu> /R 11 <0, 0 > 

750  B-1.3 

760  Cov=EXP(-A*RBS<Tau)-B*ABS<Nu>) 

770  RETURN  Cow 

780  FNEND 

790  ! 

800  DEF  FNPf<U)  !  PROBABILITY  OF  FALSE  ALARM 

810  COM  DOUBLE  K  !  INTEGER 

820  DOUBLE  Ks 

830  U2=U*.5 

840  Pf»T»EXP<-U2> 

850  FOR  Ks=l  TO  K-1 

860  T*=T»U2/'Ks 

870  PfsPf+T 

880  NEXT  Ks 

890  RETURN  -Pf  !  -  TO  YIELD  INCREASING  FUNCTION 

900  FNEND 

910  > 
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920  DEF  FNPd<Eino> 

930  COM  DOUBLE  K,M  !  INTEGERS 

940  COM  U,Prod<'»),E£<*),T<*),Q<*),S<*),B<*),fl<:*),G<»> 

950  DOUBLE  Ms,Ks,Kl,P 

960  Tol=l.E-10  !  RELATIVE  ERROR  OF  SUM 

970  FOR  Ms=l  TO  M 

980  FOR  Ks=l  TO  K 

990  T<Ms,Ks>=Elno*Prod<Ms,Ks) 

1000  NEXT  Ks 

1010  NEXT  Ms 

1020  F*l. 

1030  S«0. 

1040  FOR  Ms=l  TO  M 

1050  FOR  Ks*l  TO  K 

1060  T«T<Ms,Ks) 

1070  QCMs,Ks)=Q=l.+T 

1080  S<Ms,Ks)=T/Q 

1090  F*F*Q 

1100  S*S+Es<Ms,Ks)/'Q 

1110  NEXT  Ks 

1120  NEXT  Ms 

1130  G<0)=EXP<-.5*S)/SQR<F) 

1140  K1*K-1 

1150  U2=U«.5 

1160  T*EXP<-U2) 

1170  Hl*l.-T 

1180  FOR  Ks=l  TO  K1 

1190  T*T*U2-'Ks 

1200  H1=H1-T 

1210  NEXT  Ks 

1220  Pd*l.-G<0)*H1 

1230  FOR  P=1  TO  100 

1240  T«T»U2/<K1+P) 

1250  H1«H1-T 

1260  S«0. 

1270  FOR  Ms=l  TO  M 

1280  FOR  Ks*l  TO  K 

1290  Q=Q<Ms,Ks> 

1300  IF  P>1  THEN  1330 

1310  B<Ms,Ks)*B=l . /Q 

1320  GOTO  1340 

1330  B<Ms,Ks)=B»B<Ms,Ks>*S<M3,Ks) 

1340  S*S+B#<T<Ms,Ks)/'P+Es<Ms,Ks>/'Q) 

1350  NEXT  Ks 

1360  NEXT  Ms 

1370  fi<P)*.5*S*P 

1380  Ss0. 

1390  FOR  Ms*l  TO  P 

1400  S«S+fl<:Ms)*G<P-Ms) 

1410  NEXT  Ms 

1420  G<P)=G«S^P 

1430  Oc1sG«Hl 

1440  Pd«Pd-Del 

1450  IF  Del<Pd*Tol  THEN  1490 

1460  NEXT  P 

1470  PRINT  "100  TERMS  ARE  INSUFFICIENT" 

1480  PAUSE 

1490  PRINT  ”Pd  ="}Pd,"  P  ='';P;"  El /'No  *";Elno 

1500  RETURN  Pd 

1510  FNEND 

1520  ! 
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1530  SUB  Inwersf unc t i onl <Des i red, Error , XI , De 1 , X2 > 

1540  X2»Xl+De1 

1550  Fl=FNPf<Xl> 

1560  F2»FNPf<X2> 

1570  IF  F2>*Desired  THEN  1620 

1580  X1*X2 

1590  X2*X2+Del 

1600  F1«F2 

1610  GOTO  1560 

1620  IF  Fl<«D*sired  THEN  1680 

1630  X2*X1 

1640  Xl*Xl-De1 

1650  F2*F1 

1660  Fl«FNPf(Xl) 

1670  GOTO  1620 

1680  X**Xl 

1690  Xb*X2 

1700  IF  F2-^esired<Desircd-Fl  THEN  1770 

1710  T»X1 

1720  X1=X2 

1730  X2»T 

1740  T«F1 

1750  F1«F2 

1760  F2=T 

1770  IF  flBS<F2-Des!red)<Error  THEN  1870 

1780  IF  F2-F1  THEN  1870 

1790  T«<X1*<F2-Desired)-X2*<F1-Ilesired>>/<F2-Fl ) 

1800  T=MflX(:T,Xa) 

1810  T*MIN<T,Xb) 

1820  X1»X2 

1830  X2=T 

1840  F1*F2 

1850  F2»FNPf<X2> 

1860  GOTO  1770 

1870  SUBENO 

1880  ! 

1890  SUB  Inwersfunction2<Desired,Error,Xl,Del ,X2) 

1900  X2»Xl+De1 

1910  Fl»FNPd<Xl) 

1920  F2*FNPd<X2) 

1930  IF  F2>*Desired  THEN  1980 

1940  X1«X2 

1950  X2»X2+Del 

1960  Fi»F2 

1970  GOTO  1920 

1980  IF  Fl<*Desired  THEN  2049 

1990  X2-X1 

2000  yi*Xl-De1 
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2010  F2*F1 

2020  Fl*FNPd<Xl) 

2030  GOTO  1980 

2040  X«»X1 

2050  XbBX2 

2060  IF  F2-Desired<Desir*d-Fl  THEN  2130 

2070  T«X1 

2080  X1»X2 

2090  X2bT 

2100  T*F1 

2110  F1»F2 

2120  F2»T 

2130  IF  flBS<F2-Desir€d)<Error  THEN  2230 

2140  IF  F2*F1  THEN  2230 

2150  T*<Xl*<F2-Desired>-X2*(Fl-D#sired)>^<F2-Fl ) 

2160  T*MftXCT,Xa) 

2170  T«MlN<T,Xb) 

2180  X1«X2 

2190  X2»T 

2200  F1»F2 

2210  F2*FNPd<X2> 

2220  GOTO  2130 

2230  SUBEND 

2240  ! 

2250  SUB  Svd<DOUBLE  M,N,RERL  fl<*) , V<*> , W<») ) 

2260  !  THIS  SUBROUTINE  COMPUTES  THE  SINGULfiR  VALUE  DECOMPOSITION 

2270  !  OF  AN  ARBITRARY  REAL  MxN  MATRIX  A:  A  *=  U  W  Vt ,  M  >=  N. 

2280  »  U  IS  MxN,  V  IS  NxN,  U  IS  NxN:  W  «  DIRG(D<n)>. 

2290  ALLOCATE  Rul<l:N)  !  NUMERICAL  RECIPES,  PAGES  60-64 

2300  IF  M>=N  THEN  2330  !  A<*>  IS  OVER-WRITTEN 

2310  PRINT  “M<N  IS  DISALLOWED" 

2320  PAUSE 

2330  DOUBLE  I , J, K, L, Its, Nm, Jj  !  INTEGERS  (NOT  DOUBLE  PRECISION) 

2340  G*Sc«1 es0norm«O. 

2350  FOR  I«1  TO  N 

2360  L*I+1 

2370  Rvl<I>*Sc«le*G 

2380  GsS^ScaI  e>:0. 

2390  IF  I>M  THEN  2678 

2400  FOR  K«I  TO  M 

2410  Sc«1c*Sc«1«-^ABS(A<K,  I  )) 

2420  NEXT  K 

2430  IF  Sca1««0.  THEN  2670 

2440  FOR  K»I  TO  M 

2450  Aa»A<K,  I)*A<K,  D/Scale 

2460  S»S-^Aa*A« 

2470  NEXT  K 

2480  F»A<I,I) 

2490  G«-SQR<S) 

2500  IF  F<0.  THEN  G*-G 
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2510  H»F*G-S 

2520  ft<l,I>»F-G 

2530  IF  I»N  THEN  2640 

2540  FOR  J»L  TO  N 

2550  S>0. 

2560  FOR  K»1  TO  M 

2570  S*S+fl<K, J> 

2580  NEXT  K 

2590  F»S/H 

2600  FOR  K»!  TO  M 

2610  fi<K, J>=fi<K, J>+F*fi<K, I) 

2620  NEXT  K 

2630  NEXT  J 

2640  FOR  K*I  TO  M 

2650  fl<K, I)«Scal» 

2660  NEXT  K 

2670  M<n«Sc*l**G 

2680  G*S®Scail 

2690  IF  <I>M)  OR  <I*N)  THEN  2990 

2700  FOR  K»L  TO  N 

2710 

2720  NEXT  K 

2730  IF  Sc*le»0.  THEN  2990 

2740  FOR  K»L  TO  N 

2750  fl**fl<I,K)*fl<I,K)/'Sc*U 

2760  S*S+fl**fi* 

2770  NEXT  K 

2780  F*fl<I,L) 

2790  G*-SQR<S> 

2800  IF  F<0,  THEN  G*-G 

2810  H»F*G-S 

2820  p<I,L)*F-G 

2830  FOR  K«L  TO  N 

2840  Rwl<K)»fl<I,K)/'H 

2850  NEXT  K 

2860  IF  I*M  THEN  2960 

2870  FOR  J*L  TO  M 

2880  S«0. 

2890  FOR  K»L  TO  N 

2900  S»S*i-fi<J,K)*fl<I,K) 

2910  NEXT  K 

2920  FOR  K*L  TO  N 

2930  fl<J,K)»fl<J,K)+S*Rvl<K) 

2940  NEXT  K 

2950  NEXT  J 

2960  FOR  K»L  TO  N 

2970  R<I,K>»fl<l,K)*Sc*l* 

2980  NEXT  K 

2990  flnorm=MflX<flnorm,flBS<W<I) >+flBS<Rvl <!>>> 

3000  NEXT  I 
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3010  FOR  I»N  TO  1  STEP  -1 

3020  IF  I>*N  THEN  3190 

3030  IF  G«0.  THEN  3160 

3040  FOR  J*L  TO  N 

3050 

3060  NEXT  J 

3070  FOR  J»L  TO  N 

3080  S«0. 

3090  FOR  K=L  TO  N 

3100  S»S+fl<l,K>*V<K, J) 

3110  NEXT  K 

3120  FOR  K*L  TO  N 

3130  V<K, J)+S*V<K, I) 

3140  NEXT  K 

3150  NEXT  J 

3160  FOR  J=L  TO  N 

3170  V<I, I)»0. 

3180  NEXT  J 

3190  V<I,I)=1. 

3200  G«Rvl<n 

3210  L«I 

3220  NEXT  1 

3230  FOR  I»N  TO  1  STEP  -1 

3240  L«I+1 

3250  G«M<1> 

3260  IF  1>«N  THEN  3308 

3270  FOR  J*L  TO  N 

3280  R<1,J>>0. 

3290  NEXT  J 

3300  IF  G»0.  THEN  3470 

3310  G«l./G 

3320  IF  I«:N  THEN  3430 

3330  FOR  J*L  TO  N 

3340  Ss0. 

3350  FOR  K=L  TO  M 

3360  S*S+R<K, I)»fl<K, J) 

3370  NEXT  K 

3380  FsS/'RCI,  1)*G 

3390  FOR  K»I  TO  M 

3400  R<K, J)=R<K, J)+F*R<K, I) 

3410  NEXT  K 

3420  NEXT  J 

3430  FOR  J*I  TO  M 

3440  fl<J,  I)*fl<J,  n»G 

3450  NEXT  J 

3460  GOTO  3500 

3470  FOR  J*1  TO  M 

3480  R(J,n»0. 

3490  NEXT  J 

3500  fl<I, I)»fl(l, I)+l. 
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3510  NEXT  I 

3520  FOR  K*N  TO  1  STEP  -1 

3530  FOR  Its»l  TO  30 

3540  FOR  L*K  TO  1  STEP  -1 

3550  Ni«=L-l 

3560  IF  <fiBS<Rvl<L))+flnorm)s:fJnorm  THEN  3780 

3570  IF  <flBS<W<Nm))+Rnorm)=flnorm  THEN  3590 

3580  NEXT  L 

3590  C»0. 

3600  S>1. 

3610  FOR  I*L  TO  K 

3620  F=S*Rvl<I> 

3630  Rv»l<I)*C*Rvl<n 

3640  IF  <flBS<F)+Rnorm>=flnorm  THEN  3780 

3650  G«U<I> 

3660  H*SQR<F*F+G*G) 

3670  U(I>>H 

3680 

3690  CbG*H 

3700  S«-F*H 

3710  FOR  J*1  TO  M 

3720  Y*fl<J,Nm> 

3730  Z*fi<J,I> 

3740  fl<J,Nm)=Y«C+2*S 

3750  fl<J,  n=-Y*S+2*C 

3760  NEXT  J 

3770  NEXT  I 

3780  2»U<K) 

3790  IF  LOK  THEN  3860 

3800  IF  2>»0.  THEN  3850 

3810  W<K)«-2 

3820  FOR  J*1  TO  N 

3830  V<J,K)»-V< J,K) 

3840  NEXT  J 

3850  GOTO  4390 

3860  IF  Its<30  THEN  3890 

3870  PRINT  "NO  CONVERGENCE  IN  30  ITERATIONS" 
3880  PAUSE 

3890  X«M<L) 

3900  Nm=K-l 

3910  Y«W<Nm) 

3920  G«Rv;l<Nffi> 

3930  H*Rvl<K) 

3940  F«<<Y-Z)*<V+2)+<G-H>*<G+H))/<2.»H*Y> 

3950  G*SQR<F*F+1. ) 

3960  Aa^^ABSCG) 

3970  IF  F<0.  THEN  Aa*-Aa 

3980  F»<<X-Z>*<X+2)+H*<<Y/'<F-fAa))-H))/X 

3990  C*S=1. 

4000  FOR  J«L  TO  Nm 
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^0l0  I*J+1 

^020  GsRw>l(I> 

^030  Y»W<I> 

(040  H-S*G 

1050  G»C*G 

1060  Z»S0R<F*F+H*H) 

1070  Rvl<J)»2 

1080  C«F/2 

1090  S»H/2 

1100  F»X*C+G«S 

1110  G»-X*S+G*C 

1120  H*Y*S 

1130  Y«Y*C 

1140  FOR  Jj»l  TO  N 

1150  XaV<Jj,J) 

1160  2«V<Jj,I) 

1170  V<Jj, J)»X*C+2*S 

1180  V<Jj, I)*-X»S+2*C 

1190  NEXT  Jj 

1200  2sSQR<F»F+H*H) 

1210  W<J>*2 

1220  IF  2«0.  THEN  4260 

1230  2*1.  v'Z 

1240  C«F«2 

1250  S«H«2 

1260  F*C*G+S«Y 

1270  X*-S*G+C*Y 

1280  FOR  Jj»l  TO  M 

1290  Y»fi<Jj,J) 

1300  2»fi<Jj,I) 

1310  J)*Y*C+2*S 

1320  fl< Jj , I )*-Y*S+2*C 

1330  NEXT  Jj 

1340  NEXT  J 

1350  Rvl<L>«0. 

1360  Rwl<K)«F 

1370  W<K>=X 

1380  NEXT  Us 

1390  NEXT  K 

1400  SUBEND 
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APPENDIX  E.  SOLUTION  OF  GENERALIZED  EIGENVALUE  PROBLEM 

C  and  B  are  NxN  real  synunetric  matrices,  and  B  is  positive 
definite.  The  important  alternative  case  where  B  is  not  positive 
definite  will  be  undertaken  in  (E~14)  and  sequel.  We  want  the 
normalized  modal  matrix  Q  and  the  eigenvalue  matrix  A  of  the 
generalized  characteristic-value  problem  [18;  page  74] 
encountered  in  (B-10),  namely 

C  Q  =  B'^  Q  A  .  (E-l) 

Then,  it  is  known  that  [18;  pages  74  -  77] 

b"^  Q  =  I  and  C  Q  =  A  ,  (E-2) 

which  is  a  simultaneous  reduction  of  two  matrices  to  diagonal 
form.  Alternatively,  when  both  equations  in  (E-2)  are  satisfied, 
then  (E-l)  follows. 

The  first  relation  in  (E-2)  sets  the  scalings  on  the  eigen¬ 
vectors  {Vj^}  of  Q;  in  fact,  it  reads  B”^  ^n  “  ^  1  i  n  £  N. 

An  alternative  scaling  choice  would  be  to  make  the  eigenvectors 
of  unit  length,  that  is,  =  1.  However,  this  would  result 

in  Q  B  Q  becoming  a  diagonal  matrix  with  non-unity  elements; 
this  latter  alternative  is  not  adopted  here.  Therefore,  the 
eigenvectors  {V^}  in  (E-2)  do  not  have  unit  length,  that  is, 

1  generally.  The  eigenvectors  are  unique  within  their 
polarities. 

A  procedure  for  determining  Q  and  A  is  now  presented.  Solve 
for  the  square  root  matrix  S  in 

B  «  S  ,  (E-3) 
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where  S  need  not  be  symmetric.  For  example,  the  lower  (or  upper) 
triangular  square  root  matrix  will  suffice.  Then  there  follows 

-1  -T  -1  T  -1 

B  =  S  ^  S  and  S  B  S  =  I  .  {E-4) 

Now  compute  Nxn  matrix 

A  »  s’*  C  S  ,  (E-5) 

which  is  symmetric.  Solve  the  standard  eigenvalue  problem 

A  U  =  U  Y  (E-6) 

for  normalized  modal  matrix  U  and  diagonal  eigenvalue  matrix  y 
Then  it  is  known  that  these  solutions  satisfy 

u’’  U  =  I  and  A  U  =  Y  .  (E-7) 

It  will  now  be  shown  that 

Q  =  S  U  and  A  «  Y  (E-8) 

are  the  desired  matrix  solutions  to  (E-1).  Substitution  of 
{E-8)  in  the  first  relation  in  (E-2)  yields 

B“^  Q  »  S*^  B"^  SU*u'^IU  =  I  ,  {E-9) 

where  we  used  {E-4)  and  (E-7).  Also,  substitution  of  (E-8)  in 
the  second  relation  in  (E-2)  yields 

q'^CQ-A  =  u'^S^CSU-y  =  u'’'’aU-Y“0  ,  (E-10) 

where  we  used  (E-S)  and  (E-7).  Thus,  both  relations  in  {E-2)  are 
satisfied  by  the  matrix  assignments  in  (E-8). 
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In  summary,  in  order  to  solve  (E-l);  compute  square  root 
matrix  S  in  (E-3);  evaluate  matrix  A  via  (E-5);  solve  (E-6)  for  U 
and  Y?  determine  Q  and  A  by  means  of  (E-8).  Notice  there  is 
never  any  need  to  compute  inverse  matrix  however,  matrix  B 

must  be  positive  definite  for  the  operation  in  (E-3)  to  succeed. 

We  now  present  an  example  which  illustrates  many  of  the 
quantities  considered  above;  let  matrices 

[8  0]  \2  1 

B  =  /  C  =  .  (E-ll) 

.0  2j  ll  8 

Then  the  solutions  of  (E-1)  are 


20 

0 

\2  21 

/ 

Q  = 

(E-12) 

0 

12 

1  -1 

The  column  vectors  of  Q  are  not  orthogonal;  in  fact, 

Q  =  .  (E-13) 

3  5 

Rather,  the  orthogonality  relations  of  (E-2)  may  be  readily 

T  —  1 

verified  to  be  satisfied  in  this  example,  namely  Q  B  Q  *  I  and 
C  Q  *  A. 
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GENERAL  SYMMETRIC  MATRIX  B 


In  attempting  to  solve  (E-1)  for  Q  and  A,  the  square  root  of 
matrix  B  was  required  in  {E-3).  If  B  is  not  positive  definite, 
complex  solutions  would  be  required  there.  Here,  we  will  solve 
the  alternative  generalized  characteristic-value  matrix  equation 
encountered  in  {B-44),  namely 


B  Q  =  C  ^  Q  A  , 


(E-14 


where  covariance  matrix  C  is  real  symmetric  and  positive 
definite,  while  matrix  B  is  real  symmetric  but  can  be  indefinite. 

The  solutions  Q  and  A  will  then  satisfy  the  relations 


Q  =  I  and  B  Q  =  A  . 


(E-15) 


To  this  aim,  first  solve  for  the  square  root  matrix  S  in 


c  =  s  . 


(E-16) 


Then 


-1  -T~l  T-1 

C  =  S  S  and  S  C  ^  S  *  I  . 


(E-17) 


Next,  compute  the  Nxn  matrix 


A  =  S  B  S  , 


(E-18) 


which  is  symmetric.  Solve  the  standard  characteristic-value 


equation 


A  U  =  O  V 


(E-19) 


for  U  and  y,  for  which  we  have  orthogonality  properties 
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U  =  I  and  A  U  =  y  .  (E-20) 

It  will  now  be  shown  that  the  solutions  to  {E-14)  are 

Q  *  S  U  and  A  =  y  .  (E-21) 

Substitution  of  (E-21)  in  the  first  relation  in  (E-15)  yields 

T  -1  T  T  -1  T  T 

Q^CQ=U^S^CSU=UIU=U^U=I  ,  (E-22) 

where  we  used  (E-17)  and  (E-20).  Similarly,  substitution  of 
(E-21)  in  the  second  relation  in  (E-15)  yields 

Q’^BQ-A  =  u'^s'^BSU-y  =  u'*’AU-y  =  0  ,  (E-23) 

where  we  used  (E-18)  and  (E-20).  Thus,  both  relations  in  (E-15) 
are  verified  by  solutions  (E-21). 

In  summary,  in  order  to  solve  (E-14):  compute  square  root 
matrix  S  in  (E-16);  evaluate  matrix  A  according  to  (E-18);  solve 

(E-19)  for  U  and  y;  determine  Q  and  A  by  means  of  (E-21).  This 

procedure  requires  covariance  matrix  C  to  be  positive  definite. 
Inverses  of  matrices  C,  B,  or  S  are  not  required. 

(If  square  root  matrix  S  in  (E-16)  is  taken  lower  triangular, 
then  is  also  lower  triangular  and  can  be  very  easily  computed 
directly  from  S.  This  enables  calculation  of  inverse  matrix  C~^ 
by  means  of  (E-17),  if  desired.) 
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INTERRELATIONSHIPS  OF  SOLUTIONS 

Here  we  shall  relate  the  solutions  Q  and  A  of  (E-1)  to  the 
solutions  Q  and  A  of  (E-14).  In  particular,  we  maintain  that  the 
specific  relations  are 

Q  =  and  A  =  A  .  (E-24) 

To  verify  this  claim,  substitute  {E-24)  into  the  first  relation 
in  {E-2)  and  obtain 

B"^  Q  -  I  «  A^  Q“^  Q"'^  A**  -  I  =  A**  A"^  A*^  -  I  =  0  ,  (E-25) 

where  we  used  (E-15).  Similarly,  substitution  in  the  second 
relation  in  {E-2)  yields 

C  Q  -  A  *  A^*  Q"^  C  Q"'*’  A**  -  A  =  A^  I  A**  -  A  =  0  ,  (E-26) 

where  we  also  used  (E-15).  Thus,  both  relations  in  (E-2)  are 
satisfied  by  interrelationships  (E-24). 

The  connection  between  eigenvectors  is  obtained  by  utilizing 
(E-15)  to  give 

*  B  Q  A~^  .  (E-27) 

Substitution  in  (E-24)  then  yields 

Q  =  B  Q  A~^  ;  that  is,  ®  •  (E-28) 

The  eigenvalue  relation  is,  directly  from  (E-24), 

.  (E-29) 
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Finally,  the  connection  between  vectors  E  and  A  in  (B-18)  and 
the  corresponding  vectors  E  and  A  in  (B-51)  and  (B-52)  is  as 
follows:  the  use  of  (E-28)  in  the  first  relation  in  (B-18)  yields 

B  E  =  ,  (E-30) 

n  n  n  n  n  n  '  ' 

the  last  relation  based  on  (B-59).  And  substitution  of  (E-28)  in 
the  second  relation  in  (B-18)  yields 

a  *  B"^  A  =  B  B"^  A  «  X"**  a  ,  (E-31) 

n  n  n  n  n  n  ' 

using  (B-60). 

It  can  now  be  seen  that  the  use  of  (E-29)  -  (E-31)  in 
characteristic  function  (B-20)  immediately  converts  it  to  (B-54). 
This  is  a  direct  confirmation  of  the  fact  that  the  characteristic 
function  of  q  is  unique,  regardless  of  how  derived.  However,  the 
recommended  procedure  is  that  given  in  (B-43)  and  sequel,  because 
it  is  more  general,  allowing  symmetric  matrix  B  to  be  indefinite. 
In  fact,  relation  (E-28)  is  valid  only  when  all  eigenvalues  X^ 
are  positive.  If  this  is  not  the  case,  although  Q  cannot  be 
found  using  real  arithmetic,  the  technique  summarized  under 
(E-23),  for  determining  solutions  Q  and  A  of  (E-14),  is  still 
valid  and  can  always  be  used  with  real  arithmetic.  Eigenvalues 
{X^}  can  take  on  positive  and  negative  values.  The  only 
restriction  is  that  symmetric  matrix  C  be  positive  definite. 
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APPENDIX  F.  STATISTICS  OF  REAL  BILINEAR  FORM 


Suppose  we  encounter  real  bilinear  form  [22;  (13.6-1)] 


b  =  A  Y  , 


(F-1) 


where  random  vector  X  is  Mxl,  random  vector  Y  is  Nxl,  and 
arbitrary  matrix  A  is  Mxn,  all  quantities  being  real.  We  allow 
random  vectors  X  and  Y  to  be  arbitrarily  correlated  with  each 
other,  but  to  have  zero  means  here;  generalizations  to  nonzero 
means  can  be  made  along  the  lines  of  appendix  B. 

Let  L  -  M+N  and  define  Lxl  real  vector 


Z  = 


X 

Y 


(F-2) 


Let  LxL  matrix 


B 


(F-3) 


Then  (F-1)  becomes 

b  =  Z*^  B  Z  ,  (F-4) 

which  is  a  quadratic  form  in  L  variables;  L  =  M+N.  Matrix  B  is 
symmetric  but  not  positive  definite.  Letting  r  =  min(M,N), 
numerical  investigation  has  revealed  that  B  has  r  positive 
eigenvalues  .  ,/j^;  r  eigenvalues  which  are  their  negatives 

and  the  rest  zero. 

The  mean  of  real  random  vector  Z  is  zero,  and  its  (arbitrary) 
Lxl  covariance  matrix  is 
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— 

T 

X^ 

— 

T 

Y 

^xx 

o 

X 

T 

C  *  Z  Z  “ 

X 

V 

T  T 

(X  Y"^]  « 

X 

X 

m 

X 

Y 

T 

X^ 

Y 

T 

Y 

xy 

C 

yyJ 

which  is  symmetric.  C  is  also  nonnegative  definite,  because 

C  V  =  v’’  Z  Z’’  V  -  Tv^~Zp  i.  0  (F-6) 

for  any  Lxl  vector  V.  We  presume  that  C  is  positive  definite. 

In  order  to  convert  quadratic  form  (F-4)  to  diagonal  fonn 
with  uncorrelated  variates,  we  first  solve  the  Lxl  generalized 
characteristic-value  equation  (see  (E-14)  and  sequel) 

B  Q  =  C"^  Q  A  {F-7) 

for  LxL  matrices  Q  and  A.  Then,  we  have  properties  [18;  pages 
74  -  77] 

Q  *  I  and  B  Q  =  A  =  diag[X^  .  .  ,  .  (F-8) 

Now  let  linearly  transformed  random  vector 

W  »  Q"^  Z  =  [w^  .  .  .  Wj^]  ;  Z  =  Q  W  .  (F-9) 

Vector  W  also  has  zero  mean.  Its  covariance  matrix  is 

W  «  Q~^  Z  Z^  =  Q"^  C  Q"^  «  I  ,  (F-10) 

upon  use  of  (F-5)  and  (F-8).  Also,  bilinear  form  (F-4)  becomes 

b*Z^BZ«W^Q^BQW  =  w’^AW*  YU  '  (F-H) 

k*l 
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where  we  used  (F-9)  and  (F-8).  Thus,  b  is  a  sum  of  L  weighted 
squares  of  uncorrelated  zero-mean  unit-variance  random  variables. 
Notice  that  not  all  eigenvalues  need  be  positive;  some  can 

be  zero  and  some  can  be  negative. 

If  random  vectors  X  and  Y  are  joint-Gaussian,  then  vector  W 
in  (F-9)  is  also  Gaussian,  with  probability  density  function 


p(W) 


exp( -w 


2 

k 


(F-12) 


based  on  (F-10).  The  characteristic  function  of  bilinear  form  b 
in  (F-11)  is  then 


Since  only  the  eigenvalues  {Xj^}  of  A  in  (F-8)  are  required  to 
evaluate  characteristic  function  (F-13),  it  is  not  actually 
necessary  to  determine  the  eigenvectors  Q  in  matrix  equation 
(F-7).  In  fact,  by  a  procedure  identical  to  that  given  earlier 
in  (B-55)  -  (B-58),  it  may  be  shown  that  {Xj^J  are  the  eigenvalues 
of  nonsymmetric  LxL  matrix  B  C.  Reference  to  (F-3)  and  (F-5) 
reveals  that  this  latter  matrix  is  given  by 


B  C 


A  C 


xy 


a’’  C 


XX 


A  C 


yy 


(F-14) 
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The  rank  of  matrix  B  C  is  generally  R  »  2  min{M,N);  that  is,  the 
product  for  characteristic  function  fjj(C)  in  {F-13)  will  contain 
only  R  terms,  which  is  less  than  L  except  when  M  =  N. 

The  claim  for  the  rank  of  B  C  is  based  upon  the  following 
observation.  Suppose  that  MIN;  then  (F-1)  can  be  written  as 

M  N  M 

b  -  IZC y„  -  C  ,  (F-15) 

m*l  n=l  m=l 

where  (linearly  transformed)  Gaussian  random  variables 

N 

v„  *  ^  y„  for  1  1  m  1  M  .  (F-16) 

m  ~ — r*  mn  n 

n=l 

Thus,  b  is  a  sum  of  products  of  just  2M  correlated  random 
variables.  Therefore,  the  characteristic  function  in  (F-13)  can 
have  no  more  than  2M  terms.  Direct  numerical  evaluation  of  the 
eigenvalues  of  nonsymmetric  Lxl  matrix  B  C  in  (F-14)  has 

verified  that  its  rank  is  generally  R  *  2  min(M,N),  and  that  the 
R  nonzero  eigenvalues  can  be  positive  and  negative  with  no 
obvious  interrelations.  (If  N  <  M,  the  summation  order  in  (F-i5) 
can  be  reversed,  thereby  giving  b  as  a  sum  of  products  of  2N 
correlated  random  variables,  and  hence,  rank  2N  for  matrix  B  C. } 
The  generalization  of  (F-l)  to  the  form 

b  -  Ajj  X  .  x'f  Aj2  y  .  A^i  X  h-  y'^  y  (r-i7) 

can  be  directly  fit  into  the  framework  of  (F-2)  and  (F-4)  if  we 
generalize  definition  (F-3)  to  Lxl  matrix 
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We  can  then  replace  this  B  matrix  by  its  symmetric  part,  since 
only  the  symmetric  part  of  B  is  active  in  quadratic  form  (F-4). 
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APPENDIX  G.  CHARACTERISTIC  FUNCTION  OF  MOST  GENERAL 
COMPLEX  FORM  WITH  FIRST-ORDER  AND  SECOND-ORDER  TERMS 


Let  Z  be  a  complex  Nxi  random  vector  with  real  and  imaginary 
parts  X  and  Y;  that  is,  Z  =  X  +  i  Y.  Let  Dj^  and  D2  be  complex 
Nxl  constant  vectors.  Let  Cj^,  C2,  C^,  be  complex  Nxn  constant 
matrices,  which  need  not  be  Hermitian  or  symmetric. 

The  most  general  first-order  complex  form  is 


l-h 

II 

T  T  * 

Dj  Z  +  D2  Z 

.  (Dj  +  X  +  i(Dj 

T  T 

-  D2)  Y  =  H^  W  , 

(G-l) 

where 

H  = 

[  '>1  °2  1 

^  ^  w  ^ 

i(Di  -  D2)1  ' 

X 

• 

Y 

{G-2) 

H  is  a  complex  2Nxl  constant  vector  and  is  completely  arbitrary; 
that  is,  every  complex  element  of  H  can  be  independently 
specified.  W  is  a  real  2Nxl  random  vector. 

The  most  general  second-order  complex  form  is 

f2  =  C^  Z  +  Z**  C2  Z*  +  Z*^  C^  Z  +  Z^  C^  Z*  *  w'^  M  W  ,  (G-3) 

where 


M 


Cj  ^  C2 

-i(Cj^  +  C2  -  ~  ) 


i(Cj  -  C2  +  ) 


C3  +  C4 


{G-4) 


M  is  a  complex  2Nx2N  constant  matrix,  which  need  not  be 
Hermitian.  M  is  completely  arbitrary;  that  is,  every  complex 
element  of  M  can  be  independently  specified. 
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The  pertinent  statistics  of  real  vector  W  are 


K  *  Cov(W)  «  (W  -  W)  (W  -  W)^  = 


X  -  X 

r„T  s^T 

„T  ttTI 

*^xx 

^'xy 

s 

X  -  X 

Y  -  Y  * 

Y  -  Y 

1 

J 

K 

K 

yx 

yyJ 

Here,  W  is  a  real  2Nxl  constant  vector,  while  K  is  a  real  2Nx2N 
symmetric  constant  matrix. 

The  general  complex  form  of  interest  is 

c  =  f2  +  fj  =  w’’  M  W  +  W  .  (G-6) 

For  X  and  Y  joint-Gaussian,  W  is  Gaussian  with  probability 
density  function 

p(W)  *  (2ii)“**  (det  exp(-  ^(W  -  W)"^  K"^  (W  -  W)]  .  (G-7) 

The  statistical  quantity  of  interest  is,  for  complex  scalar  a, 
the  characteristic  function  of  complex  random  variable  c  in 
(G-6);  in  particular,  the  characteristic  function  is  defined  here 
as  the  average  of  the  exponential 

f^(a)  =  exp ( ac )  =  exp|a  M  W  +  a  wj  *  (2n)~^  (det  K)”^  x 
X  J  dw  exp(-  ■|(W  -  W)*^  K~^  (W  -  W)  +  a  w’’  M  W  +  a  h’’  w]  = 

»  d”**  exp(t)  ,  (G-8) 

where 
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d  =  det(I  -  2  a  M  K)  «  det(I  -  2  a  K  M)  , 

1  — T  -1  —  1  T  -1 

t  =  -^W  K'^W  +  ^V^  (I-2aKM)  ^KV, 

V  *  K"^  W  +  a  H  .  (G-9) 

K  is  a  real  2Nx2N  matrix#  M  is  a  complex  2Nx2N  matrix  which  need 
not  be  Rermitian,  W  is  a  real  2Nxi  vector,  H  and  V  are  complex 
2NX1  vectors,  and  a  is  a  complex  scalar. 

In  general,  we  must  invert  2Nx2N  real  symmetric  matrix  K. 
Also,  we  must  invert  2Nx2N  complex  matrix  I  -  2  a  K  M,  which  need 
not  be  Hermitian,  and  which  depends  on  argument  a.  The  average 
of  the  exponential  in  (G-8)  is  the  type  of  operation  encountered 
in  appendix  C. 

If  X  *  0,  y  =  0,  Dj  =  0,  D2  =  0,  then  W  =  0,  H  =  0,  V  =  0, 
t  *  0,  and  we  need  only  evaluate  complex  determinant 
d  «  det(I  -  2  a  K  M) ,  which  depends  on  a. 
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SPECIAL  CASE:  Y  =  0 

Then  complex  forms 

*  (Dj  +  02)*^  X  s  X  , 

f2  *  (Cj  +  C2  +  C3  +  C4)  X  s  X^  C  X  , 

C  «  X^  C  X  +  X  .  (G-10) 

Matrices  C  and  D  are  complex  and  completely  arbitrary. 

Identify  in  the  subsection  above, 

2N-»N,  W-»X,  M-»C,  H-»D,  K-»  ,  (G-11) 

thereby  getting  characteristic  function 

f^(a)  *=  exp ( ac )  *  d~^  exp{t)  ,  (G-12) 

where 

d  =  det(I  -  2  a  C)  , 

-  5  ^  ‘'xi  *  *  5  -  2  a  C)-l  V  , 

V  »  K"^  X  +  a  D  .  (G-13) 

K  is  a  real  Nxn  matrix,  C  is  a  complex  Nxn  matrix  which  need 

A  A 

not  be  Hermitian,  X  is  a  real  Nxl  vector,  D  and  V  are  complex 
Nxi  vectors,  and  a  is  a  complex  scalar. 
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JOINT  CHARACTERISTIC  FUNCTION  OF  REAL  AND  IMAGINARY  PARTS  OF  c 

For  the  general  complex  form  c  in  (G-6)^  the  joint 

characteristic  function  of  c^  and  Cj^  is,  for  real  5  and  C,, 

\ 

=  exp(i^  c^  +  iC  c^)  .  (G-14) 

But 

5  Cr  +  2,  Cf  *  J;(w^  Mr  W  +  w)  +  M^  W  +  hT  w]  * 

»  M  W  +  W  ,  (G-15) 

where  real  matrices 

M  =  5  Mj.  +  C,  M^  ,  H  s  ^  Hj.  +  C  .  (G-16) 

Therefore,  identifying  a  ->  i,  M  ^  M,  H  ->  H,  in  (G-8),  there 
follows  the  joint  characteristic  function  of  c^  and  c^^  as 

f(i;,C.)  =  exp[i  M  W  +  i  wj  *  d"^  exp(t)  ,  (G-17) 

where 

d  *  det(I  -  i  2  M  K)  =  det{I  -  i  2  K  M)  , 
t*-^WK^W+iv^  (I-i2KM)  KV, 

V  *  K“^  W  +  i  H  .  (G-18) 
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ABSTRACT 

A  whiteness  measure  of  a  random  number  generator  is  defined 
as  the  sum  of  squares  of  all  the  off-zero  elements  of  the  sample 
covariance  function  of  a  finite  segment  of  data  of  length  K. 

The  mean  and  variance  of  this  whiteness  measure  are  evaluated 
exactly,  while  its  cumulative  and  exceedance  distribution 
functions  are  determined  by  simulations.  It  is  found  that  the 
variance  of  the  whiteness  measure  must  be  broken  into  the  two 
separate  cases  where  K  is  even  versus  K  is  odd.  This 
necessitates  the  analytic  evaluation  of  some  high-order  moments 
in  order  to  determine  the  variance  exactly. 
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STATISTICS  OF  A  WHITENESS  MEASURE 

INTRODUCTION 

When  a  random  number  generator  is  designed  to  yield  zero-mean 
independent  random  variables,  one  useful  test  of  its  validity  is 
afforded  by  its  sample  covariance  function.  This  quantity  would 
ideally  be  zero  for  all  delays  except  the  origin  value.  However, 
in  practice,  due  to  the  finite  length  of  data  generated  and  used 
to  test  the  generator,  the  sample  covariance  function  is  not 
identically  zero  but  fluctuates  about  zero.  A  measure  of  the 
whiteness  of  the  generator  is  afforded  by  the  sum  of  squares  of 
all  the  off-zero  elements  of  the  sample  covariance  function, 
relative  to  the  square  of  its  origin  value.  This  measure  was 
suggested  in  [1;  appendix  C] . 

In  this  report,  we  investigate  the  statistics  of  this 
whiteness  measure,  including  its  cumulative  and  exceedance 
distribution  functions  and  its  mean  and  variance.  Since  a 
sample  covariance  involves  products  of  data  values,  the  squared 
covariance  depends  on  fourth-order  products  of  the  data,  and  the 
variance  of  this  sample  quantity  involves  eighth-order  products 
of  the  data  under  various  delays.  It  is  this  latter  high-order 
product  which  greatly  complicates  the  statistical  analysis  and 
which  necessitates  a  roundabout  procedure  for  exact  evaluation  of 
the  variance  of  the  whiteness  measure.  The  probability 
distributions  of  this  measure  are  determined  by  simulation  for 
two  types  of  random  variables,  uniform  and  Gaussian. 
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MEAN  AND  VARIANCE  OF  WHITENESS  MEASURE 


Consider  real  data  sequence  x^,  x^,  ...  ^  of  K  data 

points  which  are  independent  and  identically  distributed  (IID) 
with  a  symmetric  probability  density  function  about  zero.  This 
zero-mean  sequence  will  have  all  odd-order  moments  equal  to  zero. 
Also^  assume  that  the  data  are  scaled  to  have  unit  variance  and  a 
fourth  moment  of  value  F;  that  is 

e[x^]  =  1  ,  ®(*k)  ^  ^  •  for  0  i  k  i  K-1  ,  (1) 

where  E  denotes  the  expectation.  This  situation  includes  the 
uniform  random  number  generator  and  the  Gaussian  random  number 
generator,  for  example.  For  the  usual  uniform  random  variable 
distributed  over  (-hth),  we  have  scaled  its  output  by  \^12  for 
present  purposes  in  order  to  realize  variance  1.  Thus,  F  =  1.8 
for  the  uniform  case,  while  F  =  3  for  Gaussian  numbers. 

The  sample  covariance  of  the  available  data  is  defined  as 


^n  =  i 


*k  *k-n 


for  all  n  . 


Ideally,  we  might  like  to  have  sequence  {Rj^}  equal  to  zero  for 
n  0.  However,  this  is  never  the  case,  although  the  for 

n  0  are  much  smaller  than  Rq  when  K  is  large.  The  mean  value 

of  Rq  is  easily  seen  to  be  1,  by  reference  to  ( 1 ) .  A  measure  of 
the  whiteness  of  data  sequence  {Xj^j  is  afforded  by  the  sura  of 
squares  of  all  the  off-zero  elements  of  sequence 


H  T~Z  =  2  R^  f  or  K  i  2  .  { 3 ) 

n?^0  n=l 
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MEAN  OF  WHITENESS  MEASURE  Wj^ 

2 

The  mean  value  of  random  variable  follows  from  (2)  as 

n  ' 


=  ^‘k-n  ''j  ='j-n)  = 

''K  ’'k-n  *5  • 


(4) 


Since  we  are  only  interested  in  values  of  n  >  0  according  to  (3), 
the  expectation  in  (4)  is  nonzero  only  when  k  =  j;  here,  we  are 
utilizing  both  the  IID  and  the  zero-mean  properties  of 
Then,  (4)  becomes,  upon  use  of  (1), 


E 


1 


K  -  n 


for  1  1  n  i  K-1  . 


(5) 


(For  completeness,  E^RqI  =  (F  +  k  -  1)/K;  Variance (Rq)  =  (F-l)/K. 
Thus,  Rq  clusters  around  1  as  K  -»  ®,  while  R^^  0  as  K  »  for 

fixed  n  0.)  Use  of  result  (5)  in  (3)  yields  the  desired  mean 
value  of  whiteness  measure  Wj^  as 


S  IZ  (K  -  n) 

n=l 


(6) 


Notice  that  this  mean  value  is  independent  of  fourth-moment  F  and 
that  it  approaches  1  as  K  -»  ®.  Recall  that  E(Rq)  =  1  for 
comparison. 
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VARIANCE  OF  WHITENESS  MEASURE  Wj^ 

The  direct  evaluation  of  the  variance  of  random  variable 
in  (3)  would  require  a  very  tedious  procedure.  Whereas  the  mean 
evaluation  in  (4)  only  encountered  fourth-order  products  of 
delayed  versions  of  we  would  now  encounter  eighth-order 

products,  requiring  a  complicated  counting  procedure  to  account 
for  all  the  various  types  of  terms.  Specifically,  from  (2)  and 
(3),  we  have  whiteness  measure 


2  K-1  K-1  K-1 

^  n=l  k=n  j=n 


^k-n 


3-n 


(7) 


leading  to  mean  square  value 


(”k)  = 


^  III  III  III  III  liz  III 

n*l  ra=l  k*n  j=n  q^m  p=m 


E 


k  *k-n  ^j-n  *q  ^q-m  ^p 


^p-m) 


(8) 


Not  only  would  this  eighth-order  average  have  to  be  evaluated  for 
all  possible  values  of  n,m,k,j,q,p,  but  the  sixth-order  summation 
would  then  have  to  be  conducted.  The  only  reasonable  case  that 
can  be  evaluated  from  (8)  is  that  for  the  term  proportional  to 
F  .  It  is  obtained  only  for  the  special  choices  n  =  m  and 
k  =  j  =  q  =  p;  then  the  right-hand  side  of  (8)  reduces  to 


K-1  K-1  . 

IZ  IZ  F' 

n=l  k=n 


(K  -  n) 


^  2{,j^  :_ll 

k3 


(9) 


Notice  that  moments  of  {x,  }  above  the  fourth  need  not  be  known. 
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The  difficulty  of  attempting  to  evaluate  (8)  directly  forces 
us  to  attack  the  problem  from  a  different  aspect.  Specifically, 
we  adopt  a  shortcut  to  obtain,  exactly,  the  variance  of  whiteness 
measure  Wj^.  First,  observe  from  (8)  that  the  mean  square  value 
of  contains  a  denominator  of  Secondly,  it  has  been 

observed  from  simulations  that  the  variance  of  Wj^  goes  to  zero 
proportional  to  1/K  for  large  K.  Therefore,  the  form  of  the 
variance,  Vj^,  of  random  variable  must  be 


=  Var(Wj^) 


AK^+BK^+CK+D 


(10) 


where  A,  B,  C,  D  are  unknown  constants.  In  order  to  determine 
these  four  constants,  we  will  evaluate,  exactly,  the  variance 
of  Wj,  for  a  sufficient  number  of  low-order  values  of  K,  and  then 
solve  the  four  simultaneous  linear  equations  yielded  by  (10). 

For  convenience,  we  define  the  sums 

K-1 

♦n  "  ^  ^k  ^k-n  for  1  i  n  1  K-1  .  (11) 

k=n 

Then 

Rn  “  ^  4n  for  1  <  n  <  K-1  ,  (12) 

The  whiteness  measure  in  ( 3 )  then  takes  the 

K—  1 

Wk  =  ^  IZZ  tn  ^or  K  ^  2  .  (13) 

K'^  n=l  ^ 

For  K  =  1,  there  are  no  terms  in  the  sum,  yielding  =  0. 


as  seen  from  (2). 
fomm 
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SPECIAL  CASE  K  =  2 

We  have,  from  (11)  and  (13), 

i  r,  2  .2  1  2  2  , ,  .  ^ 

Xq  ,  *^2  “  4  ^1  ~  2  *1  *0  * 

Therefore,  upon  use  of  the  IID  property  of  the  (Xj^l  and  (1), 

=  ("2)  =  I  >^o)  ’  1  •  <“) 

The  variance  of  W2  then  follows  as 

Vj  =  varcwj)  =  e(w2)  -  e(w2]  =  ijr^  -  i)  ,  (16| 

where  we  used  ( 6 ) . 

SPECIAL  CASE  K  =  3 

The  procedure  for  the  remaining  cases  is  similar  to  that 
detailed  above  for  K  =  2;  therefore,  the  following  presentation 
will  be  abbreviated,  and  only  the  main  results  will  be  listed. 

We  have 


♦1  ■  *1  "'o 

+  X2  Xi  , 

0 

X 

X 

II 

(N 

-e- 

(17) 

=  ![♦?  *  til 

2r  2, 

9[xi(Xo 

+  +  xl  xg]  , 

(18) 

4 ,  .  .4 

Xi(Xo  +  Xj) 

4  4 

+  X2  Xq  + 

2  x2(x„  +  Xj|2  xj]  . 

(19) 

The  mean  value  of  (19)  is  given  by 
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^(^3)  “  +  6  +  F)  +  +  2(F  +  F)j  »  0y(3F^  +  IOf]  .  (20) 

Finally,  the  variance  of  is 

V3  =  ^(3F^  +  lOF  -  9]  .  (21) 

SPECIAL  CASE  K  =  4 

In  this  case,  we  have 

♦1  -  *1  *0  ^2  '‘1  +  *3  *2  '  h  =  ■'2  *0  +  ■'s  ’'1  '  *3  '  *3  ’‘0  ' 

(22) 

«4  ’  ill*?  *2  ♦3I  ' 

6<  W4  •  ♦}  +  +2  *  +3  *  2  *1  *2  *  ^  *1  *3  *  ^  *2  *\  ■ 

The  mean  value  of  (24)  will  be  found  in  stages.  The  six 
components  of  (24)  have  the  following  average  values; 

e(+5)  =  e(x«  xJ)  .  r=  ,  (25) 

e(  +  3  +2)  “  ®(*3  ''o(*2  *0  ""3  *1>^)  “  F  +  F  =  2F  ,  (26) 

e(^2  ^i]  “  ®(*3  *0^^1  *0  *2  *1  ^  ^3  *2^^)  ~  F+1+F  =  2F  +  1  , 

(27) 

eJ  +  j)  “  ®((*2  *0  ■*■  *3  *1^^)  =  6  =  2F^  +  6  ,  (28) 
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^(♦2  '^1)  “  ^0  ^3  ^0  ■*■  ^2  ^1  *3  ^2^^)  “ 

“  ®([*2  ^0  ^3  ^1  2  ""3  ^2  ^1  "^ol  [*1  ^0  ^2  *1 

+  x2  x2  +  2  X2  x2  Xq  +  2  X3  X2  x^  x^  +  2  X3  x^  xj)  = 

=F+F+F+F+F+F+4-6F+4  ,  (29) 

=®  X2(Xq  +  ^2 )  +  X3  X2  +  2  X3  X2  X2(Xq  +  X2 )  t  (30) 

44  444  222  2 

^1  ~  *1^*0  ^  ^2^  ^  *3  ^2  ^  ^  ^3  *2  ^1^*0  ^  *2^ 

+  4  X3  X2  xJ(Xq  +  X2)^  +  4  X3  X2  x^(Xq  +  X2)  /  (31) 

®(^l)  “  +  6  +  F)  +  F^  +  6(1  +  F)  *  3F^  +  12F  +  6  .  (32) 

Combining  these  results  into  (24),  we  have  mean  square  value 
eIw^)  =  +  16F  +  11]  (33) 

and  variance 

V4  =  37(3F^  +  16F  -  7]  .  (34) 


The  analytical  derivations  of  V^,  Vg,  V^,  Vg  are  deferred 
to  appendix  A  due  to  their  lengthy  calculations  and  need  for  a 
shorthand  notation.  It  will  turn  out  that  we  also  need  all  of 
these  latter  results  when  we  find  the  constants  A,  B,  C,  D  in 
variance  expression  (10). 
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GENERAL  DETERMINATION  OF  VARIANCE  OF  W„ 

K 

The  general  form  for  the  variance  of  whiteness  measure  Wj^ 
is  given  by  (10)  for  arbitrary  K  and  is  repeated  below: 

„  _  ._AK^  +  BK^+CK  +  D 

=  Var(Wj^)  =  - ^ - .  (35) 

K 

However,  analytic  determination  of  for  K«2,  3,  4,  5,  6,  7,  8 
(see  appendix  A  also)  have  revealed  that  separate  forms  like  (35) 
must  be  employed  for  K  even  versus  K  odd.  That  is,  two  different 
sets  of  constants  A,  B,  C,  D  apply  in  the  even  versus  odd  cases 
of  K.  The  available  analytic  results  for  Vj^  (above  and  in 
appendix  A)  are  summarized  below; 


Vj  =  0  (see  the  line  under  (13))  , 

(36) 

V2  =  -  i)  , 

(37) 

''3  “  ' 

(38) 

''4  '  *  1®*'  -  ’)  ' 

(39) 

''s  =  -  ii)  ' 

(40) 

''6  =  -  2®)  - 

(41) 

''7  =  2401(21''^  ^  2“"  -  “]  - 

(42) 

''8  “  556^''^  ^  ^  • 
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If  we  take  K  equal  to  the  odd  values  1,  3,  5,  7  in  (35)  and 
use  results  (36),  (38),  (40),  (42),  we  obtain  four  simultaneous 
linear  equations  for  the  constants  A,  B,  C,  D.  Their  solution 
leads  to  the  following  expression  for  the  variance  of  Wj^: 


V  »  Kli 


4 


+  B  K  +  C  for  K  odd 


(44) 


where 


A=4F+|,  B=2F^-4F--^,  C=-4F+8.  (45) 

When  (45)  is  substituted  into  (44),  the  variance  expression  can 
be  rearranged  in  terms  of  powers  of  F: 


V  = 

\  ^4 


•  KF^  +  2  K^-K-1  F  +  •j(2K^-19K+12] ]  for  K  Odd  .  (46) 


2 

The  F  term  here  confirms  (9),  as  anticipated. 

If  we  take  K  equal  to  the  even  values  2,  4,  6,  8  in  (35)  and 
use  results  (37),  (39),  (41),  (43),  we  obtain  four  different 
simultaneous  linear  equations  for  the  constants  A,  B,  C,  D. 

Their  solution  leads  to  the  following  expression  for  the  variance 
Vj^  of  Wj^; 


1(2 

=  — ^  A  K  +  B  K  +  C  for  K  even  , 


(47) 


where 


A  =  4F  +  I  ,  B  *  2F^  -  8F  -  14  ,  C  *  -  2F^  +  ^  .  (48) 
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When  (48)  is  substituted  into  (47),  the  variance  expression  can 
be  rearranged  in  terms  of  powers  of  F  according  to 


Vr  =  ^[(K-l)F^  +  2K(K-2)F  +  i(2K^-2lK+3l] ]  for  K  even  .  (49) 
K 


Again,  the  F^  dependence  in  (9)  is  confirmed. 


The  asymptotic  behavior  of  variance  Vr  for  large  K  is  given 


by 


''k  -  *  l)  f 


as  K  ->  “> 


(50) 


for  both  K  odd  and  K  even.  This  is  due  to  the  fact  that  constant 
A  in  (35)  is  identical  for  the  odd  and  even  cases;  compare  (45) 
and  (48).  Thus,  whiteness  measure  Wr  tends  to  cluster  around  1 
as  K  -»  00.  Recall  that  R^  1»  while  R^  0  for  fixed  n,  as  K  <*>. 

The  end  results  for  variance  Vr  of  whiteness  measure  Wr  are 
given  by  (44)  and  (47),  or  by  (46)  and  (49).  Plots  of  Vr  for  the 
uniform  random  variable  and  the  Gaussian  random  variable  {x^}  are 
displayed  in  figures  1  and  2,  respectively.  A  short  tabulation 
of  Vr  is  given  in  table  1  for  the  uniform,  Gaussian,  exponential, 
and  alternating  random  variables  The  probability  density 

functions  of  {x^}  for  these  four  cases  are,  respectively. 


p^(x)  =  .5//3  for  |x|</3,  F=1.8;  (51) 

pg(x)  =  (2n)"**  exp(-x^/2)  ,  F  =  3  ;  (52) 

Pe^*^  “  71  ®xP(-*^2|x|)  ,  F  =  6  ;  (53) 

Pa(x)  =  j  &(x-l)  +  6(x+l)  ,  F  =  1  .  (54) 
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Figure  2.  Variance  for  Gaussian  Random  Variables  (x,^ 
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A  short  table  of  the  variances  for  these  four  examples  is 
given  below.  For  the  alternating  example,  Xj^  =  ±1  and  F  »  1, 
whiteness  measure  W2  for  K  *  2  is  always  equal  to  1/2,  thereby 
leading  to  variance  V2  =  0.  The  smallest  possible  example  of  F 
is  1,  as  realized  in  the  alternating  random  variable  case. 


K 

Table  1 . 

Uniform 

Variance  ^ 

Gaussian 

of  Whiteness  Measure  W 

Exponential 

K 

Alternating 

2 

.56 

2. 

8.75 

.0 

3 

.92444 

2.37037 

7.85185 

.19753 

4 

.985 

2.125 

6.15625 

.375 

5 

.94208 

1.8944 

5.0816 

.4096 

6 

.87901 

1.67901 

4.26235 

.41975 

7 

.81273 

1.50604 

3.68013 

.40650 

8 

.75188 

1.35938 

3.22266 

.39063 

16 

.45117 

.75586 

1.60986 

.25977 

32 

.24569 

.39722 

.79987 

.14771 

64 

.12804 

.20346 

.39808 

.07852 

128 

.06534 

. 10295 

. 19850 

.04045 

the 

If  we  combine  (47)  with  the  multiplied-out  version 

variance  Vj^  can  indeed  be  written  in  the  form  (35) 

of  (44), 

for  all  K, 

where  the  constants  A,  B,  C  are  as  given  in  (48),  but  constant  D 


must  be  taken  according  to  the  two  different  values 


D 


0  for  K  even 
2 )  for  K  odd 


(55) 


Notice  that,  despite  (8)  involving  eighth-order  products,  nothing 
above  fourth-order  moment  F  of  {Xj^}  is  required  in  these  results. 
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PROBABILITY  DISTRIBUTIONS  OF  WHITENESS  MEASURE 

The  direct  evaluation  of  whiteness  measure  Wj^,  according  to 
its  definition  (3)  in  conjunction  with  (2),  is  very  time 
consuming  for  large  K,  due  to  all  the  multiplications  required. 
An  attractive  alternative/  in  terms  of  fast  Fourier  transforms, 
was  derived  in  [1;  appenoix  C]  and  is  employed  here;  the  program 
utilized  is  listed  in  appendix  B.  The  key  relation  relative  to 
(3)  is  [1;  (C-5)] 


2  2 
K 


M-1 


M 


m=0 


m ' 


(56) 


where  M  is  the  size  of  the  fast  Fourier  transform  jX^l  of  data 
{Xj^}.  The  only  restriction  on  M  is  that  we  must  use  M  k  2K  -  1; 
then,  the  right-hand  side  of  (56)  is  independent  of  M.  (For 
K  =  1/  =  Xq  for  0  i  m  i  M-l,  leading  to  =  0,  as  noted  under 

(13).)  Again,  notice  that  the  whiteness  measure  Wj^  depends  on 
fourth-order  products  of  the  data  or  its  transform. 

The  cumulative  distribution  function  (CDF)  and  exceedance 
distribution  function  (EDF)  of  whiteness  measure  Wj^, 

CDF(u)  =  Prob(Wj^  <  u)  ,  EDF(u)  =  Prob(Wj^  >  u)  ,  (57) 


for  the  case  where  data  Ixj^l  is  uniformly  distributed  over  -/3,/3 
(see  (51)],  are  displayed  in  figures  3-10  for  K  =  2,  3,  4,  8, 
16,  32,  64,  128,  respectively.  These  results  were  determined  by 
using  at  least  one  million  trials  for  Wj^  as  defined  in  (56).  The 
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exceedance  distribution  function  for  small  K  has  a  cusp  near  zero 
argument  which  disappears  for  larger  K.  However,  random  variable 
Wj^  does  not  approach  Gaussian  as  K  increases;  rather,  as  shown  in 
figure  10  for  K  =  128,  the  right-hand  tail  appears  to  approach 
exponential  behavior.  For  a  bounded  random  variable,  |xj^|  <  B, 
the  value  of  Wj^  is  bounded  according  to 


Wk  < 


(K  -  1)(2K  -  1)  „4 


3K 


B 


(58; 


In  the  case  of  the  uniform  random  variable  Xj^,  where  B  =  /3,  (58) 
yields  4.5  for  K  =  2,  10  for  K  =  3,  and  15.75  for  K  =  4. 

Although  the  mean  of  Wj^28  127/128  and  its  variance  is 

Vi28  “  .06534,  the  standard  deviation  of  Wj^28  0.2  56;  this 

leads  to  the  possibility  of  large  values  of  W^28  occasion. 

For  example,  figure  10  shows  that  the  whiteness  measure  can  reach 
a  value  of  1.8  or  larger  about  1%  of  the  time.  If  a  candidate 
uniform  random  number  generator  has  probability  distributions  for 
Wj^  which  differ  significantly  from  figures  3  -  10,  it  is  suspect 
and  should  be  more  thoroughly  investigated  before  further  use. 

The  corresponding  cumulative  and  exceedance  distribution 
functions  of  the  whiteness  measure  Wj^  for  a  Gaussian  random 
number  generator  [see  (52)]  are  displayed  in  figures  11  -  18  for 
K  =  2,  3,  4,  8,  16,  32,  64,  128,  respectively.  The  first 
observation  to  make  is  that  the  positive  tail  of  can  now  reach 
much  larger  values  when  K  is  small.  However,  for  the  larger 
values  of  K,  the  probability  distributions  of  Wj^  appear  to  be 
approaching  a  common  behavior,  regardless  of  the  distribution  of 
the  underlying  data  compare  figures  10  and  18  for  K  =  128. 
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Figure  10.  Distributions  of  Wj28  for  Uniform  Random  Variable 
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Figure  16.  Distributions  of  W^2  Gaussian  Random  Variables 
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SUMMARY 


The  statistics  of  a  whiteness  measure,  for  testing  a  random 
number  generator,  have  been  investigated  in  terms  of  the  mean, 
variance,  and  probability  distributions.  The  mean  and  vaxiance 
results  are  exact  and  have  been  borne  out  by  numerous  simulations 
for  different  noise  sources  {Xj^l  and  data  sizes  K.  These  results, 
for  whiteness  measure  defined  in  (3),  are  summarized  below: 


E(Wj^) 


=  Var(Wj^)  = 


AK^-fBK^+CK  +  D 


K 


(59) 


where 

A  =  4F  +  I  ,  B  =  2F^  -  8F  -  14  ,  C  =  -  2F^  +  ^  for  all  K  , 


while  D 


0  for  K  even 
2)  for  K  odd 


(60) 


The  mean  of  whiteness  measure  Wj^  is  independent  of  fourth-order 
moment  F,  while  the  variance  of  Wj^  depends  on  F,  but  not  on  sixth 
or  eighth-order  moments  of  data  That  is,  the  eighth-order 

product  encountered  in  the  general  mean-square  expression  (8) 
never  requires  knowledge  higher  than  fourth-order  for  its 
evaluation.  This  result  applies  for  a  symmetric  zero-mean 
probability  density  function  for  unit-variance  data  (Xj^}. 

The  cumulative  and  exceedance  probability  distributions  were 
determined  by  simulations  involving  more  than  one  million  trials 
each  and  therefore  have  good  reliability  approximately  down  to 
the  .0001  probability  level. 
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APPENDIX  A.  DERIVATION  OF  VARIANCE  OF  WHITENESS  MEASURE 

The  variances  Vj^  of  whiteness  measure  for  K  =  2,  3,  4  were 
derived  in  (14)  -  (34)  in  the  main  text.  We  now  present  the 
derivations  for  the  remaining  cases,  K  =  5,  6,  7,  8,  that  are 
necessary  in  order  to  determine  V^^  for  all  K. 


SPECIAL  CASE  K  =  5 

♦2  *2  *0  *3 


625 

4 


W5  - 


+  +0  + 


+  2  +2 


*1  +  *3  ^2  ^4  ^3  '  *4  “  ^4  *0 

X2  ,  <^3  =  X3  Xq  +  x^  Xj  , 

^[♦1  +  ^2  *3  +41  ' 

+  2  i|.2  ♦^  +  2  +  2 

♦3  +  2  ^  2  +2  . 


(A-1) 

(A-2) 

+ 

{A-3) 


The  component  averages  required  are  developed  in  detail  as 


follows : 


E{*t)  =  xJ)  .  ,  (A-4) 

®(*4  *3)  *  *0<*3  '‘0  *4  -  E  +  E  =  2F  ,  (A-5) 

^(♦4  ^2]  ~  ^(’'4  *1  ='2*='0  ^4>>^)  * 

'  e(x2  ^l\4  x^  +  x2(Xo  4  x,)2  *  2  X3  X2  X3(Xo  +  x,)]]  = 
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=  1  +  (F  +  F)  =  2F  +  1  , 
e(^4  =  e[x^  XQtXj{XQ  +  x^)  +  x^ix^  +  X 

e(x^  Xq[x^{Xo+X2)^  +  X2(X2+x^)^  ■*■  2  X3  Xj(Xq+x 

=  (F  +  1)  +  (1  +  F)  =  2F  +  2  , 

e(^4)  ,  e([X3  Xq  +  X4  x^]^)  =  f2  +  6  -H  f2  = 

^(*^3  ^2]  ~  ^[^^3  ^0  ^  *4  *1^  ^^3  *1  ^  ^2^^4 

"  ®([^3  ^0  ^4  ^1  2  X4  X3  x^  Xq][x3  x^  +  xl 

2  X3  X2  X3(X4  +  Xq)]]  *  F  +  (1+F)  +  F  +  (F+1) 
e(^3  tj)  =  e([X3  Xq  +  Xj]^  *3 


(A-6) 

4)^1  == 

2)(X2+X4)]j 

(A-7} 

2F^  +  6  ,  (A-8) 

*  XoH^]  = 

(X4  +  Xq)^  + 

=  4F  +  2  ,  (A-9) 
(X4  *  X2>1^)  ' 


E 


{1 


*0  +  ^4  +  2  X3  X3  Xq][x3{X2  +  Xq)  +  X3(x^ 

+  2  X3  X3(X2  +  Xq)(x^  +  X2)])  = 

F)  +  F{1  +  1)  +  F(1  +  1)  +  (F  +  1 )  +  4  =  6F  +  6 

e(^^)  =  e([X3  X3  +  X2(X4  +  Xq)]^)  * 

=  F^  +  6{1  +  1)  +  F(F  +  6  +  F)  =  3F^+  6F  +  12, 


+  X2)^  + 


,  (A~10) 


(A-11) 
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=  e[[xI  xl  +  xl(x^  +  Xq)2  +  2  X3  X2  x^Cx^  +  Xq ) )  x 

[x2(X2  +  Xq)2  +  xl(x^  +  X2)^  +  2  X3  X3(v2  +  ^q) +  X2 ) ] )  = 

=  F(1  +  1)  +  F(1  +  i)  + 

+  e([xJ  +  2  Xj  +  x^Jjx^  +  2  x|  Xj,  +  x^  x^])  + 

+  e([x2  +  2  X,  X(,  +  x^jjxj  x^  +  2  x^  x^  ^  x^l)  + 

+  4  e(x2(x^  +  XgXXj  +  Xq)(x^  +  Xj)]  - 

4P4.(F+1  +  F  +  F)  +  (F  +  F+1  +  F)+  4(1  +  1)  =  lOF  +  10, 

(A-12) 


e(^J)  »  e[[x^(X2  +  Xq)  +  X3(X4  +  X2)]'‘)  = 

e(xJ(X2  +  Xq)^  +  6  x2(X2  +  Xq)2  xlix^  +  X2)^  +  x^Cx^  +  X2)'‘)  = 

F(F  +  6  +  F)  +  6  e([x^  +  2  X2  Xq  +  xj] [xj  +  2  x^  X2  +  X^])  + 

+  F(F  +  6  +  F)  =  4F^  +  12F  +  6(1  +  F  +  1  +  1)  * 

=  4F^  +  18F  +  18  .  (A-13) 
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Now,  we  combine  all  the  component  averages,  above,  to  obtain 
mean  square  value 

and  variance 

Vg  =  ■*■  •  (A-16) 

SPECIAL  CASE  K  *  6 

Now,  we  adopt  a  very  useful  shorthand  notation  to  handle  the 

rest  of  the  cases  of  interest.  For  example,  here,  Xq  and 

2  2  2 

=  Xg  Xq,  which  as  denoted  by  5500;  that  is,  the  superfluous  x 

.  2 
is  ignored  when  possible.  Also,  x^  X2  Xq  is  denoted  by  4220. 

With  this  background,  we  now  have 

♦5  =  5500  ,  =  4400+5511+2(5410)  , 

=  3300+4411+5522+2(4310+5320+5421)  , 

4>2  =  2200+3311+4422+5533+2(3210+4220+6320+4321+5331+5432)  , 

=  1100+2211+3322+4433+5544+ 

+2(2110+3210+4310+6410+3221+4321+5421+4332+5432+5443)  .  (A-16) 

From  (13),  there  follows 

We  =  35  ^  ^  +5) 
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and 

324  ^  ^  ...  ^2^2J  _ 

We  also  abbreviate  the  following  ensemble  averages  as  follows 


Then,  there  follows,  in  a  straightforward  but  tedious  manner, 

T55  =  ,  T54  =  F+F  =  2F  ,  T53  =  F+l+F  =  2F+1  , 

T52  =  F+l+l+F  =  2F+2  ,  T51  =  F+l+l+l+F  =  2F+3  , 

T44  =  F^+6+F^  =  2F^+6  ,  T43  =  ( F+F+1 )+{ 1+F+F )  =  4F+2  , 

T42  =  (F+l+F+l)+( 1+F+l+F)  =  4F+4  , 

T41  =  (F+l+l+F+F)  +  (F+F+l-fl+F)+4  =  6F+8  , 

T33  =  3F^+4( 1+1+1 )+2( 1+1+1)  *  3F^+18  , 

T32  =  (F+F+l+F)+(l+F+F+l)+(F+l+F+F)+4( 1)  *  8F+8  , 

T31  =  (F+1+F+F+1)+(F+F+1+F+F)+{1+F+F+1+F)+4(1+1)  =  lOF+13  , 

T22  =  4r^+4(l+F+l+l+F+l)+2{l+F+l+l+F+l)  =  4F^+12F+24  , 

T21  =  (F+F+F+1+1  )  +  (F+F+F+F+l )  +  { l+F+F+F+F)  +  (  1+1+F+F+F)  +  12  ==  14F+18 
Til  =  5F^+{4+2) (F+l+l+l+F+l+l+F+l+F)  =  5F^+24F+36  .  (A-20) 


The  desired  average  is,  from  (A-18)  -  (A-20), 

324  E[wg]  *  15F^  +  144F  +  202  . 

The  variance  of  is  then 

''6  =  -  “)  • 


(A-21) 


(A-22) 
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SPECIAL  CASE  K  =  7 

Continuing  in  the  fashion  established  above,  we  now  have 

=  6600  ,  ^5  =  5500+6611+2(6510)  , 

=  4400+5511+6622+2(5410+6420+6521)  , 

+3  »  3300+4411+5522+6633+2(4310+5320+6330+5421+6431+6532)  , 

^2  =  2200+3311+4422+5533+6644+ 
+2(3210+4220+5320+6420+4321+5331+6431+5432+6442+6543)  , 

=  1100+2211+3322+4433+5544+6655+2(2110+3210+4310+5410+ 
+6510+3221+4321+5421+6521+4332+5432+6532+5443+6543+6554)  .  (A-23) 

From  (13), 

"7  =  sK+l  *  *2  *  •••  *  +6) 

and  therefore 


*  *6  *  ^{*1  *l  * 


(A-25) 


The  required  averages  are  as  follows; 

T66  =  ,  T65  =  F+F  =  2F  ,  T64  *  F+l+F  *  2F+1  , 

T63  *  F+l+l+F  =  2F+2  ,  T62  =  F+l+l+l+F  *  2F+3  , 

T61  «  F+l+l+l+l+F  =  2F+4  ,  T55  »  F^+F^+4+2  *  2F^+6  , 

T54  =  (F+F+1 )+( 1+F+F)  =  4F+2  ,  T53  =  ( F+l+F+1 )+( 1+F+l+F )  *  4F+4  , 
T52  =  (F+l+l+F+l)+{l+F+l+l+F)  =  4F+6  , 

T51  =  (F+l+l+l+F+F)+(F+F+l+l+l+F)+4  *  6F+10  , 
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T44  *  3F^+4( l+l+l)+2( 1+1+1)  »  3F^+18  , 

T43  =  (F+F+1+1 )+( l+F+F+l)+( 1+1+F+F)  =  6F+6  , 

T42  =  (F+l+F+l+F)+( 1+F+l+F+l )+(F+l+F+l+F)+4 ( 1 )  =  8F+11  , 

T41  =  (3F+3)+(4F+2)+(3F+3)+4(l+l)  =  lOF+16  , 

T33  =  4F^+4( 1+1+F+1+1+1)+2{1+1+F+1+1+1)  =  4F^+6F+30  , 

T32  =  (3F+2)+(3F+2)+(3F+2)+(3F+2)+4( 1+1)  =  12F+16  , 

T31  =  (3F+3)+(4F+2)+(4F+2)+{3F+3)+4( 1+1+1)  =  14F+22  , 

T22  =  5F^+{4+2) ( 1+F+l+l+l+F+l+l+F+l )  =  5F^+18F+42  , 

T21  =  2(3F+3)+3(4F+2)+4( l+l+l+l)  =  18F+28  , 

Til  =  6F^+(4+2) (F+l+l+l+l+F+l+l+l+F+l+l+F+l+F)  =  6F^+30F+60  . 

(A-26) 

The  average  of  interest  is,  from  (A-25)  and  (A-26), 

^(^7)  =  21F^  +  246F  +  418  ,  (A-27) 

leading  to  variance 

V7  =  ~  *  (A-28) 
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SPECIAL  CASE  K  =  8 

This  is  the  last  case  that  we  need  to  evaluate.  We  now  have 

=  7700  ,  *  6600+7711+2(7610)  , 

=  5500+6611+7722+2(6510+7520+7621)  , 

=  4400+5511+6622+7733+2(5410+6420+7430+6521+7531+7632)  , 

^3  =  3300+4411+5522+6633+7744+ 
+2(4310+5320+6330+7430+5421+6431+7441+6532+7542+7643)  , 

^2  =  2200+3311+4422+5533+6644+7755+2(3210+4220+5320+6420+ 
+7520+4321+5331+6431+7531+5432+6442+7542+6543+7553+7654 )  , 

*  1100+2211+3322+4433+5544+6655+7766+ 
+2(2110+3210+4310+5410+6510+7610+3221+4321+5421+6521+7621+ 
+4332+5432+6532+7632+5443+6543+7643+6554+7654+7665)  .  (A-29) 

From  (13)  again, 

"8  =  efl*!  +  +2  ■"•••+  ♦?)  .  (A-30) 

giving 

1024  +  ...  +  +  2[^l  ^2  +  “•  +  +6  *7)  • 

The  averages  needed  are  listed  below. 

Til  =  ,  T76  =  2F  ,  T75  =  2F+1  ,  T74  =  2F+2  , 

T73  =  2F+3  ,  T72  =  2F+4  ,  T71  =  2F+5  , 
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T66  *  F^-t-F^+4-H2  =  2F^+6  ,  T65  =  { F+F+1  )-^(  l-»-F+F )  =  4F+2  , 

T64  *  (F-H+F+l)  +  {l+F-H+F)  *  4F-»-4  , 

T63  =  (F-«-l-H-HF+l)  +  {  1+F+l+l+F)  =  4F-«-6  , 

T62  =  (F+l-H-H+F+l)-K(  1+F-m-l+l+F)  *  4F+8  , 

T61  *  {3F-^■4)-^(3F-^4)-»■4  =  6F-«-12  , 

T55  =  3F^-*-4{H-l-H)-»-2(l+l-H)  =  3F^  +  18  , 

T54  =  (F+F+l+l)  +  (l-^•F-^F-H)■^(l-«-l-^F+F)  =  6F+6  , 

T53  =  3{2F+3)  =  6F+9  , 

T52  =  (3F-t-3)-H(2F+4)  +  (3F-t-3) -1-4(1)  *  8F-H4  , 

T51  =  (3F-»-4)-f(4F-«-3)-f(3F+4)-»-4(  1-H)  *  lOF+19  , 

T44  =  4F^-»-4(6)-^2(6)  4F^-f36  , 

T43  =  (3F■^2)  +  (2F-f•3)  +  (2F-l-3)-^(3F■^2)+4(  1)  =  lOF+14  , 

T42  =  4(3F+3)-^4{l-H)  =  12F-t-20  , 

T41  =  2(3F-*-4)-l-2(4F-t-3)-l-4(l-H-(-l)  *  14F■^26  , 

T33  =  5F^-^4(2F-f■8)■^2(2F+8)  =  5F^-H2F-^48  , 

T32  =  4(3F-»-3)  +  (4F-f2)-»-4(  l-f-l+l )  =  16F■^26  , 

T31  =  2(3F-f4)-*-3(4F+3)+4(l+l+l-»-l)  *  18F-I-33  , 

T22  =  6F^-^-4(4F-l-ll)■^2(4F-l-ll)  =  6F^-^■24F■^66  , 

T21  =  2(3F-»-4)-^4(4F■^3)-^4(l-H-H+l+l)  =  22F-^40  , 

Til  *  7F^-^4(6F+15)-^2(6F-H5)  =  7F^-*-36F+90  .  (A-32) 

The  desired  average  is  therefore 

1024  E(wg]  =  28F^  +  384F  -I-  772  ,  (A~33) 

giving  variance 

''8  -  ikK 

35/36 
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APPENDIX  B.  PROGRAM  FOR  ESTIMATION  OF  DISTRIBUTIONS  OF  Wj^ 


10  T=1E6  !  NUMBER  OF  TRIfiLS  "NUWC  TR10237" 

20  K=32  !  NUMBER  OF  DfiTfi  POINTS,  ftRBITRRRY 

30  M=64  !  FFT  SIZE,  M  >*  2K-1,  POWER  OF  2 

40  L*11000  !  NUMBER  OF  LEVELS  FOR  DISTRIBUTION. 

50  Dw=.001  !  INCREMENT  IN  W 

60  Gr*l000  !  GRID  SPRCING 

70  PRINTER  IS  PRT 

80  PRINT  "K  =";K;"  T  =”;T;"  Du  =";Du;"  UNIFORM" 

90  PRINTER  IS  CRT 

100  DOUBLE  T,K,M,L,Ml,Ms,M2,Kl,Ts,Ks  I  INTEGERS,  NOT  DP 

110  DIM  Cos<512),XC2048>, Y<2048>, V<30080) 

120  M1=M-1 

130  REDIM  Cos<0:M/4),X<0:M1),Y<0:M1>,V<0!L) 

140  fl»2.*PI>'M 

150  FOR  Ms=0  TO  M/4 

160  Cos<Ms)=COS<fl»Ms)  !  QUARTER-COSINE  TABLE  IN  Cos‘:*> 

170  NEXT  Ms 

180  M2*M/2 

190  K1=K-1 

200  Tl=l./T 

210  F=12./<K*M>  !  UNIT-VARIANCE  UNIFORM 

220  F*F*F  !  RANDOM  VARIABLES  {J<<subk>> 

230  Mu=Kl/K  !  EXACT  MEAN  OF  WK 

240  Mul=Var=0. 

250  TasTIMEDATE 

260  FOR  Ts=l  TO  T 

270  FOR  Ks=0  TO  K1 

280  X<Ks)=RND-.5  !  ZERO  MEAN 

290  Y<Ks)*0.  !  REAL  INPUT 

300  NEXT  Ks 

310  FOR  Ks=K  TO  Ml 

320  X<Ks)*Y(Ks)=0. 

330  NEXT  Ks 

340  CALL  Fftl4<M,Cos<*>,X<*>,Y<*)) 

350  S2=S4=0. 

360  FOR  Ms=l  TO  M2-1  !  ZERO  TO  NYQUIST 

370  X=X<Ms) 

380  Y*Y<Ms) 

390  AsX»X+Y»Y 

400  S2=S2+A 

410  S4=S4+A*A 

420  NEXT  Ms 

430  X*X<0) 

440  A»X<M2) 

450  X=X*X 

460  A=A*R 

470  S2=X+A+2.*S2 

480  S4*X*X+A-i^A  +  2.  *S4 

490  W*F*<M*S4-S2^S2::'  !  WHITENESS  MEASURE  WK 


37 


TR  10237 


500 

Mul*Mul+W 

510 

Var=Var+<W-Mij)«CW-Mu)  ! 

USE  KNOWN  MEAN  Mu 

520 

Ms=INT<W/Dw) 

530 

ris»MIN<Ms,L) 

540 

V<I1s)*V<Ms)+Tl  ! 

INCREMENTAL  PROBABILITIES 

550 

NEXT  Ts 

560 

TbsTIMEDflTE 

570 

PRINTER  IS  PRT 

580 

PRINT  <Tb-Ta)--'3600;  *‘  1 

HOURS" 

590 

PRINT 

600 

MulsMul/T  ! 

ESTIMATED  MEAN  OF  WK 

610 

Var=Var/'T  ! 

ESTIMATED  VARIANCE  OF  WK 

620 

PRINT  "Mul  «“;Mul;" 

Mu  =";Mu 

630 

PRINT  “Var  =";Var 

640 

PRINT 

650 

PLOTTER  IS  "GRAPHICS" 

660 

GRAPHICS  ON 

670 

UINDOU  0,L,-6,0 

680 

LINE  TYPE  3 

690 

GRID  Gr, 1 

700 

LINE  TYPE  1 

710 

C  =  0. 

720 

FOR  f1s=0  TO  L-1 

730 

C=C+V<M£)  ! 

CDF  OF  WHITENESS  MEASURE  WK 

740 

IF  C>0,  THEN  760 

750 

GOTO  770 

760 

PLOT  Ms+l,LGT<C) 

770 

NEXT  Ms 

780 

PENUP 

790 

E*Sl=S2*0. 

800 

FOR  Ms*L  TO  1  STEP  -1 

810 

E®E+V<Ms>  ! 

EDF  OF  WHITENESS  MEASURE  WK 

820 

S1»S1+E 

830 

S2*S2+S1 

840 

IF  E>0.  THEN  860 

850 

GOTO  870 

860 

PLOT  Ms,LGT<E) 

870 

NEXT  Ms 

880 

PLOT  0,0 

890 

PENUP 

900 

Mul*Du*<.5+Sl )  ! 

ESTIMATED  MEAN  OF  WK 

910 

Mu2=2.  ■»Dw»Dw*S2  ! 

SEE  APPENDIX  C 

920 

PRINT  "Mul  ="jMul;" 

Mu  =";Mu 

930 

PRINT  "Var  =";Mu2-Mu*Mu 

!  ESTIMATED  VARIANCE  OF  WK 

940 

PRINT 

950 

PRINTER  IS  CRT 

960 

PAUSE 

970 

END 

980 

! 

990 

SUB  Fftl4<D0UBLE  N,REAL 

Y<»)  >  !  N<=£'14=1€3S4; 
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APPENDIX  C.  EVALUATION  OF  MOMENTS  DIRECTLY 
FROM  MEASURED  EXCEEDANCE  DISTRIBUTION 

Let  X  be  a  positive  random  variable  with  probability  density 
function  p,  cumulative  distribution  function  (CDF)  C,  and 
exceedance  distribution  function  (EDF)  E.  Let  the  measurements 
of  these  distributions  be  the  interval  probabilities 
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The  first  two  moments  of  random  variable  x  can  be  developed 


as 


00  00 

^l“  J  ^  “  J  III  E(nA)] 

0  0  ^ 


(C-8) 


and 


00  00 

^2  =1  dx  p(x)  =2  J  dx  X  E(x)  =2  t?  >  n  E(nA)  .  (C-9) 

0  0 


These  results  can  be  rapidly  evaluated  by  recursion.  For 
E( (N+1 ) A)  =  0,  use 


E=S1=S2=0. 

FOR  Ns=N  TO  1  STEP  -1 
E=E+V(Ns) 

S1=S1+E 
S2=S2+S1 
NEXT  Ns 

Mul=Delta*( .5+Sl) 

Mu2=2.*Delta*Delta*S2  (C-10) 
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SUBJECT  MATTER  INDEX 


Ambiguity  Function,  8921 
Attached  Ribs,  10015 

Characteristic  Function,  8865,  8913,  10041 

Chi-Squared  Statistics,  10041 

Choi-Williams  Kernel,  8921 

Class  A  Noise,  8887 

Colored  Noise,  8913 

Correlated  Fading,  10041 

Covariance,  8887,  8913 

Cross-Term  Suppression,  8921 

Detection,  10041,  8913 

Detection  Probability,  8865,  10041 

Deterministic  Component,  10041 

Dependent  Fading,  10041 

Difference  Equation,  10015 

Envelope  Detection,  10041 

Exceedance  Distribution,  8865,  10041 

Exponential  Excitation,  10015 

Fading  Medium,  10041 

False  Alarm  Probability,  8865 

Filtering,  8913 

Fluctuating  Signal,  10041 

Fluid-Loaded,  10015 

Frequency  Modulation,  8887 

Frequency-Shift-Keyed,  10041 

Gaussian  Kernel,  8921 

Gaussian  Noise,  8913,  10041 

Half-Wave  Rectification,  8887 

Interference,  8921 

Kernels,  8921 

Line-Driven  Plate,  10015 

Matched  Filtering,  8913,  10041 

Mismatch,  8913 


Modified  Wigner  Function,  8921 

Multiple-Pulses,  10041 

Noncentral  Statistics,  10041 

Non-Gaussian  Noise,  8887 

Nonlinear  Signal  Processing,  8865,  8887 

Nonperiodic  Stiffeners,  10015 

Nonstationarity,  8913 

Normalization,  8865 

Nu-th  Law  Rectification,  8887 

Or-ing,  8865 

Partial  Correlation,  10041 
Phase  Modulation,  8887 

Receiver  Operating  Characteristics,  8913 
Rotated  Kernel,  8921 
Signal-to-Noise  Ratios,  8865 
Spectra,  8887 

Spectral  Correlation  Function,  8921 

Stiffened  Plate,  10015 

Threshold  Setting,  8865 

Tilted  Gaussian  Kernel,  8921 

Time,  Bandwidth  Product,  8913 

Time,  Frequency  Space,  8913,  8921,  10041 

Uncertainty,  8913 

Unknown  Signal,  8913 

Wavenumber  Response,  10015,  8887 

Weighted  Ambiguity  Function,  8921 

Weighted  Energy  Detector,  8913 

Wigner  Distribution  Function,  8921 

Zero-Memory  Nonlinearity,  8887 


